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Abstract: Let S1 and S2 be two semilattices. Assume that they have zero
elements but they do not have identity elements. First of all we assume S1 and
S2 are both 0-simple semilattices and we show that S1 × S2 is efficient. In the
latter case we assume that at least one of them is not 0-simple and we show
that S1 × S2 is inefficent.
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1. Introduction

The efficiency of semigroups was first considered in the paper [1]. Since then
many articles have been published (see, for examples [2, 3, 4]). It is known
that the second integral homology of a semigroup with a (left/right) zero is the
trivial group (see [1]). In [1] it is shown that the deficiency of zero semigroup
Zn of order n is (n − 1)(n − 2), and the deficiency of the free semilattice SLn

of order 2n − 1 is n(n−1)
2 . Therefore, for n ≥ 3, both Zn and SLn, which are

commutative semigroups with zero, are inefficient.

In [6] it is shown that CLn, which is a commutative semigroup with zero,
is efficient and the direct product CLn × CLm is inefficient.
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If S is a commutative semigroup consisting of only idempotent elements, we
call it a semilattice. Let S1 and S2 be two semilattices. Assume that they have
zero elements but they do not have identity elements. In the second section we
assume S1 and S2 are both 0-simple semilattices and we show that S1 × S2 is
always an efficient direct product. In the third section we assume that at least
one of them is not 0-simple. We show that S1 × S2 is inefficient.

Let A be an alphabet. We denote by A+ the free semigroup on A consisting
of all non-empty words over A, and by A∗ the free monoid A+ ∪ {ε}, where ε
denotes the empty word. A semigroup presentation is an ordered pair 〈A | R〉 ,
where R ⊆ A+ × A+. A semigroup S is said to be defined by the semigroup
presentation 〈A | R〉 if S is isomorphic to A+/ρ, where ρ is the congruence on
A+ generated by R. Let u and v be two words in A+. We write u ≡ v if u and
v are identical words, and write u = v if (u, v) ∈ ρ, that is v is obtained from
u by applying relations from R, or equivalently there is a finite sequence

u ≡ α1, α2, ..., αn ≡ v

of words from A+ in which every αi is obtained from αi−1 by applying a relation
from R (see [7], Proposition 1.5.9). If both A and R are finite sets then 〈A | R〉
is said to be a finite presentation and S is said to be finitely presented. The
deficiency of a finite presentation P = 〈A | R〉 is defined to be |R| − |A| and
is denoted by def (P ). The deficiency of a finitely presented semigroup S is
denoted by def (S) and defined by

def (S) = min{def (P) | P is a finite presentation for S}.

For a semigroup S, let S1 denote the monoid S with an identity adjoined to
it. For a finite semigroup S, it is well-known that def (S) ≥ 0. It has been shown
by S.J. Pride (unpublished) that there exists a lower bound for the deficiency
of finite semigroups, namely

def (S) ≥ rank (H2(S)),

where H2(S) is the second integral homology of S1.

We call a finite semigroup S efficient if S has a presentation P = 〈A | R〉
such that def (P) = rank (H2(S)) and inefficient otherwise. Examples of both
efficient semigroups and of inefficient semigroups are given in [1] (see also
[2, 3, 4]).

An element a of a semigroup S is called regular if there exist x in S such
that axa = a. The semigroup S is called regular if all its elements are regular.
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A semigroup without zero is called simple if it has no proper ideals (see [7],
Section 3.1). A semigroup S with zero is called 0-simple if:

(i) {0} and S are its only ideals;

(ii) S2 6= {0}.

Among idempotents in an arbitrary semigroup there is a natural (partial)
order relation defined by the rule that e ≤ f if and only if ef = fe = e.
If S is a semigroup with zero, then the defining properties of a zero element
immediately imply that 0 is the unique minimum idempotent. The idempotents
that are minimal within the set of non-zero idempotents are called primitive.
Thus a primitive idempotent e has the property that ef = fe = f 6= 0 implies
e = f (see [7], Section 3.2). Let S be a semigroup without zero. We shall
say that S is completely simple if S is simple and if it contains a primitive
idempotent (by which we now mean an idempotent which is minimal within
the set of all idempotents of S (see [7], Section 3.3). A semigroup will be called
completely 0-simple if it is 0-simple and has a primitive idempotent.

