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1. Smooth Pseudoweierstrass Points

Let X be an integral projective curve of with arithmetic genus g := pa(X) ≥ 3
and f : Y → X its normalization. In [1] we introduced the following definition of
psudoweiertrass point when X is not Gorenstein, i.e. ωX s not locally free. We
have h0(X,ωX) = g. Set ω := f∗(ωX)/Tors(f∗(ωX)) ∈ Pic(Y ). Since f is an
isomorphism outside finitely many points, the natural map f∗(H0(X,ωX)) →
H0(Y, ω) is injective and hence its image, Λ, has dimension g. Λ spans ω (see
[6]) and hence it induces a morphism α : Y → Pg−1. Set Z := Im(α) and
call β : Y → Z the surjective morphism induced by α. Thus Z ⊂ Pg−1 is an
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integral non-degenerate curve. For more on this set-up, see [6], or [7], or [5],
§1.2. From now on we assume that X is not hyperelliptic. This implies that α
is birational onto its image (see [6], Theorem 17) and that f factors through β,
i.e. there is a morphism ψ : Z → X such that f = ψ ◦ β (see [6], Theorem 17,
or [5], Theorem 1.3).

Definition 1. A point P ∈ Y will be called a pseudoweierstrass point of
Y if it is a ramification point for the linear system |V | := P(f∗(H0(X,ωX)∗)
on X.

In [3] there is a characteric free classification of all linear systems on smooth
curves without any ramification point. Using it (or rather its classical character-
istic zero version) we classified in characteristic zero all non-Gorenstein curves
without psedoweierstrass points (see [2], Theorem 1): Y ∼= P1, Y ∼= Z and Λ is
the complete linear system |OP1(g)|; in this case we also described the singular-
ities of X. Furthermore, in [2], Example 2, we proved in positive characteristic
of an integral curve X such that every pseudoweiertrass point is mapped to a
singular point of X, while Y ≇ P1; in this example Y is a supersingular elliptic
curve. The aim of this short note is to prove in one important case the existence
of a pseudoweierstrass point P ∈ Y such that f(P ) /∈ Sing(X); any such point
will be called a smooth pseudoweierstrass point of X, because P corresponds
to a unique point, f(P ), of X and f(P ) ∈ Xreg.

Theorem 1. Assume either char(K) = 0 or char(K) > 2g − 4. Let X
be an integral non-Gorenstein projective curve with g := pa(X) ≥ 3. Assume

that X has at least one pseudoweierstrass point, i.e. assume that Rosenlicht’s

canonical model of X is not a rational normal curve. Assume X not hyperel-

liptic, ♯(Sing(X)) = 1, X unibranch at its unique singular point. Then X has

a smooth pseudoweierstrass point.

Notation 1. Let A be a connected a smooth curve, Z a closed subscheme
of A, L ∈ Pic(A) and V ⊆ H0(X,L) a linear subspace. Set V (−Z) := V ∩
H0(X,IZ ⊗ L) and Z + V ⊆ H0(X,L(Z)). Hence Z + V is a vector space,
dim(Z + V ) = dim(V ) and Z is contained in the base locus of Z + V .

Proposition 1. Let A be a connected a smooth curve, P ∈ A, L ∈
Picd(A) and V ⊆ H0(X,L) a linear subspace. Assume either char(K) = 0 or

char(K) > d. Set n := dim(V ) − 1. Assume n ≥ 0. Let w be the weight of P
for the linear system |V | Then w ≤ (n + 1)(d − n) and w = (n + 1)(d − n) if

and only if V = xQ+H0(P1,OP1(d− x)) for some integer x > 0.

Proof. By our assumption on char(K) the linear system |V | has classical
gap sequence and the weight w of P may be computed using the Hermite
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invariants of P for |V | (see [4], Theorem 15, when char(K) = 0, its proof when
char(K) > d) and in the matrix of [4], equation (8), all binomial coefficients
are non-zero. In particular, if we increase the Hermite invariants of P , then
we increase w. Hence w ≤ w′, where w′ is the weight for a point Q ∈ A of
the linear system (d − n)Q + W with dim(W ) = n + 1. In this case we have
w′ = (n+1)(d−n). Since deg(L(−(d−n)Q)) = d−n, if w = w′ we also obtain
A ∼= P1 and W = H0(P1,OP1(n)). Alternatively, use the Brill-Segre Formula
(see the proof of Proposition 2 below).

Proposition 2. Let A be a connected a smooth curve, L ∈ Picd(A) and

V ⊆ H0(X,L) a linear subspace. Assume either char(K) = 0 or char(K) > d.
Assume either X ≇ P1 or X = P1 and V = xQ+H0(P1,OP1(d−x)) for some

integer x with 0 ≤ x ≤ d. Then V has at least two different ramification points.

Proof. Set g := pa(A) and n := dimV − 1. The characteristic free classi-
fication (without any assumption char(K)) of all triples (A,L, V ) without any
ramification point is due to M. Homma (see [3]). By [3] in order to obtain a
contradiction we may assume that V has a unique ramification point, P . Let
w denote its weight. By our assumption on char(K) the linear system |V | has
classical gap sequence (see [4], Theorem 15, when char(K) = 0, its proof when
char(K) > d). Hence by the Brill-Segre Formula (see [4], Theorem 9) we have

w = n(n+ 1)(g − 1) + d(n+ 1) . (1)

Apply Proposition 1.

Proof of Theorem 1. By assumption ♯(f−1(Sing(X)) = 1. Apply Proposi-
tion 2.
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