International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 19 No. 2 2005, 157-164

THE PEDAL CONE SURFACE OF
A DEVELOPABLE RULED SURFACE
E. Kasap1 § , A. Saraoğlugil2 , N. Kuruoğlu3
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Abstract:
In this paper, the pedal of a developable ruled surface M in
3-dimensional Euclidean space E 3 is investigated and the components of the
position vector of the base curve α(s) are found by means of the pedal of
M . Furthermore, the pedal cone surface of the developable ruled surface M
is defined and the pedal cone surfaces of the tangent, principal normal and
binormal ruled surfaces of the base curve α(s) are investigated.
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1. Introduction
The notion of the pedal of a given surface M in E 3 with respect to a chosen
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origin is well known in literature (see [6, 7, 17, 18, 27]). Georgiou et al [6]
have studied the differential geometry of the pedal surface of M with respect
to a chosen origin and they investigated the application in geometrical optics.
Recently, Kuruoğlu [17] has studied the pedal surface with respect to a point
in the interior of a closed, convex and smooth surface in E 3 and given the some
new characteristic properties of the pedal surface of M . After, the pedal surface
has been generalized by Kuruoğlu and Sarıoğlugil, [18].
On the other hand, ruled surfaces were investigated first by G. Monge who
established the partial differential equation satisfied by all ruled surfaces (it is
the third order). Thus, ruled surfaces were formed by a one-parameter set of
lines and investigated by Hlavaty [10] and Hoschek [12].
Then, the concepts of the striction point, the striction curve and the distribution (Chasles) parameter were earned to the differential geometry by M.
Chasles [2]. Furthermore, the theory of ruled surfaces has been applied to
kinematics. Especially, the study of one-parameter closed motions became an
interesting subject in kinematics after the work of Steiner [28] and Holditch
[11]. During the second half of the nineteenth century, many publications about
Steiner and Holditch theorems were appeared. For example: Kempe [13, 14,
15, 16], Leudesdorf [21, 22], Elliot [4], Frank [5], Müller [23, 24], Pottman [26],
Bottema [1], Thüring [31] and Tölke [32], etc.
Müller showed that the pitch and angle of pitch of closed ruled surfaces in
3
E are simple geometrical integral invariants, [25]. Recently, Several authors
have used the these invariants in investigations concerning the generalization of
some theorems of the theory of ruled surfaces, for example: Giering [8], Thas
[30], Hacısalihoğlu [9], Kuruoğlu and S. Keles [19], etc.
In the present paper, we look for the answer of the question what is the
pedal of the developable ruled surface M in E 3 and we show that the pedal of
M is a curve. Then, by using the pedal of M , the components of the position
vector of the base curve α(s) of M are found. Moreover, the pedal cone surface
of the developable ruled surface M is defined and the pedal cone surfaces of
the ruled surfaces of the tangent, the principal normal and the binormal of the
base curve α(s) of M are investigated.

2. Preliminaries
Let C be a curve in E 3 and O be a fixed point not on C. The locus of the
foots of perpendicular drawing from O to the tangents of C with respect to O
as origin are called the pedal curve of C with respect to O, [29].
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Let M be a smooth, convex surface in E 3 and O be a point not on M . If
X is the position vector of a point P on M with respect to O as origin and
N is the inner unit normal vector of the surface at P ∈ M , then the support
function h of M is defined by
h = − < X , N >,

(2.1)

where <, > is the usual metric in E 3 .
Geometrically, h is the distance from the origin O to the tangent plane of
M at the point of M described by X.
The surface M̄ with the position vector
X̄ = −hN

(2.2)

of an arbitrary point P̄ on the tangent plane TM (P ) of M with respect to O as
origin is called the pedal surface of M with respect to O.
Geometrically, we can construct the pedal surface M̄ as follows:
We draw tangent plane TM (P ) and we get the normal to that plane from
O. The normal contacts the plane TM (P ) at a point P̄ . The locus of all points
P̄ for all P ∈ M will give the pedal surface.
We now give a short survey of the most important notions in the theory of
ruled surfaces (for details see [3, 20]). A family of one-parameter lines is called
a ruled surface in 3-dimensional Euclidean space. The equation of the ruled
surface then can be written as:
M : ϕ(s,v) = α(s) + ve(s), kX(s)k = 1, s ∈ I ⊂ R, v ∈ R ,

(2.3)

where the curve α(s) is the base curve, the lines s =const. the rulings of M .
If consecutive rulings of a ruled surface intersect, then the surface is said to be
developable. The analytic condition for this is that
< αs , X ∧ Xs > = 0.

