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Abstract: We consider the Ginzburg-Landau equations in the superconduc-
tivity theory. Our final aim is to get the asymptotic behavior of the upper
critical field as the Ginzburg-Landau parameter is large in the case where the
applied magnetic field vanishes of higher order in a submanifold of a bounded,
simply connected region in R

2. We also give the concentration of the order
parameter in that case. This research is an improvement of the results in Pan
and Kwek [10].
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1. Introduction

This paper is a continuation of the previous paper of the author Aramaki [1].
We shall improve the results of Pan and Kwek [10] on asymptotics of upper
critical field of a superconductor. More precisely, we consider a cylindrical su-
perconducting sample with cross section Ω in an applied magnetic field H. It
is well known that if the applied field is very strong, then the sample loses su-
perconductivity property. When the magnitude of the applied field is reduced
to the some value σ∗(κ) called upper critical field, the nucleation of supercon-
ductivity occurs. Our purpose is to get the asymptotics of σ∗(κ) = Hc3(κ) as
the Ginzburg-Landau parameter κ increases.
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For a cylindrical sample of infinite height with cross section Ω which is a
simply connected bounded domain in R

2, we assume that a applied magnetic
field is along the cylindrical axis which is chosen as the x3 - axis. According to
the Ginzburg-Landau theory, the sample is in the state such that the Ginzburg-
Landau functional E takes the minimum there (cf. Gunzburger and Ockendon
[4], Du, Gunzburger and Peterson [3]). We consider the nondimensionalized
Ginzburg-Landau functional given by

F(ψ,A) =

∫

Ω

{
|∇κAψ|2 + κ2|curlA−H|2 +

κ2

2
(|ψ|2 − 1)2

}
dx

+

∫

∂Ω
γ|ψ|2ds.

Here ψ is a complex-valued function called order parameter, A is a real vec-
tor field called magnetic potential, H the applied magnetic field, i =

√
−1, κ

Ginzburg-Landau parameter which is defined by the ratio of the London pen-
etration depth and the coherence length of the superconductor and γ ≥ 0 a
constant.

If we take the Fréchet derivatives of F(ψ,A) with respect to ψ and A, we
get the Euler equations called the Ginzburg-Landau equations.

Throughout this paper we assume that

H(x) = σH0(x) ,

where H0(x) is a fixed applied field in Ω and σ > 0 is a parameter. If we
write A = σA = σ(A1, A2) and put E(ψ,A) = F(ψ, σA), we can rewrite the
Ginzburg-Landau functional F in the following

E(ψ,A) =

∫

Ω

{
|∇σκAψ|2 + (σκ)2|curlA −H0|2 +

κ2

2
(|ψ|2 − 1)2

}
dx

+

∫

∂Ω
γ|ψ|2ds. (1.1)

Then the Ginzburg-Landau equations become

{ −∇2
σκAψ = κ2(1 − |ψ|2)2ψ,

curl2A = − i

2κ
(ψ∇ψ − ψ∇ψ) − |ψ|2A + curlH0 in Ω .

(1.2)

Here and after here, we use the notations as follows:

curlA = ∂1A2 − ∂2A1, ∂j = ∂/∂xj (j = 1, 2),
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curl2 A = (∂2(curlA),−∂1(curlA)),

∇σκAψ = ∇ψ − iσκAψ,

∇2
σκAψ = (∇− iσκA)2ψ = ∆ψ − iσκ[2A · ∇ψ + ψ div A] − (σκ)2|A|2ψ.

For two vectors a, b, a · b denotes the usual inner product.
The natural boundary conditions are the following:

{
∂ψ

∂ν
− iσκA · ν + γψ = 0,

curlA −H0 = 0 on ∂Ω ,
(1.3)

where ν denotes the unit out-normal vector at ∂Ω.
We call a (global) minimizer (ψ,A) of E a minimal solution of the Ginzburg-

Landau equations (1.2) and (1.3) and ψ an order parameter if there exists a
real vector field A such that (ψ,A) is the minimal solution of (1.2) and (1.3).

