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Abstract: In this paper, we introduce quasi semi 2-metric spaces. We also
introduce a Φ′-contraction mapping in these spaces. We investigate that un-
der suitable conditions, the mappings have fixed points in quasi semi 2-metric
spaces. As a result, we generalize some results of [6, 8] into quasi semi 2-metric
spaces.
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1. Introduction

The notion of a 2-metric space was introduced by Gahler [2]. A 2-metric is a
real function of point triples which abstracts the properties of the area function
for Euclidean triangles.

A 2-metric space is a space X, in which for each triple of points, x, y, z,
there exists a real function d(x, y, z) such that:

(i) to each pair of distinct points x, y in X, there exists a point z ∈ X such
that d(x, y, z) 6= 0.

(ii) d(x, y, z) = 0, when at least two of x, y, z are equal.
(iii) d(x, y, z) = d(y, z, x) = d(z, x, y).
(iv) d(x, y, z) ≤ d(x, y,w) + d(x,w, z) + d(w, y, z), for all w ∈ X.
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From the above definition, it is clear that d(x, y, z) is nonnegative.

In literature, we come across certain results (e.g. see [1, 4, 5, 7]), in which
the underlying space does not have the properties of either symmetry or trian-
gle inequality or both in the definition of a metric space. We recall [8] that for
a nonempty set X, (X, d) is a quasi semi metric space if we do not assume the
conditions d(x, y) = d(y, x) and d(x, z) ≤ d(x, y) + d(y, z), for all x, y, z ∈ X.
Likewise, in this paper, we investigate a situation, in which we drop conditions
(iii) and (iv) above in the definition of a 2-metric space. On dropping these
conditions, we have to impose some suitable conditions on the underlying map-
ping T to obtain fixed points. By doing so, we introduce the 2-metric version of
quasi semi metric space. We also introduce the idea of Φ′-contraction mapping
in a quasi semi 2-metric space which is analogous to P ′-contraction mapping
defined by M. Telsi and K. Tas [8].

Now, we introduce quasi semi 2-metric spaces as follows:

Definition 1. A nonempty set X, together with a nonnegative function
d : X3 → R is called a quasi semi 2-metric space such that

(i) to each pair of distinct points x, y in X, there exists a point z ∈ X such
that d(x, y, z) 6= 0.

(ii) d(x, y, z) = 0, when at least two of x, y, z are equal.

Next, we follow the lines of M. Telei and K. Tas [8] and consider the set
Φ′, the set of all real valued functions φ′ : R3

+ → R+, satisfying the following
properties:

(a) φ′(1, 1, 1) = h < 1, where h ∈ R+.

(b) Let u, v ∈ R+, be such that if either u ≤ φ′(u, v, v) or u ≤ φ′(v, u, v) or
u ≤ φ′(v, v, u), then u ≤ kv; for some k ∈ [h, 1).

Analogous to the idea of P ′-contraction in a quasi semi metric space [8], we
introduce Φ′-contraction mapping in quasi semi 2-metric spaces as follows.

Definition 2. A self mapping T on a quasi semi 2-metric space (X, d) is
called a Φ′ - contraction, if there exists a map φ′ ∈ Φ′ such that

d(Tx, Ty, a) ≤ φ′(d(x, y, a), d(x, Tx, a), d(y, Ty, a)) . (1)

Using Φ′ - contraction mapping, we have the following theorem.

Theorem 1. Let (X, d) be a quasi semi 2-metric space and T a Φ′-
contraction. If there exists a point x0 ∈ X such that for all a ∈ X

d(x0, Tx0, a) = inf{d(x, Tx, a) : x ∈ X}, (2)
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then T has a unique fixed point.

Proof. Suppose x0 6= Tx0. We put x = x0, y = Tx0 in (1). Therefore

d(Tx0, T
2x0, a) ≤ φ′(d(x0, Tx0, a).d(x0, Tx0, a), d(Tx0, T

2x0, a)).

So, by (b) we obtain d(Tx0, T
2x0, a) ≤ kd(x0, Tx0, a), for some k ∈ [h, 1).

Since k < 1, we have

d(Tx0, T
2x0, a) < d(x0, Tx0, a).

But given that d(x0, Tx0, a) = inf{d(x, Tx, a) : x ∈ X}, which is a contra-
diction. Hence Tx0 = x0. This proves that x0 is the fixed point of T .