(2.4)

3. The Pedal Cone Surface of a Developable Ruled Surface
Let M be a developable ruled surface given by equation (2.3) in E 3 . Since the
tangent plane is constant along rulings of M , it is clear that the pedal of M is
a curve. Thus, for the pedal of M , we can write
ᾱ(s) = α(s) + R(s)T(s), kT(s)k = kαs (s)k = 1 ,

(3.1)
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where R(s) is the distance between the points α(s) and ᾱ(s).
From (3.1) and the definition of pedal of M
ᾱ(s) =< α(s) , n(s, v) > n(s, v) ,
where
n(s, v) =

ϕs ∧ ϕv
.
kϕs ∧ ϕv k

Then, the pedal ᾱ(s) of M is obtained as
ᾱ(s) = α3 (s)T ∧ X + vα3 (s)Xs ∧ X ,

(3.2)

where α3 (s) is the third component of the vector ᾱ(s) with respect to the basis
{T , X , ϕs ∧ ϕv }. By the pedal ᾱ(s) of M , the ruled surface M̄ can be defined
by
M̄ : ϕ̄(s , u) = ᾱ(s) + uϕs ∧ ϕv .
(3.3)
It is clear that, the rulings of the ruled surface M̄ are pass through the fixed
point O. Since the base curve ᾱ(s) of M̄ is the pedal of the base curve α(s) of
M , M̄ is called the pedal cone surface of the developable ruled surface M .
From (3.1) and (3.3), we have
ϕ̄(s , u) = (α(s) + R(s)T(s)) + uϕs ∧ ϕv .

(3.4)

Let α1 (s), α2 (s), α3 (s) be the components of the position vector α(s) of the
base curve of M with respect to the basis {T , X , ϕs ∧ ϕv }. By using (3.1)
and (3.2), the following relations can be obtained
α1 (s) = −R(s) ,
α2 (s) = 0 ,
< α(s) , T ∧ X >
,
α3 (s) =
sin2 θ

(3.5)

where θ is the angle between the vectors T and X.
Suppose that, the rulings of the developable ruled surface M are orthogonal
to the base curve α(s). Thus, from (2.4) we can write
T(s) = λ X(s),

λ ∈ IR .

If R(s) = 0 for all s ∈ I ⊂ IR, the unit normal vector n̄(s, v)of the pedal
cone surface M̄ is
n̄(s, u) = X(s) .
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Then, we can write the following result.
Corollary 3.1. Let M be a developable ruled surface such that its rulings
are orthogonal to the base curve α(s) and M̄ be the pedal cone surface of M . If
R(s) = 0 for all s ∈ I ⊂ R, the unit normal vector n̄(s, v) of M̄ and the rulings
of M have the same direction.
We may occur three ruled surfaces which are obtained by choosing for X
in (2.3) one of the three vectors T , N and B of the trihedron of the base curve
α(s). This yields the surfaces
MT :
MN :

ϕT (s,v) = α(s) + vT(s) (tangent surface) ,

ϕN (s,v) = α(s) + vN(s) (principal normal surface) ,

MB :

ϕB (s,v) = α(s) + vB(s) (binormal surface) .

The tangent surface of the base curve α(s) is a developable surface. If the
curve α(s) lies in the plane, then the principal normal surface and the binormal
surface of that curve are developable. In this case, for the pedal cone surfaces
of the ruled surfaces MT , MN and MB , we can write
M̄T :

ϕ̄T (s,u) = α3 (s)B(s) + uB(s) ,

M̄N :

ϕ̄N (s,u) = α3 (s)B(s) + uB(s) ,

M̄B :

ϕ̄B (s,u) = α3 (s)N (s) + uN (s) ,

where α3 (s) is the third component of the vector α(s) with respect to the basis
{T , N , B}.
Let us consider the pedal cone surface M̄N . Because of Bs (s) = −τ (s)N(s) =
0, we have B(s) =constant. On the other hand, by considering the equality
< αs (s) , B(s) >= 0 we get α3 (s) =constant. Now we can give the following
result.
Corollary 3.2. (i) M̄T whose rulings have the same direction of the binormal vector B(s) of the base curve α(s) is a cone surface.
(ii) M̄N is consisted of a unique line in the direction of the binormal vector
B(s) of the base curve α(s).
(iii) M̄B whose rulings have the same direction of the principal normal
vector N(s) of the base curve α(s) is a cone surface.
Example 3.1. The pedal cone surface of the ruled surface ϕ(s, v) =
(s, 0, 0) + v(1, s2 , 0) is ϕ̄(s, u) = u(0, 0, s2 − 2sv). Here, R(s) = −s.
Example 3.2. The pedal cone surface of the cylinder surface ϕ(s, v)
= (cos s, sin s, 0) + v(0, 0, 1) is ϕ̄(s, u) = (cos s, sin s, 0) + u(cos s, sin s, 0). Here,
R(s) = 0.
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O. Giering, Vorlesungen Über Höhere Geometrie, Vieweg, BraunschevagWiesbaden (1982).

[9]
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