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Abstract: We consider the Ginzburg-Landau equations in the superconduc-
tivity theory. Our final aim is to get the asymptotic behavior of the upper
critical field as the Ginzburg-Landau parameter is large in the case where the
applied magnetic field vanishes of higher order in a submanifold of a bounded,
simply connected region in R?. We also give the concentration of the order
parameter in that case. This research is an improvement of the results in Pan
and Kwek [10].
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1. Introduction

This paper is a continuation of the previous paper of the author Aramaki [1].
We shall improve the results of Pan and Kwek [10] on asymptotics of upper
critical field of a superconductor. More precisely, we consider a cylindrical su-
perconducting sample with cross section {2 in an applied magnetic field H. It
is well known that if the applied field is very strong, then the sample loses su-
perconductivity property. When the magnitude of the applied field is reduced
to the some value o*(k) called upper critical field, the nucleation of supercon-
ductivity occurs. Our purpose is to get the asymptotics of 0 (k) = H, (k) as
the Ginzburg-Landau parameter  increases.
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For a cylindrical sample of infinite height with cross section 2 which is a
simply connected bounded domain in R?, we assume that a applied magnetic
field is along the cylindrical axis which is chosen as the x3 - axis. According to
the Ginzburg-Landau theory, the sample is in the state such that the Ginzburg-
Landau functional £ takes the minimum there (cf. Gunzburger and Ockendon
[4], Du, Gunzburger and Peterson [3]). We consider the nondimensionalized
Ginzburg-Landau functional given by

2
Flw ) = [ {Vabl? + r¥fourl A= AP + 5 (017 = 1)}

+/ v|v|?ds.
a0

Here v is a complex-valued function called order parameter, A is a real vec-
tor field called magnetic potential, H the applied magnetic field, i = v/—1, &
Ginzburg-Landau parameter which is defined by the ratio of the London pen-
etration depth and the coherence length of the superconductor and v > 0 a
constant.

If we take the Fréchet derivatives of F (1, A) with respect to ¢ and A, we
get the Fuler equations called the Ginzburg-Landau equations.

Throughout this paper we assume that

H(l‘) = UHO(J;) s

where Hg(z) is a fixed applied field in Q and o > 0 is a parameter. If we
write A = 0 A = 0(Ay, Ag) and put E(y, A) = F(¢p,0A), we can rewrite the
Ginzburg-Landau functional F in the following

2
£, A4) = [ {[Vanavl + (onPleurt A = Hof + (0 ~ 1?}aa

+/ s, (L)
o0
Then the Ginzburg-Landau equations become

~Voat = £ (1= [¢*)*0,
curl?A = —;—H(va — V) — [Y|?A + curl Hy in Q.

Here and after here, we use the notations as follows:

curl A = 81A2 - 82A1, 8j = 8/83:] (j = 1,2),
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curl> A = (9y(curl A), =9 (curl A)),
Vorat = Vih — ’L'O'HA'(ﬂ,
V2 4 = (V —iokA)*) = A —iok[2A - Vi 4+ ¢ div A] — (0k)?| A%,

For two vectors a, b, a - b denotes the usual inner product.
The natural boundary conditions are the following:
.
9 —i0kA v+ =0, (1.3)
curl A — Hy=0 on 012,

where v denotes the unit out-normal vector at 2.

We call a (global) minimizer (1, A) of £ a minimal solution of the Ginzburg-
Landau equations (1.2) and (1.3) and ¢ an order parameter if there exists a
real vector field A such that (i, A) is the minimal solution of (1.2) and (1.3).

We define

E("/‘:’O—) - (w’gl)fewg(l/%A) ) (14)
where W = W2(Q; C) x W2(Q;R?), W2(Q; C) and WH2(Q;R?) donote the
usual Sobolev spaces with values in C and R?, respectively.

Note that £ has at least one minimizer in W and £ is invariant under the
gauge transformation, i.e., if ¢ € W22(Q;C), E(Gy(v, A)) = E(¥, A), where
Gg(1, A) = (e'"® A + V). Moreover, for any (¢, A) € W, if we choose a
solution of the Neumann problem

A¢p=—divA in Q,
%:—A-u on 092,

and put Gy4(¢, A) = (J, 2), we see that A satisfies that divA = 0 in  and
A-v = 0on 09. Thus we always assume that the minimizer (¢, A) of £ satisfies
that divA =0in Q and A-v =0 on 9. For these facts, see [3], [4].

