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Abstract:
This short note offers a contribution to the theory of errorcorrecting codes from higher dimensional projective varieties along the lines
of [5]. By applying standard vector bundles techniques, we complete the classification of codes from ruled surfaces over elliptic curves left open in [8]. In
particular, we disprove the naive conjecture that higher degree vector bundles
should provide better codes.
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1. Introduction
The interest in error-correcting codes arising from algebraic geometry has been
constantly increasing since the early eighties, when Goppa (see [4]) generalized Reed-Solomon codes to codes on algebraic curves and Tsfasman, Vlăduţ,
and Zink (see [9]) constructed Goppa codes overcoming the Varshamov-Gilbert
bound. In order to obtain good codes from algebraic curves, the standard strategy is looking for curves with a lot of rational points; since it is easier to find
rational points on a higher dimensional variety, it seems rather promising to
construct error-correcting codes starting from a projective surface instead of a
curve. A serious attempt in this direction is contained in the paper [5], which
establishes some basic results and collects several nice examples. In particuReceived:
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lar, Proposition 4.2 in [5] provides the set-up for constructing codes from ruled
surfaces. As it is well-known (see for instance [7], V, Proposition 2.8), a ruled
surface is the projectivization of a normalized rank two vector bundle of degree
d on a smooth curve of genus g. For g = 0, the resulting error-correcting codes
are explicitly classified in [8], Theorem 5.2.1; [8] contains also a complete discussion of the case g = 1, d = 0, but the case g = 1, d = 1 is left open. However,
Conclusion 5.5 in [8] points out that since in degree 0 the code is comparable
to the corresponding product code, in degree 1 the code is expected to be as
good as or even better than the product code. The aim of the present note
is indeed a full clarification of this delicate matter. First of all, we perform a
computation of the number of independent sections of certain vector bundles
over an elliptic curve (see Lemma 1). Next, by applying this tool we obtain
the lacking classification in the degree 1 case (see Theorem 1). Finally, a closer
inspection to the parameters disproves the above conjecture: it turns out that
no better codes arise in degree 1 (see Proposition 1).
We work over a finite field Fq of characteristic p.

2. The Results
We are going to make a free use of standard definitions and notations from
algebraic geometry (see [7]).
Lemma 1. Let C be a smooth elliptic curve and let P ∈ C be a point.
If E is an ample vector bundle on C of degree d and rank r, then we have


r+a−1
0
a
h (C, Symm (E) ⊗ OC (bP )) =
(adr + b)
r−1
for every a ≥ 0, b ≥ 0.
Proof. Since E is ample and b ≥ 0, from [2], Theorem 3.3, it follows that
Symma (E)⊗OC (bP ) is ample, in particular h0 (C, (Symma (E)⊗OC (bP ))∨ ) = 0.
Hence by applying Serre duality and Riemann-Roch we deduce
h0 (C, Symma (E) ⊗ OC (bP )) = deg(Symma (E) ⊗ OC (bP )).
deg(F )
Recall now that the slope of a vector bundle F is by definition µ(F ) := rank
(F ) ,
so we have


r+a−1
a
deg(Symm (E) ⊗ OC (bP )) =
µ(Symma (E) ⊗ OC (bP )).
r−1
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On the other hand, by additivity
d
µ(Symma (E) ⊗ OC (bP )) = µ(Symma (E)) + deg(OC (bP )) = a + b.
r
By putting everyting together, we obtain the result.
We recall that a [n, k, d] code is a k-dimensional linear subspace V of Fnq
such that
d = min |{vi 6= 0 : (v1 , . . . , vn ) ∈ V \ {0}}|.
By definition, the information rate of the code is R :=
capability is δ := nd .

k
n

and its error correcting

Theorem 1. Let C be a smooth elliptic curve over Fq with γ > 0 rational
points. Let a, b integers with 0 < a + b < γ, 0 ≤ a < q + 1. Then from any
indecomposable rank two vector bundle of degree 1 over C we can construct
[n, k, d] codes with parameters:
n = (q + 1)γ ,

a
+b ,
k = (a + 1)
2
d ≥ (q + 1 − a)(γ − a − b).
Proof. Let E be an indecomposable rank two vector bundle over C of degree 1 (notice that E has always a global section; moreover, by [1], Corollary
to Theorem 7, E is uniquely determined up to tensor product with a line bundle of degree 0). By [6] or [3], we know that E is ample. Hence from [5],
Proposition 4.2, it follows that for l := a + b < γ there are [n, k, d] codes with
parameters:
n = (q + 1)γ ,
k = h0 (C, Symma (E) ⊗ OC (bP )) ,
d ≥ n − (γ − l)a − (q + 1)l .

By Lemma 1, we have k = (a + 1) a2 + b , and by substituting n = (q + 1)γ
and l = a + b we obtain d ≥ (q + 1 − a)(γ − a − b). Finally, notice that the
numerical assumptions imply that the bound on d is positive.
We call Lomont codes the codes constructed in [8], Theorem 5.4.3, starting
from an indecomposable rank two vector bundle of degree 0 over an elliptic
curve.
Proposition 1.
Let C be a smooth elliptic curve over Fq with γ >
0 rational points. Then for every code from Theorem 1 there is a Lomont
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code defined over C having the same error correcting capability and higher
information rate.
Proof. Let a, b the integers corresponding to a fixed [n, k, d] code from
Theorem 1 and set a0 := a, b0 := a + b. By assumption, we have 0 < b0 < γ,
0 ≤ a0 < q + 1. Hence by [8], Theorem 5.4.3, there is a Lomont code with
parameters:
n0 = (q + 1)γ = n ,
k0 = (a + 1)(a + b) ≥ k ,
d0 ≥ (q + 1 − a)(γ − b0 ) = d .
Therefore δ0 = δ and R0 ≥ R, so the proof is over.
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