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Abstract: The limiting distribution for Gauss-Newton estimators of (o, 3) in
the model Z;; = aZ;_1; + $2; j—1 — af3Z;_1j—1 + € is obtained for the case
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1. Introduction

The spatial model
Zij = OéZifl,j + ﬂZZ’J;l - OlBZi—l,jfl + €ij (1.1)

has received considerable attention since being introduced by Martin [10]. For
example, Martin [11], Cullis and Gleeson [9], Basu and Reinsel [4] used the
model to analyze data in agriculture field trials. Properties of parameter es-
timators under stationarity assumptions can be found in Basu [1] and Basu
and Reinsel [2], [3]. The limiting distribution of a sequence of Gauss-Newton
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estimators of 8/ = («a, ) under certain nonstationary conditions is given by
Bhattacharyya [5], [6]. In particular, it is shown that when o = § = 1,
0?20, — 0) = N(Q.T'1); whereas, (n*/%(6n — a),n(B, — 8)) = N(0,T2)
provided a = 1 and |3| < 1, where T'; = diag(2,2) and I's = diag(2,1 — £?). It
should be stressed that significant differences in the asymptotic results occur
when one of the parameters exceeds one in absolute value. Indeed, the purpose
of this work is to analyze the case when o =1 and |3| > 1.

It is assumed throughout that {Z;;} is a spatial process obeying model (1.1)
and subject to the following constraints:

(Al)a=1, g > 1.

(AQ) Zi,j = 0 when 1 /\j < 0.

(A.3) {e;;} are i.i.d., mean zero, variance o? and each has a finite fourth
moment.

(A.4) {@,} and {B,,} are initial estimators satisfying @, — 1 = Op(n~3/?)
and B, — 8 = Op(n~1/257").

The existence of initial estimators obeying (A.4) is shown later. The sample
path space D([0,1]), see Billingsley [8], of a process has been extended to the
two parameter case Dy := D(][0, 1] x [0, 1]) by Bickel and Wichura [7] and shown
to be equipped with a metric which induces the Skorohod topology. The space
Dy is separable, complete and has Borel o-field generated by the coordinate
mappings. The Gauss-Newton estimator 6,, of 6 is the random variable defined
in (2.7)-(2.8), and obeys equation (2.9). More generally, consider the random
element A,(-) in Dy which satisfies equation (2.10). Fix 0 < ¢ < 1, X =
(A1, A2)eR? and define for each t' = (t1,2)e€[0, 1]?,

AG(E) = An(tr,ct), 9y (1) = Ndiag(n®?, 025" (AL () —6),  (1.2)

and denote 9} (¢) simply by 1, (¢). The primary result of this work is stated
below.

Theorem 1.1. Assume that model (1.1) and conditions (A.1)-(A.4) are
satisfied. Let 1), and ¢ be as defined in (1.2) and denote ¢; = 2)\? and
co = (1 —3%)2)\3. Then:

(i) the finite-dimensional distributions of {1, } converge in distribution to
those of a mean zero Gaussian process ) having cov ((s),¥(t)) = ci(s1 A
t1)2(82 A tg) + 02(81 A tl)l{l}(SQ A tg)

(ii) {¢5} converges in distribution on Dy to a mean zero Gaussian process
¢ with cov (°(s),v°(t)) = c1(s1 At1)? - (s Acta) when 0 < ¢ < 1.

In particular, diag(n3/2,n/23")(6,,—0) 2, N(0,T"), where ' = diag(2, (1—
B2)?).
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Remark 1.1. It is shown in Lemma 3.1 (ii) that one of the terms of {¢,,}

fails to be tight in Dy and thus accounts for the restriction v{, of 1/, in Theorem
1.1 (i), 0<e< 1.