We define
E(κ, σ) = inf

(ψ,A)∈W
E(ψ,A) , (1.4)

where W = W 1,2(Ω; C)×W 1,2(Ω; R2), W 1,2(Ω; C) and W 1,2(Ω; R2) donote the
usual Sobolev spaces with values in C and R

2, respectively.
Note that E has at least one minimizer in W and E is invariant under the

gauge transformation, i.e., if φ ∈ W 2,2(Ω; C), E(Gφ(ψ,A)) = E(ψ,A), where
Gφ(ψ,A) = (ψeiσκφ,A + ∇φ). Moreover, for any (ψ,A) ∈ W, if we choose a
solution of the Neumann problem

{
∆φ = −div A in Ω,
∂φ
∂ν

= −A · ν on ∂Ω,

and put Gφ(ψ,A) = (ψ̃, Ã), we see that Ã satisfies that div Ã = 0 in Ω and

Ã·ν = 0 on ∂Ω. Thus we always assume that the minimizer (ψ,A) of E satisfies
that div A = 0 in Ω and A · ν = 0 on ∂Ω. For these facts, see [3], [4].

It is well known that for given smooth function H0(x) on Ω, there exists a
uniquely smooth vector field F on Ω such that





curlF = H0, in Ω,
div F = 0, in Ω,
F · ν = 0, on ∂Ω.

(1.5)

We can easily see that (0,F ) is a trivial critical value of E and for large σ > 0,
(0,F ) is the only minimizer of E . This means that if σ is large enough, the
sample is in the normal state. Thus we define the upper critical field as

σ∗(κ) = σ∗(κ,H0) := inf{σ > 0; (0,F ) is the only minimizer of E}. (1.6)
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Since we consider the case where the applied field H0 vanishes on a subset of
Ω in this paper, we define

Z(H0) = {x ∈ Ω;H0(x) = 0}.

We assume that:

(H) Z(H0) consists of a finite number of smooth curves and there exist an
integer k ≥ 1 and constants C1, C2 > 0 such that

C−1
1 d(x,Z(H0))

k ≤ |H0(x)| ≤ C1d(x,Z(H0))
k if d(x,Z(H0)) ≤ C2 ,

where d(x,Z(H0)) is the Euclidean metric from x to Z(H0). Moreover, we
define

Z(H0; Ω) = Z(H0) ∩ Ω, Z(H0; ∂Ω) = Z(H0) ∩ ∂Ω.

We shall examine the asymptotics of σ∗(κ) as κ→ ∞ and the concentration
of the order parameter.

Let n(x) = (n1(x), n2(x)) be the unit normal vector of Z(H0) at x ∈
Z(H0). By the hypothesis (H), we have (∂j

n(x)H0)(x) = 0 (0 ≤ j ≤ k − 1)

and (∂k
n(x)H0)(x) 6= 0 for x ∈ Z(H0), where ∂n(x) = n(x) · ∇x. Thus in a

neighborhood of x0 ∈ Z(H0), we can write

H0(x) =
1

k!

(
(x− x0) · n(x0)

)k
(∂k

n(x0)H0)(x
0) +O(|x− x0|k+1) (1.7)

as x→ x0. If we define a vector field

F 0(x) =
1

(k + 1)!

(
(x− x0) · n(x0)

)k+1
(∂k

n(x0)H0)(x
0)(−n2(x

0), n1(x
0)), (1.8)

we have

curlF 0 =
1

k!

(
(x− x0) · n(x0)

)k
(∂k

n(x0)H0)(x
0).

Therefore, the vector field F in (1.5) is written by curl (F−F 0) = O(|x−x0|k+1)
as x→ x0. Then it follows from Helffer and Mohamed [6] that we may assume
that

F = F 0 + F 1, F 1 = O(|x− x0|k+2) as x→ x0. (1.9)

For x0 ∈ Z(H0), we choose the angle θ(x0) so that

(∂k
n(x0)H0)(x

0)

|(∂k
n(x0)

H0)(x0)| (n2(x
0),−n1(x

0)) = (cos θ(x0), sin θ(x0))
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and define

αk(H0) = min
{
(λ0)(k+2)/2 inf

x∈Z(H0;Ω)

1

k!
|∂k

n(x)H0(x)|,

min
x∈Z(H0;∂Ω)

λ(R2
+; θ(x))(k+2)/2 1

k!
|∂k

n(x)H0(x)|
}
.

