
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 10 No. 4 2004, 365-385

IMPROVING ALGEBRAIC MULTIGRID EFFICIENCY

FOR IMMERSED INTERFACE PROBLEMS

Miranda J. Antonelli1 §, Timothy P. Chartier2

1Applied and Computational Mathematical Sciences Program
University of Washington

Seattle, Washington 98195, USA
e-mail: mjanto@hotmail.com

Department of Mathematics
University of Washington

Seattle, Washington 98195, USA
e-mail: chartier@math.washington.edu

Abstract: Computational complexity versus accuracy play a fundamental role
in the efficiency of an iterative algorithm. In [1], the robustness of algebraic
multigrid (AMG) for interface problems that have been discretized using the
methods described in [3] and in [17] for elliptic interface problems using the
maximum principle preserving schemes was demonstrated. This paper conducts
a parameter study on the strength threshold parameter that is a cornerstone
to the AMG algorithm as defined in [21]. The value of the strength threshold
in the AMG algorithm directly relates to the speed of the method. This paper
analyzes the performance of AMG on various interface problems and improves
on the efficiency of AMG as compared to the results in [1].

AMS Subject Classification: 65N55, 65F10, 65N20
Key Words: multiscale algorithms, multigrid, algebraic multigrid, AMG,
iterative methods, immersed interface, elliptic interface problems

Received: August 12, 2003 c© 2004, Academic Publications Ltd.

§Correspondence author



366 M.J. Antonelli, T.P. Chartier

1. Introduction

Algebraic multigrid (AMG) is a variant of geometric multigrid (MG) that ab-
stracts the multigrid process resulting in a black–box iterative method. AMG
has been successfully applied to numerous applications including problems in-
volving irregular and highly unstructured grids ([7, 5, 15, 22, 23]). In [1], AMG
was successfully applied to interface problems that have been discretized using
the methods described in [3] and in [17] for elliptic interface problems using the
maximum principle preserving schemes.

Fundamental to multigrid is the use of multiple grids. AMG (and MG)
choose the coarse grid to be a subset of the fine grid. A rich coarse grid leads to
a high degree of accuracy in the overall multigrid algorithm. At the same time,
it is important to balance the need for a rich coarse grid with low computational
cost. In AMG, the size of the coarse grid (which directly affects the accuracy and
complexity of the algorithm) is controlled by the strength threshold parameter,
α (see Section 3 for more information on this parameter). This paper carefully
examines how to improve the efficiency of AMG on the interface problems
examined in [1].

The paper is organized as follows. Section 2 reviews several fundamentals of
multigrid, emphasizing why the strength threshold parameter is a cornerstone
to the AMG algorithm as defined in [21]. Section 3 poses the test problem. Note
that this is identically the same problem studied in [1]. Section 4 discusses the
input parameters (most notably α) that are varied in the numerical experiments.
Section 5 develops the metrics that are used to measure the performance of the
AMG algorithm. Section 6 contains the numerical results, as well as an analysis
of the relative merits of different values for α. Finally, Section 7 summarizes
the findings of this paper.

2. AMG and Strength of Connection

Geometric and algebraic multigrid methods seek the solution u ∈ R
n to the

linear system

Au = f , (1)

where A is an n × n matrix. The linear systems that will be studied in this
paper arise from problems with internal interfaces that have been discretized
with Cartesian grids using the methods described in [3] and in [17] for elliptic
interface problems using the maximum principle preserving schemes.
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Since the value of the strength threshold in the AMG algorithm directly re-
lates to the speed of the algorithm to solve a linear system, the parameter study
to follow will focused entirely on altering the strength threshold parameter, α,
in AMG. Strength of connection plays a fundamental role in the construction
of the necessary multigrid components and consequently, in the efficiency of the
AMG algorithm. Since changes in α change the multigrid components, we take
a moment for a brief discussion on the components of a multigrid algorithm.

2.1. Components of Algebraic Multigrid

Without knowledge of the underlying application, the AMG algorithm con-
structs the required components of the multigrid iterative process in order to
solve (1). Using superscripts 1 . . . M to indicate level number, with 1 denot-
ing the finest level (A1 = A and Ω1 = Ω for the finest grid), the required
components are as follows:

1. Algebraic “Grids”: Ω1,Ω2, . . . ,ΩM .
2. Grid operators: A1, A2, . . . , AM .
3. Grid transfer operators:

Interpolation Ii
i+1, i = 1, 2, . . . ,M − 1,

Restriction Ii+1
i , i = 1, 2, . . . ,M − 1.