If a is an element of a semigroup S, the smallest left ideal of S containing
a is Sa ∪ {a}, which it is convenient to denote by S1a. We shall call it the
principal left ideal generated by a. An equivalence L on S is defined by the rule
that aLb if and only if a and b generate the same principal left ideal, that is, if
and only if S1a = S1b.

Similarly, we define the equivalence R by the rule that aRb if and only if
aS1 = bS1 (see [7], Section 2.1). In other words aLb if and only if there exist
x, y in S1 such that xa = b, yb = a, also, aRb if and only if there exist u, v
in S1 such that au = b, bv = a (see [7], Proposition 2.1.1). The intersection of
L and R is again an equivalence (see [7], Section 1.4). Since the intersection of
L and R is of great importance in the development of the theory, we reserve it
for the letter H. The join LV R is also of great importance, and we denote it
by D. The relations L and R commute by Proposition 2.1.3 in [7]. Let ρ, σ be
two equivalences on a set X. ρoσ is defined as:

ρoσ = {(x, y) ∈ X × X : (∃z ∈ X) (x, z) ∈ ρ and (z, y) ∈ σ}.

By Corollary 1.5.12 in [7] we have D = LoR = RoL = LV R.

2. Direct Product of Completely 0-Simple Semilattices

In this section we assume that S1 and S2 are both 0-simple semilattices. We
assume that they have zero elements but they do not have identity elements.
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Let z1 be the zero element of S1 and z2 be the zero element of S2. In the next
lemma we show that S1 × S2 is a 0-simple semilattice.

Lemma 2.1. Let S1 and S2 be two semilattices. Assume that both S1 and

S2 have zero elements but they do not have identity elements. If S1 and S2 are

0-simple semilattices then S1 × S2 is also a 0-simple semilattice.

Proof. Let S1 and S2 be two semilattices which have zero elements. Assume
S1 and S2 both do not have identity elements. Let (s1, s2) 6= 0 ∈ S1 × S2 and
(s3, s4) 6= 0 ∈ S1 × S2. Since s1, s3 ∈ S1 and S1 is a 0-simple semilattice there
is some x1, y1 ∈ S1 such that x1s1y1 = s3 holds in S1 (see [7], Proposition
3.1.1). Also since s2, s4 ∈ S2 and S2 is a 0-simple semilattice there is some
x2, y2 ∈ S2 such that x2s2y2 = s4 holds in S2. Thus (x1, x2)(s1, s2)(y1, y2) =
(x1s1y1, x2s2y2) = (s3, s4) holds in S1 × S2. Thus S1 × S2 is also a 0-simple
semilattice. Since S1 × S2 is a 0-simple semilattice, it is completely 0-simple
(see [7], Proposition 3.2.1).

Now we show that S1 × S2 is isomorphic to a Rees matrix semi-
group.

Theorem 2.2. Let S1 and S2 be two semilattices which have zero elements.

Assume S1 and S2 both do not have identity elements. If S1 and S2 are 0-simple

semilattices then S1 × S2 is isomorphic to a Rees matrix semigroup.