Here λ0, λ(R2
+, θ(x)) will be defined by (2.7) and (2.10), respectively. Now, we

are in a position to state the main theorem.

Theorem 1.1. (i) (Asymptotics of the upper critical field)

σ∗(κ) = σ∗(κ,H0) =

(
1

αk(H0)
+ o(1)

)
κk+1 as κ→ ∞.

(ii) (Concentration of the order parameter) Let {κn}, {σn} be two sequences

such that κn, σn → ∞ as n→ ∞, σn < σ∗(κn,H0) and

lim
n→∞

κk+1
n

σn
= αk(H0).

Moreover, let (ψn,An) be a non-trivial minimizer of E with κ = κn, σ = σn.
Then there exist subsequences {κnl

}, {σnl
} of {κn}, {σn}, respectively such that

‖ψnl
‖L∞(Ω) → 0, curlAnl

→ H0 in Cα(Ω)

as l → ∞ and
ψnl

(x)

‖ψnl
‖L∞(Ω)

→ 0 for x ∈ Ω \ Z̃(H0) ,

where

Z̃(H0) =
{
x ∈ Ω; (λ0)(k+2)/2 1

k!
|∂k

n(x)H0(x)| = αk(H0)
}

∪
{
x ∈ ∂Ω;λ(R2

+, θ(x))
(k+2)/2 1

k!
|∂k

n(x)H0(x)| = αk(H0)
}
.

Remark 1.2. Theorem 1.1 is an extension of [10] in which the case k = 1
is treated.

In order to prove Theorem 1.1, we consider a linear problem associated with
(1.2) and (1.3). (cf. [1] and, Lu and Pan [7], [8] and [9]). Assume that the
hypothesis (H) holds and that F is of the form in (1.9). Let µ = µ(bF ) be the
lowest eigenvalue of the problem

{
−∇2

bFφ = µφ in Ω,
(∇bFφ) · ν + γφ = 0 on ∂Ω.

(1.10)
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That is to say,

µ(bF ) = inf
φ∈W 1,2(Ω;C)

1

‖φ‖2
L2(Ω)

{∫

Ω
|∇bFφ|2dx+

∫

∂Ω
γ|φ|2ds

}
.

In the previous paper [1], we got the following theorem.

Theorem 1.3. (i) µ(bF ) =
(
αk(H0)

2/(k+2) + o(1)
)
b2/(k+2) as b→ ∞.

(ii) If ψb be the eigenfunction of (1.10) associated with µ(bF ), we have

ψb(x)

‖ψb‖L∞(Ω)
→ 0 for x ∈ Ω \ Z̃(H0).

Remark 1.4. We are also interested in the estimate of the remainder
term of Theorem 1.3 (i). We shall consider this problem elsewhere.

2. Preliminaries

In this section we shall review the results of the previous paper [1]. We treat
the problem (1.10).

Let the magnetic potential be of the form

A = − 1

k + 1
(x2 cos θ − x1 sin θ)k+1n, n = (cos θ, sin θ). (2.1)

According to Z(H0; Ω) 6= ∅ or Z(H0; ∂Ω) 6= ∅, we must consider the eigen-
value problems

−∇2
Aψ = λψ in R

2 , (2.2)

or {
−∇2

A
ψ = λψ in R

2
+ = {x = (x1, x2);x2 > 0},

(∇Aψ) · ν = 0 on ∂R
2
+.

(2.3)

Here we say that the equations (2.2) or (2.3) has the eigenvalue λ if (2.2) or (2.3)
has a non-trivial bounded solution in R

2 or R
2
+, respectively. By the rotation

of the coordinate system

{
x1 = y1 cos θ − y2 sin θ,
x2 = y1 sin θ + y2 cos θ,

(2.4)

we may assume that n = (1, 0) and A = (− 1
k+1y

k+1
2 , 0).