It is well known that for given smooth function Hy(z) on €, there exists a
uniquely smooth vector field F' on {2 such that

curl F = Hy, in (,
divF =0, inQ, (1.5)
F-v=0, on Of).

We can easily see that (0, F') is a trivial critical value of £ and for large o > 0,
(0, F) is the only minimizer of £. This means that if o is large enough, the
sample is in the normal state. Thus we define the upper critical field as

0*(k) = 0*(k, Hp) := inf{o > 0; (0, F') is the only minimizer of £}.  (1.6)
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Since we consider the case where the applied field Hy vanishes on a subset of
Q) in this paper, we define

Z(Ho) = {= € Q; Ho(z) = 0}.

We assume that:

(H) Z(Hy) consists of a finite number of smooth curves and there exist an
integer k£ > 1 and constants Cy,Cy > 0 such that

Crld(x, Z(Ho))* < |Ho(z)| < Crd(z, Z(Ho))* if d(z, Z(Hy)) < Ca,

where d(z, Z(Hp)) is the Euclidean metric from = to Z(Hy). Moreover, we
define
Z(H(); Q) = Z(H()) N Q, Z(Ho; 69) = Z(Ho) N o).

We shall examine the asymptotics of 0*(k) as Kk — oo and the concentration
of the order parameter.

Let n(z) = (ni(z),n2(x)) be the unit normal vector of Z(Hp) at z €
Z(Hy). By the hypothesis (H), we have (81]1(@[{0)(:5) =0 0<j<k-1)
and (aﬁ(x)Ho)(x) # 0 for x € Z(Hy), where Op(,) = n(x) - V,. Thus in a

neighborhood of 2° € Z(Hp), we can write

Hol) = = ((z — ) - n(a®) (98 oy Ho)(@®) + O(lz — 21 (1.7)

Tn
as ¢ — z¥. If we define a vector field

1
Fol@) = 431

(@ — ) - n(@)) (0 o) Ho) (@) (—na(a0), m1 (22)), (1.8)

we have

curl Fy = %((m — 2% -n(mo))k(aﬁ(gﬁo)Ho)(:vo).

Therefore, the vector field F in (1.5) is written by curl (F—Fg) = O(|lz—a°**+1)
as x — z%. Then it follows from Helffer and Mohamed [6] that we may assume
that

F=Fy+F,, F =0(z-2"?% asz—a° (1.9)

For z° € Z(Hy), we choose the angle 6(z°) so that

(aﬁ(g;O)HO)(xO)
\(8ﬁ($0)H0)(x0)|

(na(x°), —n1(2%)) = (cos §(x?), sin §(x°))
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and define
. 0y (k+2)/2 :
o (Ho) = min{(\") xezl(fgo )k" () Ho(2)],
] 1
Lo AR 0() 210 o)}

Here \°, A(RZ, 6(z)) will be defined by (2.7) and (2.10), respectively. Now, we
are in a position to state the main theorem.

Theorem 1.1. (i) (Asymptotics of the upper critical field)

o (k) = o*(k, Hy) = + 0(1)> KM as k — oo

< 1

oy (Ho)
(ii) (Concentration of the order parameter) Let {r, },{on} be two sequences

such that ky,c, — 00 as n — 00,0, < 0*(ky, Hy) and

HkJrl

lim
n—oo  Op

= Oék(Ho).

Moreover, let (¢, Ay) be a non-trivial minimizer of € with kK = Ky, 0 = oy,.
Then there exist subsequences {ky, },{on, } of {kn}, {on}, respectively such that

Un, || Loy — 0, curl A, — Hy in C%(2
1 () 1

as | — oo and

V(@) —0 for zeQ\ Z(H),
1%m, [ oo ()
where
Z(Ho) = {w € 0 (X)) 108 ) Ho ()| = an(Ho)
U {00, A(Ri,em) 22 Lok Hof)] = (Ho) .

Remark 1.2. Theorem 1.1 is an extension of [10] in which the case k =1
is treated.

In order to prove Theorem 1.1, we consider a linear problem associated with
(1.2) and (1.3). (cf. [1] and, Lu and Pan [7], [8] and [9]). Assume that the
hypothesis (H) holds and that F is of the form in (1.9). Let u = u(bF) be the
lowest eigenvalue of the problem

—Vipd = o in Q,
{ (Vb;i;ﬁ) ‘v+vp=0 on 9N (1.10)
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That is to say,

1
bF)=  inf —— /v ¢2dx+/ ¢2ds}.
HOE) = o u<z>||22(m{ o IVer ot [

In the previous paper [1], we got the following theorem.