Proof. In the proof of Lemma 2.1 we have shown that S1×S2 is completely
0-simple. Thus it contains a primitive idempotent element (e1 e2) (see [7],
Theorem 3.2.3). Then

R(e1 e2) = (e1 e2)(S1 × S2) \ (z1 z2) = {(e1s1, e2s2) | s1 ∈ S1, s2 ∈ S2} \
(z1, z2) (see [7], Lemma 3.2.4 in the proof of Theorem 3.2.3). By Lemma 3.2.5 in
[7], for all (a1 a2) 6= (z1 z2) ∈ S1 × S2 R(a1, a2) = (a1, a2)(S1 × S2) \ (z1, z2) =
{(a1s1, a2s2) | s1 ∈ S1, s2 ∈ S2} \ (z1, z2). By Lemma 3.2.6 in [7] for all
(a1 a2) 6= (z1 z2) ∈ S1 ×S2 L(a1 a2) = (S1 ×S2)(a1 a2) \ (z1 z2) = {(t1a1, t2a2) |
t1 ∈ S1, t2 ∈ S2} \ (z1, z2). By Lemma 3.2.7 in [7] S1 × S2 is regular and
contains two D- classes. These classes are {(z1, z2)} and (S1 × S2) \ (z1 z2). If
(a1, a2), (b1, b2) ∈ D then (a1, a2).(b1, b2) = (z1, z2) or (a1, a2).(b1, b2) ∈
R(a1, a2) ∩ L(b1, b2). (a1, a2).(b1, b2) ∈ R(a1, a2) ∩ L(b1, b2) holds if and only if
L(a1, a2) ∩ R(b1, b2) contains an idempotent element (see [7], Proposition 2.3.7).
Since D = S1×S2\(z1 z2) contains a (primitive) idempotent element, it consists
of entirely regular elements (see [7], Section 2.3). Since (z1, z2) is also a regular
element we conclude S1 × S2 is also regular.

Let H be the H-class of S1 × S2 contained in the D-class D = (S1 × S2) \
(z1, z2). Let (a1, a2), (b1, b2) ∈ H. Then (a1, a2).(b1, b2) ∈ R(a1, a2) ∩
L(b1, b2) = H or (a1, a2).(b1, b2) = (z1, z2). In the first case H is a group by
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Green’s Theorem (see[7], Theorem 2.2.5). In the second case H2 = (z1, z2) be-
cause if (c1, c2) and (d1, d2) are two elements of H there is some (x1, x2), (y1, y2) ∈
S1×S2 such that (c1, c2) = (x1, x2)(a1, a2), (d1, d2) = (b1, b2)(y1, y2) and we
have (c1, c2)(d1, d2) = ((x1, x2)(a1, a2)).((b1, b2)(y1, y2)) = (x1, x2)((a1, a2)).((b1, b2))(y1, y2) =
(z1, z2). Thus the H-classes in D are group H-classes or H = {(z1, z2)}.

Now we will construct a Rees matrix semigroup which is isomorphic to
S1 × S2. Let I be the set of R-classes of S1 × S2 different from (z1, z2) and
let Λ be the set of L-classes of S1 × S2 different from (z1, z2). As a notation
we take I and Λ to be the index sets. We take Ri (i ∈ I) as R-classes and
Lλ (λ ∈ Λ) as L-classes. The H-class Ri ∩ Lλ is shown Hiλ.

Since D is a regular D-class every Ri contains contains at least one group
H-class Hiλ. Similarly every Lλ contains contains at least one group H-class.
Without loss of generality we may assume there is some 1 ∈ I ∩ Λ such that
H11 is a group H-class. Let e be the identity element of H11. The choice of
an arbitrary group H-class does not effect the properties of the group because
all the H-classes in a D-class are isomorphic (see [7], Proposition 2.3.6). The
group H11 will be used in the construction of the Rees matrix semigroup we
are looking for.

Let (a1, a2) 6= (z1, z2) be a fixed element of S1 × S2. Then we have
R(a1, a2) ∩L(a1, a2) = (a1, a2)(S1 ×S2) \ (z1, z2)∩ (S1 ×S2)(a1, a2) \ (z1, z2) =
{(a1s1, a2s2) | s1 ∈ S1, s2 ∈ S2} \ (z1, z2) ∩ {(a1t1, a2t2) | t1 ∈ S1, t2 ∈
S2} \ (z1, z2) = {(a1s1, a2s2) | s1 ∈ S1, s2 ∈ S2} \ (z1, z2) = H(a1, a2). For
(a1s1, a2s2) ∈ H(a1, a2) we have (a1s1, a2s2) = (a1