ASYMPTOTICS OF UPPER CRITICAL FIELD... 157

At first, we consider the equation (2.2). By the above transformation of the
coodinate system, we can rewrite (2.2) into the form

−∆ψ − i
2

k + 1
yk+1
2 ∂1ψ +

1

(k + 1)2
y

2(k+1)
2 ψ = λψ in R

2. (2.5)

The lowest eigenvalue λ(R2,A) is defined by

λ(R2,A) = inf
06=ψ∈W1,2(R2,A)

1

‖ψ‖2
L2(R2)

∫

R2

|∇Aψ|2dx , (2.6)

where W1,2(R2,A) = {ψ ∈ L2(R2); |∇−iAψ| ∈ L2(R2)}. By the partial Fourier
transformation in y1, we see that the lowest eigenvalue λ(R2;A) of (2.2) is equal
to

λ0 := inf
−∞<τ<∞

λ(τ) , (2.7)

where λ(τ) is the lowest eigenvalue of the ordinary differential equation in L2(R)
:

−y′′ + q(t, τ)y = λy, (−∞ < t <∞) , (2.8)

where

q(t, τ) =
1

(k + 1)2
(tk+1 + (k + 1)τ)2.

That is to say,

λ(τ) = inf
06=u∈W1,2(R,q)

1

‖u‖2
L2(R)

∫ ∞

−∞
{|u′(t)|2 + q(t, τ)|u(t)|2dx , (2.9)

where W1,2(R, q) = {u ∈ W 1,2(R);
√
qu ∈ L2(R)}. We note that λ(τ) is

achieved in W1,2(R, q). Then we have the following proposition.

Proposition 2.1. (i) When k is an even integer, there exist at most

finitely many τj (j = 1, 2, . . . , N) such that
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λ(τj) = λ0 := inf
−∞<τ<∞

λ(τ) for j = 1, 2, . . . , N.

When k is an odd integer, there exists a unique τ0 < 0 such that

λ(τ0) = λ0 = inf
−∞<τ<∞

λ(τ).

(ii) When k is an even integer, the eigenfunctions associated with λ(R2,A)
are given by

ψ =

N∑

j=1

cje
iτjy1uτj (y2) ,

where uτj is the positive eigenfunction of (2.8) associated with τ = τj, λ = λ(τj)
for j = 1, 2, . . . , N and when k is an odd integer, the eigenfunctions associated

with λ(R2;A) are given by ψ = ceiτ0y1uτ0(y2), where uτ0(t) is the positive

eigenfunction of (2.8) associated with λ0 = λ(τ0).

Remark 2.2. (1) If k be a positive even integer, then it is easy to see that
λ(τ) > 0 and λ(τ) is an even fucntion in τ since q(t,−τ) = q(−t, τ). In this
case, we can prove that lim|τ |→∞ λ(τ) = ∞. Since λ(τ) is an analytic function
in τ , the set

Eλ0
= {τ ∈ R;λ(τ) = λ0 = inf

−∞<τ<∞
λ(τ)}

is at most finite set. Therefore, we can get the associated eigenfunction of type
φ =

∑N
j=0 cje

iτjy1uj(y2) in (i) of the above theorem. We do not know if the
minimum point is unique or not in the case where k is a positive even integer.
Note that λ(τ) ≡ 0 in the case where k = 0.

(2) Note that the absolute value |ψ| of the order parameter ψ is constant
on an infinite set {y2 = 0}.

Next, if Z(H0, ∂Ω) 6= ∅, we must consider the equation (2.3). We define the
lowest eigenvalue of (2.3) as λ(R2

+;A) = λ(R2
+, θ). That is to say,

λ(R2
+, θ) = inf

φ∈W1,2(R2
+
,A)

1

‖φ‖2
L2(R2

+
)

∫

R2
+

|∇Aφ|2dx , (2.10)

where W1,2(R2
+,A) = {φ ∈ L2(R2

+); |∇φ−iAφ| ∈ L2(R2
+)}. Since we can easily

see that λ(R2
+, π+ θ) = λ(R2

+, θ), we may assume that 0 ≤ θ < π. When θ = 0,
(2.3) is equivalent to the problem
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{
−∆φ− i 1

k+1x
k+1
2 ∂1φ+ 1

(k+1)2
x

2(k+1)
2 φ = λφ in R

2
+,

∂2φ = 0 on ∂R
2
+.