Theorem 1.3. (i) p(bF) = (o (Ho)?**2) + 0(1)) 6%+ as b — cc.
(ii) If ¢y be the eigenfunction of (1.10) associated with u(bF'), we have

M —0 for x EQ\Z(HO)-
190l Lo (02)

Remark 1.4. We are also interested in the estimate of the remainder
term of Theorem 1.3 (i). We shall consider this problem elsewhere.

2. Preliminaries

In this section we shall review the results of the previous paper [1]. We treat
the problem (1.10).
Let the magnetic potential be of the form

1
A=-— T (29 cos0 — x1sin0)*n, n = (cos6,sin). (2.1)

According to Z(Hp; Q) # 0 or Z(Hp; 0Q) # (), we must consider the eigen-
value problems

—V4Y =X\ in R?, (2.2)
or
—V4Y =X  in R2 ={z = (z1,22); 32 > 0}, (2.3)
(Vay) -v=0 on 8R3_. '

Here we say that the equations (2.2) or (2.3) has the eigenvalue A if (2.2) or (2.3)
has a non-trivial bounded solution in R? or Ri, respectively. By the rotation
of the coordinate system

r1 =y cosf — yssin b,
{ T9 = y1 8in 6 + yo cos b, (24)

we may assume that n = (1,0) and A = (—k%_lygﬂ,O).
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At first, we consider the equation (2.2). By the above transformation of the
coodinate system, we can rewrite (2.2) into the form

A —i——— o + yoB Dy = Ay in R2. (2.5)

e+ 172 (k+1)2

The lowest eigenvalue A\(R?, A) is defined by

AMR? A) = / |V av?dz, (2.6)

O;ézpewl 2(R2,A) ‘|¢||L2 (R2)

where WH2(R?, A) = {4y € L*(R?); |[V—iAv| € L*(R?)}. By the partial Fourier
transformation in g1, we see that the lowest eigenvalue A(R?; A) of (2.2) is equal
to

Ao = inf (1), (2.7)

—oo<LT<00

where \(7) is the lowest eigenvalue of the ordinary differential equation in L?(R)

—y" +q(t,T)y =Xy, (—o0<t<0), (2.8)

where

That is to say,

A(T) = / {ld' @& + qt, 7)|u(t)Pdz (2.9)

inf
07£U€W12 (R,q) ||UHL2(R

where W2(R,q) = {u € WH(R);\/qu € L*(R)}. We note that A(7) is
achieved in W2(RR, ¢). Then we have the following proposition.

Proposition 2.1. (i) When k is an even integer, there exist at most
finitely many 7; (j = 1,2,...,N) such that
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Ar)=A":= inf A7) for j=1,2,...,N.

—oo<LT<00

When k is an odd integer, there exists a unique 79 < 0 such that

M) == inf A7)

—0o0<LT<00

(ii) When k is an even integer, the eigenfunctions associated with A\(R?, A)
are given by

N
¢ = chelijluTj (yQ) y
7=1

where u,; is the positive eigenfunction of (2.8) associated with T = 7;, A = \(7;)
for j =1,2,...,N and when k is an odd integer, the eigenfunctions associated
with A(R?; A) are given by v = ce'™Ylu, (y2), where u.,(t) is the positive
eigenfunction of (2.8) associated with A’ = \(1p).

Remark 2.2. (1) If k be a positive even integer, then it is easy to see that
A(7) > 0 and A(7) is an even fucntion in 7 since q(t,—7) = q(—t,7). In this
case, we can prove that lim|, |, A(7) = oo. Since A(7) is an analytic function
in 7, the set

Ey,={teR;A71)=X = inf A7)}
—oo<T<00

is at most finite set. Therefore, we can get the associated eigenfunction of type
o = Z;V:o cjemYu;(ys) in (i) of the above theorem. We do not know if the
minimum point is unique or not in the case where k is a positive even integer.
Note that A\(7) = 0 in the case where k = 0.

(2) Note that the absolute value |¢| of the order parameter 1 is constant
on an infinite set {y2 = 0}.