For uniqueness, let y0 be another fixed point of T , i.e. y0 = Ty0. Now,

d(x0, y0, a) = d(Tx0, T y0, a)

≤ φ′(d(x0, y0, a), d(x0, Tx0, a), d(y0, T y0, a))

≤ φ′(d(x0, y0, a), d(x0, x0, a), d(y0, y0, a))

≤ φ′(d(x0, y0, a), 0, 0)

Therefore by (b), we obtain d(x0, y0, a) ≤ 0 or d(x0, y0, a) = 0 ⇒ x0 = y0.
This completes the proof.

Remark 1. Conditions (1) and (2) are essential in the above theorem as
is shown in the following example.

Example 1. Let X = {1, 2, 3, 4} be a finite set with a 2-metric defined as
follows: d(x, y, z) = 0, if at least any two of x, y, z are equal. Let d(1, 2, 3) = 3,
d(1, 2, 4) = 4, d(2, 3, 4) = 5, d(1, 3, 4) = 6. Define T : X → X by T (1) = 2,
T (2) = 3, T (3) = 4, T (4) = 1. It is clear that inf d(x, Tx, T 2x) exists but T is
not a Φ′-constraction because if it exists, then the property

d(Tx, Ty, a) ≤ φ′(d(x, y, a), d(x, Tx, a), d(y, Ty, a)) ,

for φ′ ∈ Φ′, would be satisfied for all x, y, a ∈ X. So, in particular, let us take
x = 1, y = 2, a = 4, we have

d(T (1), T (2), 4) ≤ φ′(d(1, 2, 4), d(1, T (1), 4), d(2, T (2), 4)) ,

or d(2, 3, 4) ≤ φ′(d(1, 2, 4), d(1, 2, 4), d(2, 3, 4)).

Using (b), we get d(2, 3, 4) ≤ kd(1, 2, 4) or 5 ≤ k.4 which is not possible
since k < 1. It is clear that T has no fixed point.
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Corollary. Let (X, d) be a quasi semi 2-metric space and T a self map of
(X, d) satisfying the following conditions:

(c) there exists an integer n such that for some φ′ ∈ Φ′,

d(T ′′x, T ′′y, a) ≤ φ′(d(x, y, a), d(x, T ′′y, a)), for all x, y, a ∈ X.

(d) there exists a point x0 ∈ X such that

d(x0, T
′′x0, a) = inf{d(x, T ′′x, a) : x ∈ X}.

Then there exists a unique fixed point of T .

Proof. Suppose S = T n, then by Theorem 1 above, S has a unique fixed
point. Hence T n has a unique fixed point. Let x0 be the unique fixed point
of T n, so T nx0 = x0. We prove that x0 is a fixed point of T also. Since
T n(Tx0) = T (T nx0) = Tx0 therefore Tx0 is a fixed point of T n. If Tx0 6= x0,
then it is a contradiction to the existence of a unique fixed point of T n. Thus,
Tx0 = x0. This completes the proof.

Remark 2. We may get results similar to Theorem 1 and its corollary if
we replace (b) by

(b′) Let u, v ∈ R+, be such that if either u < φ′(u, v, v) or u < φ′(v, u, v) or
u < φ′(v, v, u), then u < v for the mapping φ′ : R3

+,→ R+, and also replace the
conditions in theorem 1 and its corollary respectively by

d(Tx, Ty, a) < φ′(d(x, y, a), d(d, Tx, a), d(y, Ty, a))

and

d(T nx, Tmy, a) < φ′(d(x, y, a), d(x, Tnx, a), d(y, Tmy, a)),

for all x, y, a ∈ X,x 6= y.

Theorem 2. Let S and T be self mappings of a quasi semi 2-metric space
(X, d) satisfying the condition:

d(Tx, Sy, a) ≤ φ′(d(x, y, a), d(x, Tx, a), d(y, Sy, a)), (3)

for all x, y, a ∈ X. If there exists a point x0 ∈ X such that for all x, a ∈ X.

d(x0, Tx0, a) ≤ d(x, Sx, a), (4)

then there exists a unqiue common fixed point of S and T .

Proof. Let Tx0 6= x0 Put x = x0, y = Tx0 in (3), we obtain
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d(Tx0, S(Tx0), a) ≤ φ′(d(x0, Tx0, a), d(x0, Tx0, a), d(Tx0, S(Tx0), a)).