4. Relaxation scheme for each level.

Given that AMG requires only A and f in (1), the grid points and grid itself
are algebraic structures associated with A rather than a geometric entity. More
specifically, in the linear system (1), AMG’s grid points correspond simply to
the indices of the vector u. The grid, per se, in AMG is defined as the undirected
adjacency graph of the matrix A.

With MG, a serious attempt is made for the error left by relaxation to be
geometrically smooth. With AMG, the approach differs in part as there is no
physical grid or sense of geometry. Instead, AMG uses, not surprisingly, an
algebraic definition of smoothness.

2.1.1. Algebraically Smooth Error and Strong Connections

AMG’s effectiveness is dependent on its ability to design coarse grid correction
to dampen components of the error that remain after relaxation. These error
components are not rapidly reduced by relaxation and are collectively called
algebraically smooth error. AMG formulates algebraically smooth error as that



368 M.J. Antonelli, T.P. Chartier

which produces relatively small residuals, written loosely as

Aheh ≈ 0 ⇒ aiie
h
i ≈ −

∑

j 6=i

aije
h
j , (2)

where aij are entries of Ah, e is the error and the indices are identified with
grid points. Note that if aij is relatively small, then eh

i can be substituted for
eh
j and (2) would still hold.

In a sense, relatively small aij means that eh
i does not depend critically

on the value of eh
j . In this case, we say loosely that point i does not depend

strongly on point j, or that point i is weakly connected to point j. Alternatively,
for k such that aik is relatively large, the value of eh

i does depend on the value
of eh

k , and we say that point i is strongly connected to point k. This leads to
the following definition of the set of strong connections of point i:

Si := {j 6= i : −aij ≥ α max
k 6=i

(−aik)}. (3)

In practice, α is usually set to 0.25. The purpose of this research is to determine
if 0.25 produces optimal performance for AMG on interface problems.

The following heuristic motivates the choice of the coarse grid and the
interpolation operator:

H1. Algebraically smooth error varies slowest in the direction of strong
dependence.

Note that H1 relies on the definition of strong dependence. Again, strong
dependence is determined by Si, which is directly affected by the magnitude of
α. In AMG, the composition of a coarse grid is tightly bound to the definition
of strong connection.

A large amount of recent research in algebraic multigrid methods has fo-
cused on methods that perform on problems, where (3) does not adequately
reflect strong connections for a problem. For example, AMGe introduced in
[8] developed a robust and effective interpolation operator that determined lo-
cal smoothness through access to element stiffness matrices (and hence limited
itself to problems discretized with finite elements). Introduced in [16], element-
free AMGe defined an associated interpolation scheme that performed well in
comparison to AMGe but, like AMG, did not assume access to finite element
stiffness matrices. Spectral AMGe methods introduced in [12] and [13] and a
more recent variation in [14] also exploit access to the element stiffness matri-
ces. These methods are notable both in their apparent robustness and their
general sense of algebraic smoothness. Other advances in algebraic methods
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include smoothed aggregation (see [25, 20, 10, 24]) compatible relaxation (see
[6, 18]) and self–correcting methods (see [9] and [19]).

Each of the above methods, while offering a more robust method, generally
represents a more costly setup phase, which constructs the multigrid compo-
nents. This paper examines whether a problem already efficiently solved with
AMG can be made more efficient through a careful examination of the α pa-
rameter (in (3)) in the algorithm.

We regress slightly at this time to further underline the importance of a
carefully chosen α by briefly outlining coarse grid selection and interpolation
in the AMG algorithm. The efficiency of these algorithms should be noted as
they are important features of AMG.

2.1.2. Coarse Grid Selection

In practice, the coarse grid points are chosen as a subset of the fine grid. That
is, Ω = {1, 2, . . . , n} is partitioned into two sets, C and F , where C denotes
those points represented on the coarse grid. The details of how this is done are
described below.

Leaning on heuristic H1, it becomes clear that the identification of strong
connections is fundamental to such an algorithm. If i is an element of F , then
H1 implies that Si contains the necessary points to determine the value of i.
Moreover, the cardinality of Si is directly influenced by the magnitude of α.
From (3) we see that a smaller α leads to a larger set of strong connections.
The selection algorithm is as follows:

Coarse grid selection:

1. For each i ∈ Ω, let λi = |Si|, where | · | denotes a set’s cardinality.

2. Pick i with maximal λi (i not in C or F ). Let i ∈ C.

3. For each j ∈ Si (such that j is not in C or F ), let j ∈ F . Increment λk

for each k ∈ Sj.