2. Order and Tightness Properties
Denote

Xij = Zij — BZij—1, Yij=Zij —aZi;, (2.1)

and according to (1.1),

Xij = OzXZ'_l,j + €5 and Y{j = ﬁY{J_l + €. (2.2)
Employing (A.1)-(A.2),

)

J i,J
XZ] = Z ekja Y;] = Zﬁjieew and Zz] = Z ﬂjieﬁkg. (23)
k=1 /=1 k=1

The following order properties are straightforward to verify. Heret' = (t1,t2)e[0, 1] =
[0,1] x [0,1] and [nt]" = ([nt1], [nt2]).

Lemma 2.1.
[nt]

(i)n? Z Xi2—1,j - %t%tmﬂ +Op(n~Y?%),
ij=1
[nﬂ t10'2
(ii) n*1572[nt2} Z Yi?'fl . A—— op(1),
ij=1 (1-752)
2 5—2[nts] & 9 202
2 p2lnty , B
(iii) =28 ]221 Ziag1 = g ey 0P,
[n]
(iv) Z Xi1,5Yij-1= Op(nﬂ[m?]),
ij=1
[nt]
(v) Z Xi-15Zi-1j-1= Op(n?pintal),
Z,]:l
[n]

(vi) Z Yij 1Zi 1.1 = Op(nG?rtl),
ij=1
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[nt]
(Vll) Z Xl'*l,jeij = Op(n3/2)7
1,7=1
[nt]
(vii) Z Yij-1€6; = Op(nl/Zﬁ[ntQ])’
i,j:l
[nt]
(IX) Z Zi_l,j—leij = Op(nﬁ[ntg})}
’i,j:l
[ntg} 4
x) sup F Xio1 € =On4,
()lﬁsm] ; Lj a/ (n®)
[nto] 4
X sup B Y;, i—1€ij =0 B4[nt2} .
( )1§i§[nt2] ; i1 J} ( )

Bickel and Wichura (1971) give a sufficient condition in terms of moments
in order to guarantee tightness of a sequence of random elements in Dy. Indeed,
let s’ = (s1,82), ' = (t1,t2)€[0,1]? and define s < t when s; < t; and 5 < t
when s; < t;, i = 1,2. Denote the rectangle set (s1,t1] X (s2,%2] by (s,¢]. Let
T, = {(k/n,¢/n) : k, ¢ are integers satisfying 0 < k,¢ < n}. Then a sufficient
condition for tightness of a sequence {V,,} of random elements in Dj is that
there exist positive real numbers aq,as,d and M such that for each pair of
disjoint rectangles (s,t] and (u,v] having vertices in 7T, and either a common
horizontal or vertical edge obeys:

E(|Va (s, )1 Vi (, 0]1°) < M (pa(s, t]pau, 0]) (2.4)

where y is a finite measure on [0, 1] and V;,(s, 1] is defined below.

Another approach used below to improve the normalizing factor for tight-
ness of a sequence is use of the maximal inequality given by Bhattacharyya [6].
Here the sequence must form a strong martingale in the sense of Walsh [12]. In
particular, assume that §;,¢ € J is an increasing collection of sub-o-fields on
(©,3, P) in the sense that §; C §; when s < t, where J denotes a subset of the
set of all ordered pairs of positive integers. Suppose that each V; is square inte-
grable. Then {V;,§;,t € J} is called a strong martingale provided that for each
s,t € J, E(V{|§s) = Vs when s < t and, moreover, E(V(s,t]|§:) = 0, where
V(s,t] = Vi — Viito — Viyso + Vs and § denotes the smallest o-field containing
each §;; with either i < 51 or j < so. -

Tightness of the sequences listed below are needed to show convergence in
distribution on Dy = D([0,1]?). Since the proofs of (i)-(vi) are similar, only
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verification of (vi) and (vii) are presented here. It should be mentioned that not

all the normalizing factors given for tightness are necessarily the best possible
but are sufficient for our purposes.