By (b), we get

d(Tx0, S(Tx0), a) ≤ kd(x0, Tx0, a) < d(x0, Tx0, a) ,

which is a contradiction to (4). Therefore Tx0 = x0. To prove that x0 is also a
fixed point of S, let Sx0 6= x0. Therefore

d(x0, Sx0, a) = d(Tx0, Sx0, a)

≤ φ′(d(x0, x0, a), d(x0, Tx0, a), d(x0, Sx0, a))

or
d(x0, Sx0, a) ≤ φ′(0, 0, d(x0, Sx0, a)) ,

or
d(x0, Sx0, a) ≤ 0orSx0 = x0 .

For uniqueness, let y0 be another fixed point of S and T , i.e. Ty0 = Sy0 =
y0. Then,

d(x0, y0, a) = d(Tx0, T y0, a) ≤ φ′(d(x0, y0, a), d(x0, Tx0, a), d(y0, T y0, a)),

or
d(x0, y0, a) ≤ φ′(d(x0, y0, a), d(x0, x0, a), d(y0, y0, a)),

or
d(x0, y0, a) ≤ φ′(d(x0, y0, a), 0, 0),

or d(x0, y0, a) ≤ 0 or x0 = y0 which implies that the fixed point is unique. This
completes the proof.

Corollary 1. Let S and T be self mappings of a quasi semi 2-metric space
(X, d) satisfying the following conditions:

(e) there exist integers m and n such that for all x, y, a ∈ X.
d(T nx, Smy, a) ≤ φ′(d(x, y, a), d(x, Tnx, a), d(y, Smy, a)), for some φ′ ∈ Φ′.
(f) if there exists a point x0 ∈ X such that for all x, a ∈ X

d(x0, T
nx0, a) ≤ d(x, Smx, a).

Then there exists a unique common fixed point of S and T .

Next, puting S = T in Corollary 1, we have the following result.
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Corollary 2. Let T be a self map of a quasi semi 2-metric space (x, d)
satisfying the following conditions:

(g) there exist positive integers m and n such that for all x, y, a ∈ X,

d(T nx, Tmy, a) ≤ φ′(d(x, y, a), d(x, Tnx, a), d(y, Tmy, a))

for some φ′ ∈ Φ′.

(h) there exists a point x0 ∈ X such that for all x, a ∈ X

d(x0, T
nx0, a) ≤ d(x, Tmx, a).

Then there exists a unique fixed point of T .

Remark 3. If (X, d) satisfies the condition of symmetry, i.e.
d(x, y, z) = d(y, z, x) = d(z, x, y), then condition (4) can be replaced with the
following one:

if there exists a point x0 ∈ X such that for all x, a ∈ X

d(x0, Sx0, a) ≤ d(x, Tx, a) (5).

It is easy to see that Corollary 1 and Corollary 2 are true under the similar
conditions.

Remark 4. Instead of (b), if we use:

(b′) Let u, v ∈ R, be such that if either u < φ′(u, v, v) or u < φ′(v, u, v) or
u < φ′(v, v, u) then u < v for some mapping φ′ ∈ Φ′.

Also replacing the followig conditions, given in Theorem 2 and its corollaries,
by

(c′) d(Tx, Sy, a) < φ′(d(x, y, a), d(x, Tx, a), d(y, Sy, a)), for all
x, y, a ∈ X,x 6= y.

(d′) d(T nx, Smy, a) < φ′(d(x, y, a), d(x, Tnx, a), d(y, Smy, a)), for all x, y, a ∈
X,x 6= y.

(e′) d(T nx, Smy, a) < φ′(d(x, y, a), d(x, Tnx, a), d(y, Smy, a)), for all x, y, a ∈
X,x 6= y.

Then we may get results similar to Theorem 2 and Corollaries 1 and 2.

Theorem 3. Let (X, d) be a quasi semi 2-metric space and T a self map
of X such that for all x, y, a ∈ X

d(Tx, Ty, a) < {d(x, Tx, a)d(x, y, a)}
1

2 . (6)



FIXED POINT THEOREMS IN QUASI SEMI... 143

If there exists a real valued function F defined by F (x) = d(x, Tx, a), for
all x ∈ X such that F (x) < F (Tx), then T has a unique fixed point of X.