Next, if Z(Hp,09) # (), we must consider the equation (2.3). We define the
lowest eigenvalue of (2.3) as A(R%; A) = A\(R2,6). That is to say,

1
ARZ,0)=  inf 7/ Vaords, o
T $EWL2(R2,A) HQS”%?(R@ RY

where WH2(R%, A) = {¢ € L*(R?%);|Vp—iAg¢| € L*(R%)}. Since we can easily
see that A(R3, 7 +6) = A(R%,6), we may assume that 0 < 6 < 7. When 6 = 0,
(2.3) is equivalent to the problem
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{ —A¢p — ik%rlxéﬁlalgb + mxg(lﬁl)gb =\¢ in RZ, (2.11)

82(b =0 on 8]1%1

By the similar argument as above, we consider the Neumann problem of

the ordinary differential equation in L?(R,):

—u" +q(t,T)u= I, t>0,
{ 2(0) :qé. ) (2.12)

In the following, the lowest eigenvalue of (2.12) is written by A4 (7). Note
that if k is odd, since ¢(t, 7) is a even function in ¢, we can see that A(7) = Ay (7)

(cf. Dauge and Helffer [2]).
Then we have the following result.

Proposition 2.3. (i) There exists a unique 70 < 0 such that

M () =20 = _dnf (7).

In the particular case where k is an odd integer, Ay (1) = A(7), where \(7) is

as in Proposition 2.1, so 7'2 =1.

(ii) The eigenfunctions associated with A(R%, A) are given by

Y= ce ™M uy 5 ()

where u 5 (t) is the positive eigenfunction of (2.12) associated with A%
A (79) = A0 = A(7).

Next, we give some known results which are necessary in the later section.
(cf. Helffer [5] and [8]).

Lemma 2.4. (i) If u(oxF) < k2, £ has a non-trivial minimizer.
(ii) If € has a non-trivial minimizer (1, A), it follows that pu(ocxkA) < k2.
Now we define

0+(k, Hy) = min{o > 0; u(okF) = x*}. (2.13)

Note that if 0 < o < 04(k,Hp), £ has a non-trivial minimizer and that

o*(k,Hy) > o«(k, Hp).



160 J. Aramaki

3. Proof of Theorem 1.1

In this section, we shall give a proof of Theorem 1.1.
By Theorem 1.3 with b = ok, we have

- 1 _ 2/(k+2)

For this equality, we get

o«(k; Hy) = ( + 0(1)) KM as ki — 00,

o (Ho)
where o, (k; Hy) was defined in (2.13). We note that it is clear to show that
o*(k; Ho) > o0.(k; Hp). Let two arbitrary sequences {k} and {o} satisfy the
following

K,0 — 00,

< o*(k; Ho),

7= ('ZHP) (3.2)

limy o0 “5— = q,

0 <a < a(Hy).
To see that the asymptotics of o*(k; Hp) and o, (k; Hp) are identical modulo

o(kF1), it suffices to show a > ay(Hp). It is convenient to put € = 1/(ox)/ (F+2)
and rewrite the functional £ as

1 K2
- 2 2 2 2
56(¢7A)—/§2{|Vﬁ,41/)| +m|CUT1A—H0\ +7(|¢\ — 1) }dz

and put

Ele) = inf &, A).
=, inf | £ A)

If we write the minimizer of & by (¢¢, A®), (¢, A°) satisfies that
{ V2, =21 - R,

curlezk(ti — F) = 23y V ) in Q (3:3)

and that

{ (Vg a¥) v+ 70 =0, 54)

curl(A—F) =0 on Of).

By a gauge transformation, we may assume that div A* =0in 2 and A®-v =0
on 092. We call the minimizer (¢¢, A°) of & the minimal solution of (3.3) and
(3.4).

We must use the following elliptic estimates (cf. [8]).
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Proposition 3.1. Let ()¢, A°) be the minimal solution of (3.3) and (3.4).
Then there exists a constant C' > 0 such that

[V e < 1
||V€k1+2A61/16||L2(Q) < Cle,
IV 1 actlwree) < C/€.

FF2

Moereover for any 1 < p < oo and 0 < « < 1, there exist constants C'(p), C(«) >
0 such that

A lw2rr2)y <
A cra@re) <

Thus passing to a subsequence of {¢}, we may assume that A° — A" in
CH(;R?) as € — 0 and curl A° = curl F = Hy in Q.
Now we consider an eigenvalue problem:

(VkLQAeqb)'u—F’ygb:O on 0f). '

If we denote the lowest eigenvalue by ,u(e,c%Ae), we get from (3.1) and Propo-
sition 3.1,

1 1
. 4/(k+2) 1 4/(k+2) 0
},1—13(1)6 M(—EIH—QAG) — ll_r)r(l)e u(€k+2A )
1
_ : 4/(k+2)
= 21_)1101 € H ( ) 1 )