Lemma 2.2. The following sequences in Doy are tight:

[nt]
(i) 40> Y X7 }
i,j=1
[nt]
(11){ ~2nta] Z 1, — 1}
i,j=1
[nt]
(iii) 22} Z —1,j— 1}
i,7=1
[nt]
(iv) 5/2ﬂ [nta] Z X1,V
i,j=1
[nt]
(V){ 75/2ﬂ [nta] Z Xz 17] i1 1}
i,7=1
[nt]
(Vl) 5/2ﬁ 2[nta] Z Y,] IZZ 1,7—1
,j=1
[nt]
(vii) < n —l-rpgn Z Zi—1,j—16ij}, p > 0.
1,7=1

Proof. (vi) Denote V,(t) = n~=%/23~ ”tQ]Z[n Yij-1Zi—1,j—1 and let A
denote the Lebesgue measure on [0,1]?. Using (2.3),

j—1

. — R2(-1)\42 .
B2 ) = g0 = L2 o)
=
and
i—Lj-1 | 326D |
E(Z} ;) = Z BHI1062 = (i - 1) <W> o® = 0(iB%).
ff—1

Verification is given when (s,t] and (u,v] have a common horizontal edge

since the vertical case is analogous. Employing Cauchy’s inequality, observe
that
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E([Va(s, t]| [Va(u, v]])
[nt] [nt1] [nvsa)]
< Knopfmelg2mal NN N 20 ()12
i,j=[ns|+14'=[ns1]+1 j'=[nt2]+1
< M (s, )M (u, v]

and thus by (2.4) {V,} is tight in Ds.

(vii) In order to obtain a sharper normalizing factor needed later, the mo-
ment criterion used to prove tightness in (vi) needs to be replaced by the tech-
nique used in Bhattacharyya [6], p. 1721. Define W,,(t) = n=1773~ ng],l Zi—1 j—1€ij-
Given § > 0, consider rectangles Ry = [kd, (k + 1)) x [€d, (¢ + 1)0) and for
€ > 0, define A}, = {supscp,, |Wn(t) — Wi(kd,£€5)| > €}. Tightness of {W,}
in Dy is shown by verifying that for each ¢ > 0 and v > 0 there exists a
§ > 0 such that lim, > ks<105<1 P (Ag) < v. Denote po = ([nkd],[ntd]),
w1 = ([n(k +1)8], [n(¢ + 1)d]) and let J = {(i,5) : po < (i,7) < p1}. Define for
each a = (a1, a2)el, Fo(S};) to be the smallest o-field making each €;5,i < a3
and j < ag (either i < a; or j < ay) measurable, respectively.

Let U, = E?,j:l Zi-1j-1€ij,aeJ. Then {U, — Uy,,,Fq,aeJ} is a strong
martingale in the sense of Walsh [12] as discussed above. According to the
maximal inequality of Bhattacharyya [6], Lemma 1.1, there exist positive real
numbers ag and Ag for which

P(AY,) < AgToe 0 PB(P{n~ BT U,, — Uyl > €ay'})?
+ AO(Tnfilnilipﬁin)gﬂ(P{nilipﬁin‘Uul - uo| > 6a51})i,

where 7, = (E(Uy, — Uy,) )% = O(np"). Since Tn PR — 0, it follows
that P(A7,) — 0 as n — oo and thus lim,, > ko<1u5<1 P (Af,) = 0. Hence {W;,}
is tight in Ds. O

!/

Under (A.1)-(A4), let ¢/ = (o, B),0,, = (@n, (3,,) and define

r’n

FZ/J@TL) = (Xi—1,; + (8- Br)Zi- 1,j-1,Yij—1+ (0 — @) Zi—1j-1)
[rt]

ZFH V()
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Let
fij(a,b) = aZi1;+bZij1 —abZi1 51

and
Fyj(a,b) = (0fij(a,b)/0a, 0 fi;(a,b) /Ob).
Expanding f;;(0) about 6,, in model (1.1) provides

Zij = fw(yn) + FZ’](%)(H - yn) + R”(yn) + €ij- (26)
Define n
bo =G (1) Y Fy(B)(Zis — fi(Bn)). (2.7)
i,j=1
Then X A
Op = 6n + 0, (2.8)

is called the “one step Gauss-Newton estimator” of #. Substituting (2.6) into
(2.7) shows that 6,, satisfies:

A;I(lv 1)(én - 9) = (An(1> 1)Gn(1> 1)An(17 1))_1An(1> 1)

X Z sz(gn)(R”(gn) + Eij). (2.9)

1,j=1

Moreover, let A, (-) denote the random element in Dy obeying:

AN, D (AR —60) = (A,(1,1)GR(1,1) A, (1,1)) 1A, (1, 1)
[nt
X Y Fi(0n)(Rij(0n) + €i5). (2.10)
ij=1
Remark 2.1. Unfortunately addition in D([0, 1]) equipped with the Sko-

rohod metric is not a continuous operation (Billingsley [8], p. 137). However,
the following results are valid and used without further mention:
(i) Uy = a'in Dy, Vi, = V in Dy implies that Uy, + V,, — a + V in Dy
(i) Up = ain R and V, = V in D, implies that U,V,, — aV in Do,

(1P}

where “a” denotes the constant random variable.
Lemma 2.3. Employing the notations of (2.5):
(i) An(t)Gn(t)An(t) = B(2) in D},

]
(ii) An() Y Fij(@)Rij(8,) = 0 in D3.
i,j=1
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[nt] [nt]
(iid) | n=2 (8 B,) > Zio1jreijsn” 15 — @) Y Ziyjaey
ij=1 ij=1 }
2.0.
Proof. Verification of (ii) and (iii) are supplied here.
(ii) Note that
[n4] o
An(t) Z Fij(‘gn)R(‘gn)
ij—1
[nt]
J— 7§ J—
= ~(a=a@)(B-B) (73 Y (Ki1yZimjor + (8= Bo)ZE100),
ij=1
. [n] ’
n~z 3 [kl Z (Yij-1Zi-1j-1+ (o — an)Z’?—l,j—l)>
ij=1

= (Sn(t) + Tn(i) + Un(t) + Vn(i))/

It follows from (A.4), Lemma 2.1 and Lemma 2.2 that

Su(t) = —n2 (@ — @) (8 — B,)B" -n 25"

[nt]
X Z Xic1Zi—15-1, n%(a —@,)(8 - B3,)8"
ij=1
[nt]
1
=Op(n~2),{n?p" Z Xi-1jZi-1j-1}
ij=1

is tight in Dy and converges to zero in probability for each fixed te[0, 1]2. Hence
Sp -2 0 in Dy; likewise Ty, —> 0 in Ds.
Observe that
[n]

Un(t) = —n?(a — @) (8 — B,,) 8" - n~2 g~ el Z Yij-1Zi-1,4-1,

ij=1

n*(a —a@,) (8 — B,)8" = Op(1)
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and according to Lemma 2.1 and Lemma 2.2,

[ni]

(A 3 V)

i,j=1

is tight in Dy and converges to zero in probability for each fixed ¢ € [0,1]%. As
in the finite-dimensional case, one can show that the product of a bounded in
probability sequence of random variables with a sequence of random elements

that converges to zero in Ds also converges to zero in Dy. Hence U, — 0 in

Dy likewise, V,, 2, 0 in Dy and the desired conclusion follows.

(iii) Tt follows from (A.4) that n2(8 — B )5” = Op(1) and by Lemma 2.1
and Lemma 2.2 the sequence {n=23~ ZZ =1
in probability for each ﬁxed t € [0,1)% and is tlght in Dy. Hence n_g(ﬂ -

Il )Z[m] Zi—1,j—1€ij 2, 0in Dy. Similarly, n 2ﬂ "(a—a,) Z[n-ﬂ Zi—1 j—1€ij 2,

i,7=1 2,7=1
O in Dy and (iii) follows. O

Zi—1,j—1€j} converges to zero

3. Proof of Theorem 1.1

Given \eR? and using the notations given in (2.5), define (ay, b,) = N[A,(1,1)G,(1,1) A, (1,1)] 7L

Employing (2.10), XA, (1, 1)(An (£)=6) = (an, by) An(1,1) SV Fyj(8,)(Rij () +
€ij). According to Lemma 2.3 (i),

(an,bn) = (a,b) = 072271, (1 — 52)2)\) (3.1)

in R? and thus it follows from Lemma 2.3 (ii) that the k-dimensional dis-
tributions of {NA,1(1,1)(A.(t) — 0)} converge in distribution provided the
corresponding k-dimensional distributions of

[ni]

{(a,0)An(1,1) D Fij(Bn)eij}

,j=1

converge, and the limits coincide.