4. If Ω = C ∪ F then stop, else go to 2.

A second sweep of the nodes is also performed. During this stage of the al-
gorithm, coarse grid points are added in order to satisfy the following condition:

Second sweep condition: For each i ∈ F , each j ∈ Si is either in C or
Sj ∩ Ci 6= ∅.

This condition guarantees that for each i ∈ F , each point j ∈ Si is either
in C, or strongly connected to at least one point in Ci.
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2.1.3. AMG Interpolation

The interpolation operator Ih
2h defines the ith component of Ih

2he
2h, the approx-

imation to eh in (2), as

(Ih
2he

2h)i =







e2h
i if i ∈ C,

∑

j∈Ci

wije
2h
j if i ∈ F, (4)

where Ci = Si ∩ C.
The AMG interpolation scheme delineates the neighbors of point i (that is,

nonzero connections) into the following sets: coarse interpolatory points, Ci,
strongly connected fine-grid points, Ds

i , and weakly connected neighbors, Dw
i .

Again, note the importance that the definition of strong connection is playing
in the AMG algorithm. The sum (2) can be split over the aforementioned sets
to yield

aiie
h
i ≈ −

∑

j∈Ci

aije
h
j −

∑

j∈Ds
i

aije
h
j −

∑

j∈Dw
i

aije
h
j . (5)

In (4), points i ∈ F interpolate from only those strong connections that
appear on the coarse grid. Therefore, Si must be well represented in C. It is
generally impractical to require Si ⊂ C for each i ∈ F . Consequently, Ds

i 6= ∅,
and for j ∈ Ds

i , eh
j is approximated by

eh
j =

∑

k∈Ci

ajke
2h
k

∑

k∈Ci

ajk

. (6)

For weakly connected neighbors (j ∈ Dw
i ), eh

j is taken to equal eh
i . This leads

to the needed interpolation weights given by

wij = −

aij +
∑

m∈Ds
i

(

aimamj
∑

k∈Ci

amk

)

aii +
∑

n∈Dw
i

ain

. (7)

For a more complete motivation of these topics see [21] or [11]. Several recent
variations on this interpolation are described in [22]. Note that for (6) (and
consequently (7)) to be valid, it is necessary for Sj and Ci to overlap, which
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Figure 1: Level 2 grid produced by AMG on elliptic interface problem
(8) with b = 0.1 on a 32 × 32 grid with α = 0.25

is the role of the automated algorithm for choosing the coarser grids in AMG
discussed in Section 2.1.2. As such, the definition of Si directly affects inter-
polation. Indeed, α influences both coarse grid selection and the coarse grid
operator.

The correlation between grid density and the density of the coarse grid
operator to the magnitude of α is depicted in Figure 1 and Figure 2. These
figures depict grids on level 2 produced by AMG on elliptic interface problem
(8) with b = 0.1, where the size of the finest grid is 32 × 32. Each vertex
corresponds to a row in the coarse grid operator and an edge between 2 vertices
corresponds to a nonzero element in the coarse grid operator. Figure 1 was run
with α = 0.25 in AMG. For Figure 2, α equals 0.70. As expected, the smaller
α relates to a denser coarse grid and coarse grid operator.

The magnitude of α (which directly affects Si) influences both interpolation
and coarse grid selection. As such, changing α can dramatically alter the AMG
algorithm. Our goal is to determine if more optimal choices of α (in contrast
to the standard choice of α = 0.25) are possible for interface problems.
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Figure 2: Level 2 grid produced by AMG on elliptic interface problem
(8) with b = 0.1 on a 32 × 32 grid with α = 0.70

3. The Test Problem

The numerical results to follow focus on the specific body of problems studied
by Adams and Chartier in their recent work on multigrid methods on interface
problems found in [2] and [1]. More specifically, this paper attempts to improve
on the results of AMG in [1].

These problems stem from the elliptic equation

∇ · (β(x, y)∇u(x, y)) = f(x, y), (8)

where the interface is the circle x2 + y2 = 1
4 within the computation domain

−1 ≤ x, y ≤ 1. The value of β is

β(x, y) =

{

x2 + y2 + 1, if x2 + y2 ≤ 1
4 ,

b if x2 + y2 > 1
4 ,

and the source term is

f(x, y) = 8(x2 + y2) + 4.

The true solution is

u(x, y) =

{

r2, if r ≤ 1
2 ,

(1 − 1
8b −

1
b )/4 + ( r4

2 + r2)/b + C log(2r)/b, if r > 1
2 ,
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which can allow for more insightful analysis of our numerics.