= o (Ho ),
Moreover, by Lemma 2.4 and (3.2),

1
b/ (h2) CAY) < A (42) 2 <

€ g

LS > 2/(k+2)

Thus we have

k2 2/(k+2)
a(Ho)/6+D > q2/(k+2) — nm< )

K—00 g

. .
> lim ,U,(EA)

K—00
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(o),

Therefore (i) of Theorem 1.1 holds.
To show (ii) of Theorem 1.1, choose x¢ € Q such that A\, = [N e ) =

|1¢(x€)]. Since 2 is bounded, passing to a subsequence and using a translation,
we may assume that z¢ — 2° =0 € Q.
We consider the following problems:

~Vav=A1- Yy in R? (3.6)

and

(Vay)-vr=0 on 8Ri.
Then we have the following result.

Proposition 3.2. (i) When 0 < A < \°, any bounded solution of (3.6) is
identically zero.

(ii) When 0 < X < A(R%,0), any bounded solution of (3.7) is identically

zero.

Proof. We only to prove (i). At first, we note that
/|VAg0|2da: > AO/\QD\de for ¢ € WH2(R?, A).

We claim that for 0 < A < A%, if ¢ # 0 is a bounded solution of (3.6), then
Y € L?(R?).

In fact, let n be a smooth cut-off function such that suppn C Bagr, n =1
on Br and |Vn| < 2/R. Then we have

(00=3) [P+ a [ nProltas

< / V2 e
R2
4

< — [|2de < 167> M2,
R? Bar\Br
where M = sup,cpe |¢|. Therefore, if X < A,

1672 M>
2

de < ———.
/R2 |77¢‘ x— )\0_)\
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Letting R — 0o, we see that v € L2(R?). If A = A\ since H1/1||4L4(R2) <
1672 M2 /\Y, it follows from the Holder inequality that

2
2 4_7T 24, 2 }

If we put L(R) = fBR |Y|?dz, we have

L(R)? < i—g(L(QR) — L(R)) < 4—7TL(2R).

Thus we have L(R) < \/4wL(2R)/\°. Moreover, if we put p(R) = log L(R),
we see p(R) < $p(2R) + C, where C = (log(4m)/A%) /2. Therefore, we have

p(R) < 2inp(Q”R) +C(1+ % RIRER %).
On the other hand, we have
L(R) < ‘(WR2)1/2||¢H%4(B%) < 4(\"V27 MR.
Then we see that -
p(R) < CZ% =2C = log(ﬁ)
=1

for all R > 0. Thus L(R) < ¢*C for all R > 0. That is to say,

| s < e
Br

for all R > 0. So this implies that v € L?(R?).
By the above claim, if ¢ # 0 is a bounded solution of (3.6), we have

)\O/RQ [W2de < /RQ\vAw\de
= X[ Q=P
[ a= PP

< /\/ |2 da.
R2

Therefore, we get A\’ < A\. Thus if A < A°, any bounded solution of (3.6) is
identically zero. O
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We continue the proof of Theorem 1.1.
When 2° = 0 € Z(Hy; ), we define

Then (¢, A¢) satisfies

—VZ4 0 = R (1= |p*)pe in Q, (3.8)
(Va,pe) v+ yepe =0 on 0N.. )

Since we may assume that A. — F in Cllof‘(RZ) and p. — g in C%?(RQ), we
have

k1 2/ (k2)
—V%po = lim < > oo = a2y in R2 (3.9

K—00 o
If we put ¢(x) = p/E+2p(pl/k+2)2)  $ satisfies
—Vi6 = pFPN1 = [6P)¢ in R,

By the hypothesis, a®*+2) < o (Hg)¥*+2) < \0p2/(k+2) and so we obtain
that p~2/(k+2)q2/(k+2) < X0 Therefore, by Proposition 3.2, ¢o = 0. That is
to say, ¢ — 0 in C2%(R?). Thus we have A\ — 0 as € — 0. If we define

loc

de(x) = @e()/Ae, (3.8) becomes
{ —Vi. 0 = R (1= Ao )ge in O,
(Va.ge) v+yep. =0 on 99..
Since A\ — 0 as € — 0, we have
—Vido = a¥*Dgy in R

Here according to [¢o(0)] = lime_o|pe(0)] = 1, ¢p9 # 0. Since the lowest
eigenvalue of —VZ is equal to p? *+2\0 we have a > (\0)++2)/2p > o, (H,y).
Thus we get a = oy (Ho). In particular, 20 € Z(Ho; Q).