Proof. Suppose for some x0 ∈ X,x0 6= Tx0, Then

F (Tx0) = d(Tx0, T
2x0, a) = d(Tx0, T (Tx0), a)

< {d(x0, Tx0, a), d(x0, Tx0, a)}
1

2 ,

or
F (Tx0) < d(x0, Tx0, a),

or F (Tx0) < F (x0), which is a contradiction. Hence Tx0 = x0. For uniqueness,
let y0 be another point of X different from x0 such that y0 = Ty0. Then

d(x0, y0, a) = d(Tx0, T y0, a) < {d(x0, Tx0, a), d(x0, y0, a)}
1

2

= {d(x0, x0, a), d(x0, y0, a)}
1

2

= 0 .

Hence d(x0, y0, a) < 0 ⇒ d(x0, y0, a) = 0 or x0 = y0. This completes the
proof.

In case of expansion mappings, we have the following theorem.

Theorem 4. Let (X, d) be a quasi semi 2-metric space and T a surjective
self map of X satisfying:

d(Tx, Ty, a) ≥ min{d(x, y, a), d(x, Tx, a)}, for all x, y, a ∈ X.

If there exists a real valued function F defined by

F (x) = d(x, Tx, a),

for all x ∈ X such that F (x) < F (Tx), then T has a unqiue fixed point of X.

Proof. Suppose for some x0 ∈ X,x0 6= Tx0. Then

F (Tx0) = d(Tx0, T
2x0, a) = d(Tx0, T (Tx0), a)

≥ min{d(x0, Tx0, a), d(x0, Tx0, a)}

= d(x0, Tx0, a) ,

which implies that F (Tx0) ≥ F (x0), a contradiction. Hence Tx0 = x0. This
completes the proof.

Remark 5. The fixed point is not unique.
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Corollary. Let (X, d) be a quasi semi 2-metric space and T a surjective
self map of X satisfying:

d(Tx, Ty, a) ≥ {d(x, y, a), d(x, Tx, a)}
1

2 ,

for all x, y, a ∈ X. If there exists a real valued function F defined by

F (x) = d(x, Tx, a),

for all x ∈ X such that F (x) < F (Tx), then T has a unique fixed point of X.

Theorem 5. Let T be a self map of a compact quasi semi 2-metric space
(X, d) such that

d(Tx, Ty, a) < d(x, y, a), (7)

for all x, y, a ∈ X,x 6= y. Then T has a unique fixed point.

Proof. Condition (7) implies that T is a continuous mapping on X. We
define a real valued function F on X by

F (x) = d(x, Tx, a), x ∈ X.

Since T and d are continuous, it follows that F is continuous on X. Since X is
compact, there exists a point x0 ∈ X such that

F (x0) = inf{d(x, Tx, a) : x ∈ X}.

We suppose that x0 6= Tx0, otherwise T has a fixed point. By (7)

d(Tx0, T
2x0, a) < d(x0, Tx0, a).

So that, F (Tx0) < T (x0), which contradicts the definition of F . Therefore x0 =
Tx0. Uniqueness follows from (7). This completes the
proof.

The following implications are interesting and help for the classification of
2-metric spaces.

Remark 6. Let (X, d) be a quasi semi 2-metric space and T : X → X.
Then for 0 < h < 1, each of the following conditions:

(i) d(Tx, Ty, a) ≤ hmax{d(x, Tx, a), d(x, y, a)}, for all x, y, a ∈ X,
(ii) d(Tx, Ty, a) ≤ hd(x, y, a),

implies

(iii) d(Tx, T 2x, a) ≤ hd(x, Tx, a), for all x ∈ X.
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Proof. We put y = Tx in (i) and (ii). It is easy to see that each of (i) and
(ii) implies (iii).

Remark 7. Let X, d) be a quasi semi 2-metric space and T : X → X.
Then for a > 1,

(i) d(Tx, Ty, a) ≥ ad(x, y, a) implies d(Tx, T 2x, a) ≥ ad(x, Tx, a),
(ii) d(Tx, Ty, a) ≥ a{x, Tx, a)d(x, y, a)

1

2 implies d(Tx, T 2x, a)
≥ ad(x, Tx, a),

(iii) if, in addition X iscompact, then

d(Tx, Ty, a) < {d(x, Tx, a), d(y, Ty, a)}
1

2

implies d(Tx, T 2x, a) < d(x, Tx, a).

Proof. Put y = Tx in the inequalities (i), (ii) and (iii) above and get the
required implications.
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