This problem has variable and discontinuous coefficients with the following
jump conditions at the interface:

[u] = 0, [βun] = 2C, [β] = b − 5/4, [f ] = 0.

Note that smaller values of b relate to more difficult problems since the jump
in the normal derivative of the solution is given by

[un] = (2C + 5/4)/b − 1,

and the ratio of the β values at the interface is 1.25/b. Finally, Dirichlet bound-
ary conditions are imposed on the problem.

4. Input and Comparison Variables

Three parameters will be varied in the numerical tests. The most obvious is α.
The problem parameter b, and the initial grid size, as measured by n will also
be varied in order to test scalability on problems of increasing difficulty and
refinement, respectively.

4.1. Strength Threshold Coefficient

The strength threshold coefficient, α, plays a fundamental role in coarse grid
selection and interpolation. Denser coarse grids result from smaller α values.
Denser coarse grids correlate to denser coarse grid operators and higher com-
putational complexity, but sparse coarse grids eventually correlate to poor con-
vergence rates.

The numerics in [1] used α = 0.25 within AMG for the immersed interface
problems. This value was chosen arbitrarily, in a certain sense, as a compro-
mise between these two competing effects. The numerics even with this value
reflected an efficient and robust application of AMG. Yet, as we will see, a closer
study of this parameter can yield improved efficiency of the iterative process.

4.2. Other Independent Variables

In addition to α, two other parameters are varied. Unlike α, these parameters
result in changes to the underlying test problem, as opposed to variations in
the algorithm.
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The first of these values, b, is part of the test problem itself. Specifically,
it changes the behavior of the β term in (8). It is important to recall that
this problem becomes more difficult as b (and thus β) decreases toward zero,
as explained in Section 3.

The second independent variable, n, is a measure of the fineness of the initial
grid. A smaller n represents a coarser grid (not to be confused with coarse grids
in the multigrid process) and a smaller problem. A larger n corresponds to a
more refined grid and generally a more difficult computational problem. The
size of the problem is proportional to n2, not n itself, meaning that setting n
to 512 translates to a problem that is 256 times larger than a problem, where
n equals 32. For smaller values of b, problems with smaller values of n are not
sufficient to capture the intricacies of parameter differences. This is mainly due
to the speed at which AMG solves such small problems for a large range of α
values. Consequently, problems with smaller b values will have fewer trials in
the numerical tests in Section 6.

5. Output and Calculated Variables

5.1. Convergence Factor and Complexity

Five different output variables were measured from AMG. Each measures the
efficiency of AMG from a different perspective. The first measure is the number
of cycles (more specifically, V–cycles) necessary to convergence to a solution.
The number of V–cycles is closely intertwined with the second measured vari-
able, convergence factor. Convergence factor, f , is the ratio (‖sk‖2/‖sk−1‖2)
for the last iteration k, where sk = D−1

o f −Asvk, also called the scaled residual
in [1] (see [1] for a more detailed discussion regarding s). Note that if f = 0.1,
then the residual at step k is one tenth the residual at step k − 1. This is an
effective measure of the efficacy of the cycling.

The final three variables measure complexities within the algorithm. A-
complexity, CA, measures operator complexity as the ratio of the non-zero
elements contained in the operators on all levels to the number of non-zero
elements in the operator on the finest grid. Grid complexity is measured by
the Ω-complexity, CΩ, which is the ratio of the number of grid points on all
levels to the number of grid points on the finest grid. Finally, S-complexity,
CS , measures space (memory) complexity, which is measured by the ratio of the
storage used by AMG on all levels to the storage required only for the problem
on the finest grid.
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Let ni
Ω and ni

S denote the number of grid points and amount of storage
necessary on level i, respectively. Let ni

L denote the number of non-zero entries
in the level i operator Ai. Then alternatively,

CA =

0

B

@

nl
∑

i=1

ni
L

1

C

A

n1
L

, CΩ =

0

B

@

nl
∑

i=1

ni
Ω

1

C

A

n1
Ω

, CS =

0

B

@

nl
∑

i=1

ni
S

1

C

A

n1
S

.

Clearly, CA, CΩ and CS are always greater than 1.