(2.11)

By the similar argument as above, we consider the Neumann problem of
the ordinary differential equation in L2(R+):

{
−u′′ + q(t, τ)u = λu, t > 0,
u′(0) = 0 .

(2.12)

In the following, the lowest eigenvalue of (2.12) is written by λ+(τ). Note
that if k is odd, since q(t, τ) is a even function in t, we can see that λ(τ) = λ+(τ)
(cf. Dauge and Helffer [2]).

Then we have the following result.

Proposition 2.3. (i) There exists a unique τ0
+ < 0 such that

λ+(τ0
+) = λ0

+ := inf
−∞<τ<∞

λ+(τ).

In the particular case where k is an odd integer, λ+(τ) = λ(τ), where λ(τ) is

as in Proposition 2.1, so τ0
+ = τ0.

(ii) The eigenfunctions associated with λ(R2
+,A) are given by

ψ = ceiτ0y1u+,τ0(y2) ,

where u+,τ0(t) is the positive eigenfunction of (2.12) associated with λ0
+ =

λ+(τ0
+) = λ0 = λ(τ0).

Next, we give some known results which are necessary in the later section.
(cf. Helffer [5] and [8]).

Lemma 2.4. (i) If µ(σκF ) < κ2, E has a non-trivial minimizer.

(ii) If E has a non-trivial minimizer (ψ,A), it follows that µ(σκA) < κ2.

Now we define

σ∗(κ,H0) = min{σ > 0;µ(σκF ) = κ2}. (2.13)

Note that if 0 ≤ σ < σ∗(κ,H0), E has a non-trivial minimizer and that
σ∗(κ,H0) ≥ σ∗(κ,H0).
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3. Proof of Theorem 1.1

In this section, we shall give a proof of Theorem 1.1.
By Theorem 1.3 with b = σκ, we have

lim
κ→∞

1

(σκ)2/(k+2)
µ(σκF ) = αk(H0)

2/(k+2). (3.1)

For this equality, we get

σ∗(κ;H0) =

(
1

αk(H0)
+ o(1)

)
κk+1 as κ→ ∞ ,

where σ∗(κ;H0) was defined in (2.13). We note that it is clear to show that
σ∗(κ;H0) ≥ σ∗(κ;H0). Let two arbitrary sequences {κ} and {σ} satisfy the
following 




κ, σ → ∞,
σ < σ∗(κ;H0),

limκ→∞
κk+1

σ = a,
0 ≤ a ≤ αk(H0).

(3.2)

To see that the asymptotics of σ∗(κ;H0) and σ∗(κ;H0) are identical modulo
o(κk+1), it suffices to show a ≥ αk(H0). It is convenient to put ǫ = 1/(σκ)1/(k+2)

and rewrite the functional E as

Eǫ(ψ,A) =

∫

Ω

{
|∇ 1

ǫk+2
A
ψ|2 +

1

ǫ2(k+2)
|curlA −H0|2 +

κ2

2
(|ψ|2 − 1)2

}
dx

and put
E(ǫ) = inf

(ψ,A)∈W
Eǫ(ψ,A).

If we write the minimizer of Eǫ by (ψǫ,Aǫ), (ψǫ,Aǫ) satisfies that

{ −∇2
1

ǫk+2
A
ψ = κ2(1 − |ψ|2)ψ,

curl 2(A − F ) = ǫk+2ℑ(ψ∇ 1

ǫk+2
A
ψ) in Ω

(3.3)

and that {
(∇ 1

ǫk+2
A
ψ) · ν + γψ = 0,

curl (A − F ) = 0 on ∂Ω.
(3.4)

By a gauge transformation, we may assume that div Aǫ = 0 in Ω and Aǫ ·ν = 0
on ∂Ω. We call the minimizer (ψǫ,Aǫ) of Eǫ the minimal solution of (3.3) and
(3.4).