Some preliminary notations and results are needed. According to Bickel and
Wichura [7], a necessary condition for a sequence {V,,} in Ds to be tight is for
each € > 0, hfn lim P{wj(V,) > €} = 0, where the notation is described below.

Let z € Dy and t € [0, 1]. Then xgl) :10,1] — R is defined by x,g )(tg) = z(t,12)



456 B.B. Bhattacharyya, G. Richardson, J. Zhang

and likewise :1:§2) (t1) = z(t1,t). Moreover, ngl) - a:gl)H = SUPy,cpo,1] [Z(tst2) —

x(s,t2)| and ||l‘§2) - x§2)|| = supy, cjoq [(t1,t) — x(t1,s)]. Given 6 > 0 and
x € Dy, denote wg(l)(:c) = sup{||:v§1) —mgl)H/\ng) —mgl)H cs<t<wu,u—s <4}
and similarly for wg@). Finally, w§(z) = wg(l)(a:) v wg@) ().

Recall the definitions of X;; and Yj; defined in (2.3), where |3| > 1. The
following notations are used:

[nt]
Valt) =027 Vi€,
1,7=1
) [nt1],[ncto]
Vot)=n"2p"" Z Yij-1€ij, 0<ec<1,
1,7=1
[nt]
Wn(t) = Z (an_%Xi,l,j + bn_%ﬂ_”}/;j,l) €ij- (32)
i,5=1

Lemma 3.1. Let V,,, VS and W,, be random elements in Dy as defined in
(3.1) and (3.2). Then:

(1) the finite-dimensional distributions of {W,} converge in distribution to
a mean zero normal random vector W with

2 2
cov (W (s), W (t)) = 04(%(51 At1)2 (52 A ts) + %1{1}(52 A tg)) .
(ii) {V,,} fails to be tight in Ds.
(iii) V¢ =5 0 in Dy when 0 < ¢ < 1.
Proof. Verification of (i) is omitted since it follows the steps given by
Bhattacharyya [6], p. 1719 by employing a Martingale Central Limit Theorem.
(ii) Using the notations above, it suffices to show that

lim lim,, P{w}(V,) > €} =
im lim {ws (V) > €} =0

fails to hold. Suppose that € > 0 is any arbitrary positive number. Then for

v, <1,1_1)
n

v, (1,1—%) ‘/\ Vo(1,1) — V, (1,1—%) ( > (—:}. (3.3)

n> 251 P{wy(V,) > e} > P{
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Observe that V, (1,1—1) =V, (1,1-2) = n7 28" Vi, 9601 and
Va(L,1) =V (1,1 = 1) = n7337" Y0 Vi, yein. Note that Yi, 1€, and
Yi' n—1€ir, are independent random variables when ¢ # i’. One can use the
Lindeberg-Feller Central Limit Theorem to show that the triangular array

n
n"ig" > Yin-1€in =, N(0,s3)
i=1

and
1 i D
1 2
nzp" E Yin—26in-1 — N(0,53),
=1

where s? = 0% /3%(3% — 1) and s% = 0*/3*(3? — 1). More generally, an applica-
tion of the Cramer-Wold device shows that

<Vn <1,1— %) —V, (1,1 - %) V(1,1 =V, (1,1 - %))
= N0 YD),

4

where ) = mdiag(l,ﬁﬂ). It follows from (3.3) that

lim, P{wj(V;,) > €} > P{|N(0,53)| A|N(0,53)| > ¢} >0

and thus {V,,} fails to be tight in Ds.