5.2. Effective Convergence: ρ Factors

The three complexities are combined with f to create our comparison metrics.
We obviously would like to have an algorithm with low computational overhead
(low A, Ω and S-complexities), but efficiency in terms of accuracy (low number
of V–cycles and low convergence factor) is also desirable. These two effects are
combined into a new measure, the effective convergence ρ. We calculate three
different ρ values, one for each of the complexities, by taking:

ρA = f (1/CA), ρΩ = f (1/CΩ), ρS = f (1/CS).

Since the various complexities will always be greater than one, the smaller
the effective convergence (regardless of the associated complexity) the more
desirable is the associated algorithm.

6. Numerical Results

This section gives numerical results of the AMG method using AMG1R6 written
by Ruge, Stüben and Hempel with version date 1997. Each experiment chooses
u0 = 0 on the interior and sets the boundary nodes to their value as given in
the Dirichlet boundary conditions. AMG is supplied with only the fine-grid
matrix and right-hand side.

AMG uses a V(2,2) cycle, that is, two pre- and post-Gauss-Seidel smoothing
steps. The stopping tolerance is ||sk||2 < 10−6 for all problems. The AMG
method was also run to enforce the coarsest grid be no smaller than 64 unknowns
in order to match numerics contained in [1].

6.1. Comparing the Strength Thresholds for Individual Problems

This section focuses on numerical results of α comparisons for each trial (that
is, for each b and n combination). Each of the three ρ factors provides a slightly
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different perspective on the complexity of AMG as applied to the problem. Still,
all the measures lead to similar conclusions. In all, 11 different trials, spanning
five different values for b were run, and in all but two, the ideal α was the same
for ρA, ρΩ, and ρS.

For each complexity, the corresponding table lists the ideal α, its perfor-
mance (ρ and number of iterations) as well as the performance of α = 0.25.
Also, ∆ denotes the percent improvement in ρ for the ideal as compared to
α = 0.25.

Ideal Ideal 0.25 Ideal 0.25

b n α Cycles Cycles ρA ρA ∆

1.25 32 NA 1 NA 3 NA 0.1193 NA

1.25 64 0.41 3 3 0.1244 0.1265 1.7%

1.25 128 0.41 3 3 0.1190 0.1230 3.2%

1.25 256 0.41 3 3 0.1145 0.1193 4.0%

0.10 64 0.13 4 6 0.2859 0.4080 29.9%

0.10 128 0.15 4 6 0.2934 0.4700 37.6%

0.10 256 0.15 4 6 0.3884 0.4659 16.6%

0.005 128 0.14 9 9 0.5395 0.5550 2.8%

0.005 256 0.15 8 10 0.5462 0.5719 4.5%

0.0005 128 0.25 NA 13 NA 0.5853 0.0%

0.0005 256 0.22 11 12 0.5689 0.6016 5.4%

0.00005 256 0.11 13 15 0.5807 0.6233 6.8%

Table 1: Operator complexity (CA) results

Several observations are readily evident from Table 1. First, in only one
instance was α = 0.25 the ideal value. This suggests that a different value of α
may indeed serve as a better default for interface problems.

Second, although not ideal, α = 0.25 was highly inefficient only for b = 0.10.
Also, the ideal α is above and below 0.25 depending on the problem. This
variability in the ideal α leads to the question as to what α to choose over the
entire class of problems. For analysis of this issue, see Section 6.3.

Table 2 and Table 3 for CΩ and CS follow. The conclusions from the tables
are essentially the same as with Table 1. We pause only to note that the
percentage gains for CΩ values were consistently higher than for CA and CS ,
suggesting that the ideal α would be especially valuable if grid complexity is
the emphasis.
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Ideal Ideal 0.25 Ideal 0.25

b n α Cycles Cycles ρΩ ρΩ ∆

1.25 32 NA NA 3 NA 0.0518 NA

1.25 64 0.41 3 3 0.0580 0.0590 1.7%

1.25 128 0.41 3 3 0.0572 0.0595 3.8%

1.25 256 0.41 3 3 0.0556 0.0586 5.0%

0.1 64 0.13 4 6 0.1557 0.2876 45.8%

0.1 128 0.15 4 6 0.1709 0.3496 51.1%

0.1 256 0.15 4 6 0.2645 0.3541 25.3%

0.005 128 0.14 9 9 0.4095 0.4331 5.5%

0.005 256 0.15 8 10 0.4184 0.4615 9.3%

0.0005 128 0.25 - 13 - 0.4737 0.0%

0.0005 256 0.22 11 12 0.4472 0.4802 6.9%

0.00005 256 0.16 13 15 0.4592 0.5067 9.4%

Table 2: Grid complexity (CΩ) results

6.2. Effect of Strength Threshold on Larger b Values

For larger b (recall smaller b correlates to more difficult problems), the choice
of α had only a small impact on the effective convergence. In Table 4, no value
between 0.10 and 0.45 degrades performance by more than 6% in any category
for b = 1.25 and n = 128.