FixT € g(HO; Q). If we choose z. = T, as above arguments, we get

—V%¢o = a? D gy = (F) gy

and ¢y is an cigenfunction. By Theorem 1.3, lim ) (z) = 0 for 2 € Q\ Z(Hy; Q).
When z° € 09, we need the following lemma.
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Lemma 3.3. If dist (25,09) < Ce, then we have 2° € Z(Hg;09),
dist (z¢,0Q) = o(e) as € — 0. And moreover,
curl A — Hy in C*(Q),
‘WGHLoo(ﬁ) — 0,
15}7(2:) — 0 if z €00\ Z(Hy;0Q) as e— 0.
19<]] oo

Choose z€ € 0 such that dist (z€,02) and let F. be the diffeomorphism
which straighten a portion of the boundary arround z€ so that F.(0) = z€. If
we write y¢ = F.1(x€), 2¢ := y¢/e is bounded. Passing to a subsequence, we
may assume that 2¢ — 2% € Q. Since the domain of F, contains a ball Bg,
independent of € and F,, DF, are uniformly smooth on Bp,. If we denote the

associated vector field wth A€ by af, we have
a® =[gA° - e]e; + [A° - eses.

Then we see that a“(0) = A°(Z) and af - e = 0. Here we define ¢c(y) =
L_4¢(ey), it follows from the elliptic estimates that

u(ey)
HSAO/eHCQ,a(Bg) < C(R),
luclcoapry < C(R) for 0<R<Ro.

Passing to a subsequence, we may assume that u, — ug € C>*(R2) as ¢ — 0.
Since curlug = 0 and div ug = 0, we get ug is a constant. Thus we may assume
that a. — f and @, — @g € C>*(R2) in C**(R%). Then we have
{ —V%50 = a?* 25, in RZ,
(VEpo) - v=0 on JRZ.
By Proposition 3.2, we see that ¢y = 0. Thus we have

B0(:)] = lim [Bo()] = g Bm 10

Therefore, we get HwGHLm@) — 0 ase—0.

If we define ¢.(y) = gZe(y)/HwGHLOO@), then ¢ — ¢ as e — 0. Since
|po(2°)| = 1, ¢ satisfies

{ ~Vip=a¥*2p in R2,
(Vo) v =0 on ORZ.

As similar arguments of the proof of (i), we get a = ay(Hp). Therefore,
20 € Z(Hp; 02) and lim, ¢ ¢(y) = 0 for y € 90\ Z(Hp; 02). This completes
the proof of Theorem 1.1.



166

1]

2]

J. Aramaki

References

J. Aramaki, Asymptotics of eigenvalue for the Ginzburg-Landau operator
in an applied magnetic field vanishing of higher order, To Appear.

M. Dauge, B. Helffer, Eigenvalues variation I, Neumann problem for
Sturm-Liuville operators, J. Differential Equations, 104 (2003), 243-262.

Q. Du, M. Gunzburger, J. Peterson, Analysis and approximation of the
Ginzburg-Landau model of superconductivity, STAM Reviews, 34 (1992),
45-81.

M. Gunzburger, J. Ockendon, Mathematical models in superconductivity
due to strong fields for the Ginzburg-Landau model, SIAM Journal on
Mathematical Analysis, 30 (1999), 341-359.

B. Helffer, Bouteilles magnétiques et supraconductivité, d’apres Helffer-
Morame, Lu-Pan et Helffer-Pan, Séminaire EDP de I’Ecole Polytechnique
(2001-2002).

B. Helffer, A. Mohamed, Semiclassical analysis for the ground state energy
of a Schrodinger operator with magnetic wells, J. Funct. Anal., 138 (1996),
40-81.

K. Lu, X.-B. Pan, Gauge invariant eigenvalue problem in R? and in Ri,
Trans. Amer. Math. Soc., 352 (2000), 1247-1276.

K. Lu, X.-B. Pan, Estimates of upper critical field for the Ginzburg-Landau
equations of superconductivity, Physica D, 127 (1999), 73-104.

K. Lu, X.-B. Pan, Figenvalue problems of Ginzburg-Landau operator in
bounded domains, J. Math. Physics, 40 (1999), 2647-2670.

X.-B. Pan, K.-H. Kwek, Schrodinger operators with non-degenerately van-
ishing magnetic fields in bounded domains, Trans. Amer. Math. Soc., 354
(2002), 4201-4227.