(iii) Let || - || denote the sup-norm and d the Skorohod metric on Ds. Since
d(z,y) < |Jx —y|| on Da, it follows that for § > 0, P{d(V,5,0) > ¢} < P{||V;¢| >
0y < E|VE|/d and thus it suffices to show that E|V|| — 0 as n — oo.
However,

n,[nd]
[Viell = sup [V < 187" ) |Yi 16l
te[0,1]2 ij=1

and thus E||V,¢|| = O(n|g|"d~™"). Since 0 < ¢ < 1 and |g] > 1, it follows that
Ve 2,0 in D,. O

Proof of Theorem 1.1 (i) As mentioned at the beginning of Section 3, the
finite-dimensional distributions of {¢,(t)} converge in distribution whenever

those of {(a, b)A,(1,1) Zgnf]:l Fij(gn)eij} converge, and the two limits coin-
cide. Employing Lemma 2.3 (iii), the finite-dimensional distributions of the

latter sequence converge in distribution exactly when those of the sequence
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{Wy} defined in (3.2) converge. This fact combined with Lemma 3.1 (i) and
(3.1) shows that the finite-dimensional distributions of {1, (¢)} converge in dis-
tribution to the desired limit.

(ii) Since 0 < ¢ < 1, it follows from (i) that the finite-dimensional distri-
butions of {¢f} converge in distribution to those of a mean zero Gaussian
process ¢ having cov (v¢(s),¢°(t)) = ci(s,At1)?(s2 A cta). Moreover, ac-
cording to (3.1) and Lemma 2.3 and Lemma 3.1, ¢ 2, ¢ in Dy provided
a,n"2 Z[ml [netz] x Xi_1,j€ij 2, ¥°(t) in Dy. An argument similar to that given

by Bhattacharyya [6], p. 1720, shows that T, (t) = an™2 E[ Xi—1,j€ij 2,

T(t) in Do, where T is a Gaussian process having cov (T(§),T(§)) = %(81 A
t1)%(s2 A ta) = 203 (s1 A t1)?(s2 A t2) and the desired conclusion follows. O
Finally, it is established that initial estimators {@, } and {3,,} obeying (A.4)

exist. According to (2.2), Y;; = BY; j_1 + €;;; define the least squares estima-
tor f3,, Z?J YiYiio 1/2” 1 2] , and note that Y;; = ZZ] aZiyj =
Zijl— Zi—1,j is observable since a = 1. It follows that nQﬁ”(ﬂn -0 =
n 23" ZZj:l Y165 /n 137" > iie ij_l and, moreover, the denomina-
tor converges to o2/(1 — %)% in probability and the numerator is Op(1) by
Lemma 2.1. Hence 3, — 3 = Op (n_%ﬂ*”>

Again by (2.2), X;; = aX;_1; + €;;; however,

n
D1 XijXio1
n 2
D=1 X1

)

is not a valid estimator because X;; = Z;; — 3Z; j_1 is not observable since 3
is unknown. This leads to the estimator

- _ > i i=1(Zij — BnZij-1)(Zi—1j — BnZi-1,4-1) (3.4)
= — . .
Zi,j:1(Zi—1,j — BnZi-1,-1)?

Note that Zij — B, Zij—1 = Zij— BZi -1+ (B—B,) Zij—1 = Xij+ (B—B) Zij-1-
Substituting Xij - Xifl,j = €jj and }/i,jfl = Zi,jfl - Zifl,jfl into ( ) results
in

n%(an -1)

:n_%Zijl( i1+ (8= Bp)Zi—1,j-1)(ei + (B = B,)Yij-1)
n=3 3 i (Xic1y + (8= Bp) Zi-1,j-1)? '
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Expanding the products and applying Lemma 2.1 shows that the denominator
converges to 02 /2 in probability and the numerator is Op(1). Hence @, — 1 =

Op(n_%) and (A.4) is satisfied. O
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