We must use the following elliptic estimates (cf. [8]).



ASYMPTOTICS OF UPPER CRITICAL FIELD... 161

Proposition 3.1. Let (ψǫ,Aǫ) be the minimal solution of (3.3) and (3.4).
Then there exists a constant C > 0 such that

‖ψǫ‖L∞(Ω) ≤ 1,

‖∇ 1

ǫk+2
A

ǫψǫ‖L2(Ω) ≤ C/ǫ,

‖∇ 1

ǫk+2
A

ǫψǫ‖W 1,2(Ω;C) ≤ C/ǫ2.

Moereover for any 1 < p <∞ and 0 < α < 1, there exist constants C(p), C(α) >
0 such that

‖Aǫ‖W 2.p(Ω;R2) ≤ C(p),

‖Aǫ‖C1.α(Ω;R2) ≤ C(α).

Thus passing to a subsequence of {ǫ}, we may assume that Aǫ → A0 in
C1,α(Ω; R2) as ǫ→ 0 and curlA0 = curlF = H0 in Ω.

Now we consider an eigenvalue problem:

{ −∇ 1

ǫk+2
A

ǫφ = µφ in Ω,

(∇ 1

ǫk+2
A

ǫφ) · ν + γφ = 0 on ∂Ω.
(3.5)

If we denote the lowest eigenvalue by µ
(

1
ǫk+2A

ǫ
)
, we get from (3.1) and Propo-

sition 3.1,

lim
ǫ→0

ǫ4/(k+2)µ
( 1

ǫk+2
Aǫ

)
= lim

ǫ→0
ǫ4/(k+2)µ

( 1

ǫk+2
A0

)

= lim
ǫ→0

ǫ4/(k+2)µ
( 1

ǫk+2
F

)

= αk(H0)
2/(k+2).

Moreover, by Lemma 2.4 and (3.2),

ǫ4/(k+2)µ
( 1

ǫk+2
Aǫ

)
< ǫ4/(k+2)κ2 =

(
κk+2

σ

)2/(k+2)

.

Thus we have

αk(H0)
2/(k+2) ≥ a2/(k+2) = lim

κ→∞

(
κk+2

σ

)2/(k+2)

≥ lim
κ→∞

µ
( 1

ǫk+2
Aǫ

)
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= αk(H0)
2/(k+2).

Therefore (i) of Theorem 1.1 holds.

To show (ii) of Theorem 1.1, choose xǫ ∈ Ω such that λǫ = ‖ψǫ‖L∞(Ω) =

|ψǫ(xǫ)|. Since Ω is bounded, passing to a subsequence and using a translation,
we may assume that xǫ → x0 = 0 ∈ Ω.

We consider the following problems:

−∇2
Aψ = λ(1 − |ψ|2)ψ in R

2 (3.6)

and {
−∇2

A
ψ = λ(1 − |ψ|2)ψ in R

2,
(∇Aψ) · ν = 0 on ∂R

2
+.

(3.7)

Then we have the following result.

Proposition 3.2. (i) When 0 ≤ λ ≤ λ0, any bounded solution of (3.6) is

identically zero.

(ii) When 0 ≤ λ ≤ λ(R2
+, θ), any bounded solution of (3.7) is identically

zero.

Proof. We only to prove (i). At first, we note that

∫
|∇Aϕ|2dx ≥ λ0

∫
|ϕ|2dx for ϕ ∈W 1,2(R2,A).

We claim that for 0 ≤ λ ≤ λ0, if ψ 6= 0 is a bounded solution of (3.6), then
ψ ∈ L2(R2).

