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SPLIT VECTOR BUNDLES ON A SMOOTH CURVE:

DEGENERATIONS AND SHORT EXACT SEQUENCES
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Abstract: Let X be a smooth curve of genus g > 0. Here we study the
degeneration of flat families of vector bundles on X, all of them being isomorphic
to direct sums of line bundles.
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1. Split Vector Bundles

Let X be a smooth and connected projective curve of genus g. A vector bundle
E on X is said to be split if it is isomorphic to a direct sum of line bundles.
By the Krull-Schmidt Unique Factorization Theorem ([1], Theorem 3) the in-
decomposable factors of E are uniquely determined, up to isomorphisms and
up to a permutation. A marking of a split bundle is a choice of their indecom-
posable factor, up to a permutation, but not up to isomorphisms. Every split
bundle has a marking. It has a unique marking if its indecomposable factors
are pairwise non-isomorphic. Our starting point was the following question.

Question 1. Let E,F be split vector bundles on X with the same rank.
When there is a flat family {Fλ}λ∈∆ of split vector bundles on X parametrized
by an integral curve ∆ and o ∈ ∆ such that Fo

∼= E and for every λ ∈ ∆\{o}
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there is a marking of Fλ and of F such that the degree of the factors of Fλ and
of F are the same? When there is a flat family as above, except we only require
that (up to a permutation) the degrees of the irreducible factors of E and of
Eo are the same, i.e. E and Eo have the same Harder-Narasimhan polygon?

When g = 0 everything is well-known: if and only if the Harder-Narasimhan
filtration of F is higher (or equal) to the one of F and in this case we may take
Fλ

∼= F for all λ ∈ ∆\{o} ([2] or [5], Proposition 2). If g > 0 this condition is
a necessary condition by the upper semicontinuity of the Harder-Narasimhan
polygon ([4], Theorem 3).

Let E be a vector bundle on X. Let µ(E) := deg(E)/rank(E) denote the
slope of E. Let µ+(E) (resp. µ−(E)) denote the slope of the first (resp. last)
subquotient of the Harder-Narasimhan filtration of E. Thus E is semistable if
and only if µ+(E) = µ−(E). If E is split, then µ+(E) (resp. µ−(E)) is the
maximal (resp. minimal) degree of one of the irreducible factors of E. Assume
that E is split; we will say that E is numerically rigid if µ+(E) ≤ µ−(E) + 1.
Here it is our first result.

Theorem 1. Let X be a smooth curve of genus g ≥ 1 and E any split
vector bundle on X. Then there is a flat family {Fλ}λ∈∆ of split vector bundles
on X parametrized by an integral curve ∆ and o ∈ ∆ such that Fo

∼= E,
µ+(Fλ)−µ−(Fλ) ≤ 2g−1 for every λ ∈ ∆\{o} and Fλ

∼= Fµ for all λ, µ ∈ ∆\{o}.

Remark 1. Notice that when g = 1 the vector bundle Fλ, λ 6= o, appear-
ing in the statement of Theorem 1 is numerically rigid. Hence we get that on an
elliptic curve every split vector bundle is the flat limit of a family of isomorphic
and numerically rigid split vector bundles.

Let E, F be split vector bundles on X with the same rank. We will say
that E and F are numerically equivalent if there are markings of E and F , say
E ∼= ⊕r

i=1Mi and F ∼= ⊕r
i=1Li such that deg(Mi) = deg(Li) for all i.

Then we consider the following question.

Question 2. For which split bundles S,E,Q on X there is an exact
sequence

0 → S → E → Q → 0 (1)

on X? For which numerical type there are split vector bundles S,E,Q fitting
in an exact sequence (1)?

If X ∼= P1, then there is a complete answer to Question 2, but we cannot
expect a complete answer for higher genus curves. As a byproduct of the proof
of Theorem 1 we will get the following result.
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Theorem 2. Let X be a smooth curve of genus g ≥ 1 and S,Q split vector
bundles on X such that µ+(S) ≤ µ−(Q) − 4g. Fix any split vector bundle Ẽ
on X such that rank(Ẽ) = rank(S) + rank(Q), deg(Ẽ) = deg(S) + deg(Q),
µ−(Ẽ) ≥ µ+(S) + 2g and µ+(Ẽ) ≤ µ−(Q) − 2g. Then there exists an exact
sequence (1) on X in which E is a split vector bundle numerically equivalent
to Ẽ.

We work over an algebraically closed field K.

To prove all the stated results we prove the following statement.

Proposition 1. Let X be a smooth curve of genus g ≥ 1. Fix L,M ∈
Pic(X) such that deg(L) − deg(M) ≥ 2g. Then for a general P ∈ X the
vector bundle M ⊕ L is the flat limit of vector bundles on X isomorphic to
M(P ) ⊕ L(−P ).

Proof. First assume t := deg(L)−deg(M) ≥ 2g+1. Let j : L(−P ) → L be
the obvious inclusion with L|{P} ∼= K. Since deg(L ⊗ (M(P )∗)) = t − 1 ≥ 2g,
the line bundle L ⊗ (M(P )∗) is spanned and hence there is an inclusion i :
M(P ) → L whose fiber at P is surjective. Hence the map u : M(P ) ⊕ L(−P )
is surjective. Since Ker(u) ∼= M , we have an exact sequence

0 → M → M(P ) ⊕ L(−P ) → L → 0 . (2)

Call ℘ the extension (2). For every λ ∈ K\{0} the extension λ℘ has middle
term isomorphic to M(P ) ⊕ L(−P ). Obviously, M ⊕ L is the middle term of
the zero-extension. Hence we get the required flat family with K as parameter
space and with 0 as special point. Now assume t = 2g. Set R := L ⊗ M∗. To
apply the previous proof need to check that R(−P ) is spanned at P for general
P ∈ X. Since h1(X,R) = 0 for degree reasons, it is sufficient to show that
h1(X,R(−2P )) = 0 for a general P ∈ X (use Riemann-Roch). Hence by Serre
duality it is sufficient to remark that R 6∼= ωX(2P ) for a general P ∈ X.

Proof of Theorem 1. Apply several times Proposition 1.

Proof of Theorem 2. Set E := S ⊕ Q. Apply several times the proof of
Proposition 1; in the set-up of Theorem 1 the vector bundle E would be called
E, while we take Fλ, λ 6= 0, as the middle term of the exact sequence (1).
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