2s1
2, a2

2s2
2) = ((a1a1)(s1s1), (a2a2)(s2s2)) =

((a1s1)(a1s1), (a2s2)(a2s2)) = (a1s1, a2s2).(a1s1, a2s2). Then (a1s1,
a2s2) ∈ H2

(a1, a2) and so H(a1, a2) ⊆ H2
(a1, a2). Thus we obtain H(a1, a2) =

H2
(a1, a2). H is a subgroup of S (see[7], Theorem 2.2.5). We can take G =

H(a1, a2) ((a1, a2) 6= (z1, z2)).
Now we will determine the Rees matrix semigroup M [G; I, J ; P ]. We

take J = {L(a, b) | (a, b) ∈ (S1 × S2) \ (z1, z2)}. G = H(a1, a2).We take
I = {R(c, d) | (c, d) ∈ (S1 × S2) \ (z1, z2)}. And P is a | J | × | I | type of
normal matrix which contains elements from the set G = H(a1, a2).

G = H(a1, a2) = {(a1s1, a2s2) | s1 ∈ S1, s2 ∈ S2)} \ (z1, z2). Let
(a1s1, a2s2) ∈ G (s1 ∈ S1, s2 ∈ S2) and (a1t1, a2t2) ∈ G (t1 ∈ S1, t2 ∈ S2).
Then (a1s1, a2s2).(a1t1, a2t2) = ((a1s1)(a1t1), (a2s2)(a2t2)) = ((a1t1)(a1s1), (a2t2)(a2s2)) =
(a1t1, a2t2).(a1s1, a2s2) holds. Because since S1 and S2 are semilattices, they
are commutative. Thus G is an Abelian group.

The direct product semigroup S1 × S2 is isomorphic to the Rees matrix
semigroup M [G; I, J ; P ] (see [7], Theorem 3.2.3).

Corollary 2.3 M [G; I, J ; P ] is an efficient semigroup.
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Proof. Let (a1, a2) 6= (z1, z2) be a fixed element of S1 × S2. By the
help of the proof of Theorem 2.2 we have G = H(a1, a2), I = {R(c, d) | (c, d) ∈
(S1×S2)\(z1, z2)}, J = {L(a, b) | (a, b) ∈ (S1×S2)\(z1, z2)}. P is a | J |×| I |
type of normal matrix which contains elements from the set G = H(a1, a2). The
semilattice S1×S2 is isomorphic to the Rees matrix semigroup M [G; I, J ; P ].
Since G is an abelian group the Rees matrix semigroup M [G; I, J ; P ] is
efficient (see [1], Corollary 7.7). Thus S1 × S2 is an efficient semigroup.

Thus we have shown that if S1 and S2 are completely 0-simple semigroups
the direct product S1 × S2 is also completely 0-simple. Moreover we have
constructed an efficient Rees matrix semigroup which is isomorphic to S1 ×S2.
We obtain S1 × S2 is an efficient semigroup.

3. Inefficient Direct Product Semilattice

In this section we assume at least one of S1 or S2 is not completely 0-simple.
We will show S1 × S2 is inefficient in this case. Without loss of generality let
us assume S1 is not completely 0-simple. Assume that S1

2 = 0. In the next
lemma we show S1 × S2 is efficient in this case.

Lemma 3.1. Let S1 and S2 be two semilattices with zero elements z1

and z2. Assume that S1 and S2 does not have identity elements. If S1 is not

completely 0-simple and S1
2 = 0 then S1 × S2 is efficient if and only if S2 is

efficient.

Proof. Let S1 and S2 be two semilattices with zero elements z1 and z2.
Assume that S1 and S2 does not have identity elements. Assume that S1 is
not completely 0-simple. Assume that S1

2 = 0. Let us assume that S1 × S2 is
efficient. Since S1 is a semilattice it consists of entirely idempotent elements,
so we have S1

2 = S1 = 0. In this case since S1 × S2 = {0} × S2
∼= S2 then S2

is also efficient. Now we prove the converse part.