In fact, let η be a smooth cut-off function such that supp η ⊂ B2R, η = 1
on BR and |∇η| ≤ 2/R. Then we have

(λ0 − λ)

∫

R2

|ηψ|2 + λ

∫

R2

|η|2|ψ|4dx

≤
∫

R2

|∇η|2|ψ|2dx

≤ 4

R2

∫

B2R\BR

|ψ|2dx ≤ 16π2M2 ,

where M = supx∈R2 |ψ|. Therefore, if λ < λ0,

∫

R2

|ηψ|2dx ≤ 16π2M2

λ0 − λ
.
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Letting R → ∞, we see that ψ ∈ L2(R2). If λ = λ0, since ‖ψ‖4
L4(R2) ≤

16π2M2/λ0, it follows from the Hölder inequality that

(∫

BR

|ψ|2dx
)2

≤ 4π

λ0

{∫

B2R

|ψ|2dx−
∫

BR

|ψ|2dx
}
.

If we put L(R) =
∫
BR

|ψ|2dx, we have

L(R)2 ≤ 4π

λ0
(L(2R) − L(R)) ≤ 4π

λ0
L(2R).

Thus we have L(R) ≤
√

4πL(2R)/λ0. Moreover, if we put ρ(R) = logL(R),
we see ρ(R) ≤ 1

2ρ(2R) + C, where C = (log(4π)/λ0)/2. Therefore, we have

ρ(R) ≤ 1

2n
ρ(2nR) + C

(
1 +

1

2
+ · · · + 1

2n−1

)
.

On the other hand, we have

L(R) ≤ |(πR2)1/2‖ψ‖2
L4(B2

R
) ≤ 4(λ0)−1/2πMR.

Then we see that

ρ(R) ≤ C

∞∑

l=1

1

2l
= 2C = log

(4π

λ0

)

for all R > 0. Thus L(R) ≤ e2C for all R > 0. That is to say,

∫

BR

|ψ|2dx ≤ e2C

for all R > 0. So this implies that ψ ∈ L2(R2).

By the above claim, if ψ 6= 0 is a bounded solution of (3.6), we have

λ0

∫

R2

|ψ|2dx ≤
∫

R2

|∇Aψ|2dx

= λ

∫

R2

(1 − |ψ|2)|ψ|2dx

< λ

∫

R2

|ψ|2dx.

Therefore, we get λ0 < λ. Thus if λ ≤ λ0, any bounded solution of (3.6) is
identically zero.
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We continue the proof of Theorem 1.1.
When x0 = 0 ∈ Z(H0; Ω), we define

Ωǫ = (Ω − xǫ)/ǫ,

Aǫ(y) =
1

ǫk+1
Aǫ(xǫ + ǫy),

F ǫ(y) =
1

ǫk+1
F ǫ(xǫ + ǫy),

ϕǫ(y) = ψǫ(xǫ + ǫy).

Then (ϕǫ,Aǫ) satisfies
{

−∇2
Aǫ
ϕǫ = ǫ2κ2(1 − |ϕǫ|2)ϕǫ in Ωǫ,

(∇Aǫ
ϕǫ) · ν + γǫϕǫ = 0 on ∂Ωǫ.

(3.8)

Since we may assume that Aǫ → F in C1,α
loc (R2) and ϕǫ → ϕ0 in C2,α

loc (R2), we
have

−∇2
Fϕ0 = lim

κ→∞

(
κk+1

σ

)2/(k+2)

ϕ0 = a2/(k+2)ϕ0 in R
2. (3.9)

If we put φ(x) = ρ1/(k+2)ϕ(ρ1/(k+2)x), φ satisfies

−∇2
Fφ = ρ2/(k+2)λ(1 − |φ|2)φ in R

2.

By the hypothesis, a2/(k+2) ≤ αk(H0)
2/(k+2) ≤ λ0ρ2/(k+2) and so we obtain

that ρ−2/(k+2)a2/(k+2) ≤ λ0. Therefore, by Proposition 3.2, ϕ0 = 0. That is
to say, ϕǫ → 0 in C2,α

loc (R2). Thus we have λǫ → 0 as ǫ → 0. If we define
φǫ(x) = ϕǫ(x)/λǫ, (3.8) becomes

{
−∇2

Aǫ
φǫ = ǫ2κ2(1 − λǫ|φǫ|2)φǫ in Ωǫ,

(∇Aǫ
φǫ) · ν + γǫφǫ = 0 on ∂Ωǫ.

Since λǫ → 0 as ǫ→ 0, we have

−∇2
Fφ0 = a2/(k+2)φ0 in R

2.