Note that the ideal in this run occurred at α = 0.41, but there was a second
minima in the α versus ρ plots at α = 0.17, corresponding to only a 0.9%
decrease in efficiency. These two facts prevent the relatively high ideal α found
for b = 1.25 from exerting a large influence on our conclusions regarding an
optimal α across problem types in Section 6.3

Also note the rapid degradation of efficiency as α increases beyond the ideal
value. This can be seen in all of the problem types.

6.3. Optimum α over the Immersed Interface Problems

Section 6.1 confirms that our original premise was correct: AMG can be made
more efficient for interface problems with a careful choice of α. However, AMG
is designed to be a black–box linear solver. The type of internal optimization
of Section 6.1, while insightful and potentially useful for users interested in
interface problems, clearly has its limitations and reduces the black–box nature
of AMG. Therefore, this section searches for a single value of α that performs
efficiently over the body of interface problems under consideration.
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Ideal Ideal 0.25 Ideal 0.25

b n α Cycles Cycles ρS ρS ∆

1.25 32 NA NA 3 NA 0.2503 NA

1.25 64 0.41 3 3 0.2078 0.2135 2.7%

1.25 128 0.41 3 3 0.1914 0.1969 2.8%

1.25 256 0.42 3 3 0.1829 0.1896 3.5%

0.1 64 0.13 4 6 0.3675 0.5216 29.5%

0.1 128 0.15 4 6 0.3744 0.5501 31.9%

0.1 256 0.15 4 6 0.4692 0.5470 14.2%

0.005 128 0.14 9 9 0.6083 0.6253 2.7%

0.005 256 0.15 8 10 0.6132 0.6414 4.4%

0.0005 128 0.25 - 13 - 0.6536 0.0%

0.0005 256 0.22 11 12 0.6354 0.6611 3.9%

0.00005 256 0.11 13 15 0.6452 0.6807 5.2%

Table 3: Space complexity (CS) results

α CA CΩ CO

0.10 4.58% 5.73% 3.82%

0.15 1.48% 1.78% 1.09%

0.20 3.04% 3.70% 2.56%

0.25 3.28% 3.98% 2.85%

0.30 3.44% 4.22% 2.90%

0.35 2.65% 3.04% 2.57%

0.40 0.59% 0.79% 0.46%

0.45 0.39% 0.33% 0.56%

0.50 18.33% 19.57% 11.56%

Table 4: Results for b = 1.25, n = 128

The effectiveness of an α is taken to be the average of the effective conver-
gence over all the problems (ranging over b values). Since more n values exist
for larger b values, each group is weighted to give equal strength to each of the
tested b values.

Table 5 shows the percentage increase in ρA from ideal in each b and n
combination for selected α values, as well as the (weighted) average increase.
This average gives an expectation of how far from ideal a particular run will be
if any single α is chosen. Obviously, the optimal is having this value as close
to zero as possible. Note that the values for α = 0.45, 0.50 are missing in the
last column due to the exceedingly large number of cycles necessary to solve
the problem.

Table 5 shows a clear standout: α = 0.15. It represents an average 8.1%
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increase in efficiency over α = 0.25. It fails to outperform α = 0.25 in only one
case (b = 0.0005 and n = 128), where it increases ρA by only 10%.

Analysis of Table 6 and Table 7 coincides with the ρA analysis. That is,
α = 0.15 is again a superior value, producing a 14.1% improvement for grid
complexity and a 6.4% improvement in space complexity.

Note also that Table 6 bears out the prediction in Section 6.1, namely that
the improvement is more pronounced in the grid complexity than in the space
or operator complexities.



380 M.J. Antonelli, T.P. Chartier

Table 5: Optimizing α for operator complexity



IMPROVING ALGEBRAIC MULTIGRID EFFICIENCY... 381

Table 6: Optimizing α for grid complexity
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Table 7: Optimizing α for space complexity

7. Conclusions

We have compared a range of strength thresholds in AMG for the body of
immersed interface problems examined in [1]. These tests show that a decrease
in the strength threshold to α = 0.15 is superior to the value of α = 0.25.
This change produces a 6-14% improvement in efficiency, depending on the
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application (grid, operator or space). This new α is superior in a majority of
cases and competitive in all cases tested.
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