If S2 is efficient then since S1
2 = S1 = 0 holds we have S2

∼= {0} × S2 =
S1 × S2. So in this case we also have S1 × S2 is efficient.

Now let us assume that S1
2 6= 0. In the next theorem we show that S1 ×S2

is inefficient.

Theorem 3.2. Let S1 and S2 be two semilattices. Assume that S1 and S2

have zero elements but they do not have identity elements. Assume that S1 is

not completely 0-simple. If S1
2 6= 0 then S1 × S2 is inefficient.

Proof. Assume that S1
2 6= 0. Since S1 is not completely 0-simple S1 has an

ideal I such that S1 6= I and I 6= {z1}. Then I×S2 ⊂ S1×S2 is an ideal. Because
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if (s1, s2) ∈ S1×S2 and (t1, s3) ∈ I×S2 we have (t1, s3).(s1, s2) = (t1s1, s3s2).
Since I is an ideal of S1 t1s1 ∈ I holds. We obtain (t1s1, s3s2) ∈ I × S2. Now
we will show that S1 × S2 is inefficient.

Let P = 〈X | R〉 be a presentation of S1 × S2. Let X1 = X ∩ (I ×
S2) and X2 = X ∩ (S1 × S2 \ I × S2). Then X = X1 ∪ X2. Let X1 =
{a1, a2, ..., an}, X2 = {b1, b2, ..., bm}.

We define the sets of relations R1 = {(r, x) ∈ R | r ∈ X2
+, x ∈ X2} ⊆

R, R2 = R \ R1, R3 = {(s, y) ∈ R | s ∈ X+, y ∈ X1} ⊆ R2.

For all x ∈ X2 the relation x2 = x holds in S1 × S2. So the relation x2 = x
is a consequence of relations in R. Thus we must apply a relation of the form
r = x from R1. We have

| R1 |≥| X2 | . (3.1)

For all y ∈ X1 the relation y2 = y holds in I × S2 ⊆ S1 × S2. Thus we must
apply a relation of the form s = y from R3. We have

| R3 |≥| X1 | . (3.2)

For all x ∈ X1 and y ∈ X2 the relation xy = yx holds in S1 × S2 and so it is a
consequence of the relations in R. If we apply relations from (R1 ∪ R3) to xy
it always yields words from (X1 ∪X2)

+.(X1 ∪X2)
+, but yx does not have this

form. Since X1 = {a1, a2, ..., an}, X2 = {b1, b2, ..., bm} we have

| R2 \ R3 |≥ nm . (3.3)

If we combine (3.1), (3.2) and (3.3) we get:

| R | − | X |=| R1 | + | R \ R1 | − | X1 | − | X2 |

=| R1 | + | R3 | + | R2 \ R3 | − | X1 | − | X2 |

=| R1 | − | X2 | + | R3 | − | X1 | + | R2 \ R3 |≥| R2 \ R3 |≥ nm > 0.

We obtain def (P) > 0 and so def (S1 × S2) > 0. On the other hand
since the zero element of S1 is z1 and the zero element of S2 is z2 we have
(z1, z2) is a zero element of S1 × S2. Since rank (H2(S1 × S2)) = 0 we have
def (S1 × S2) 6= rank (H2(S1 × S2)). Thus S1 × S2 is inefficient.

If S1 and S2 are not completely 0-simple semilattices then the conditions of
Lemma 3.1 and Theorem 3.2 are satisfied. We obtain the same results.
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4. Main Results

In this paper we have examined the efficiency of the direct product of two
semilattices. We assumed that they have zero elements but they do not have
identity elements. We have two cases:

Case 1. We considered S1 and S2 to be 0-simple semilattices and we have
shown that the direct product S1 × S2 which is also a semilattice is efficient.

Case 2. We assumed that at least one of S1 and S2 is not 0-simple and we
proved that the direct product S1 × S2 is inefficient.
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