Here according to |φ0(0)| = limǫ→0 |φǫ(0)| = 1, φ0 6= 0. Since the lowest
eigenvalue of −∇2

F
is equal to ρ2/(k+2)λ0, we have a ≥ (λ0)(k+2)/2ρ ≥ αk(H0).

Thus we get a = αk(H0). In particular, x0 ∈ Z̃(H0; Ω).
Fix x ∈ Z̃(H0; Ω). If we choose xǫ = x, as above arguments, we get

−∇2
Fφ0 = a2/(k+2)φ0 = µ(F )φ0

and φ0 is an eigenfunction. By Theorem 1.3, limψǫ(x) = 0 for x ∈ Ω\Z̃(H0; Ω).
When x0 ∈ ∂Ω, we need the following lemma.
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Lemma 3.3. If dist (xǫ, ∂Ω) ≤ Cǫ, then we have x0 ∈ Z(H0; ∂Ω),
dist (xǫ, ∂Ω) = o(ǫ) as ǫ→ 0. And moreover,

curlAǫ → H0 in Cα(Ω),

‖ψǫ‖L∞(Ω) → 0,

ψǫ(x)

‖ψǫ‖L∞(Ω)

→ 0 if x ∈ ∂Ω \ Z̃(H0; ∂Ω) as ǫ→ 0.

Choose xǫ ∈ ∂Ω such that dist (xǫ, ∂Ω) and let Fǫ be the diffeomorphism
which straighten a portion of the boundary arround xǫ so that Fǫ(0) = xǫ. If
we write yǫ = F−1

ǫ (xǫ), zǫ := yǫ/ǫ is bounded. Passing to a subsequence, we
may assume that zǫ → z0 ∈ Ω. Since the domain of Fǫ contains a ball BR0

independent of ǫ and Fǫ, DFǫ are uniformly smooth on BR0
. If we denote the

associated vector field wth Aǫ by aǫ, we have

aǫ = [gAǫ · e1]e1 + [Aǫ · e2]e2.

Then we see that aǫ(0) = Aǫ(xǫ) and aǫ · e2 = 0. Here we define ϕ̃ǫ(y) =
1

u(ǫy)ψ
ǫ(ǫy), it follows from the elliptic estimates that

‖ϕ̃ǫ‖C2,α(B+

R
) ≤ C(R),

‖uǫ‖C2,α(B+

R
) ≤ C(R) for 0 < R < R0.

Passing to a subsequence, we may assume that uǫ → u0 ∈ C2,α(R2
+) as ǫ→ 0.

Since curlu0 = 0 and div u0 = 0, we get u0 is a constant. Thus we may assume
that aǫ → f and ϕ̃ǫ → ϕ̃0 ∈ C2,α(R2

+) in C2,α(R2
+). Then we have

{
−∇2

F
ϕ̃0 = a2/(k+2)ϕ̃0 in R

2
+,

(∇F ϕ̃0) · ν = 0 on ∂R
2
+.

By Proposition 3.2, we see that ϕ̃0 = 0. Thus we have

|ϕ̃0(z
0)| = lim

ǫ→0
|ϕ̃0(z

ǫ)| =
1

w(x0)
lim
ǫ→0

‖ψǫ‖L∞(Ω).

Therefore, we get ‖ψǫ‖L∞(Ω) → 0 as ǫ→ 0.

If we define φ̃ǫ(y) = ϕ̃ǫ(y)/‖ψǫ‖L∞(Ω), then φ̃ǫ → φ̃0 as ǫ → 0. Since

|φ̃0(z
0)| = 1, φ̃0 satisfies

{
−∇2

F
φ = a2/(k+2)φ in R

2
+,

(∇Fφ) · ν = 0 on ∂R
2
+.

As similar arguments of the proof of (i), we get a = αk(H0). Therefore,
x0 ∈ Z̃(H0; ∂Ω) and limǫ→0 φ̃

ǫ(y) = 0 for y ∈ ∂Ω \ Z(H0; ∂Ω). This completes
the proof of Theorem 1.1.
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