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Abstract: Let xi be elements of the set B={0, 1} and f be a function of xi,

i = 1, 2, ..., n, it is denoted by f(x1, x2, ..., xn). The function f(x1, x2, ..., xn) is
named Boolean function. The value of a Boolean function is 0 or 1. Designing
of the circuit of Boolean function, it is very important its minimal form find
out. The sub terms of Boolean function is called as real prime implicants
such that they defined whole function. Karnaugh maps is used for finding
the real prime implicants. n variable Boolean function can be modeled as n-
dimension hypercube graph. In this paper we consider a Boolean function as a
subgraph of n-dimensional hypercube. Our aim in this paper will be to develop
procedure for obtaining a minimal expression for any Boolean function. We
offer a new method to find the real prime implicants using the minimal number
and maximal Hamiltonian Cycles of this subgraph.
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1. Introduction

Boolean algebra is introduced as the basic mathematical tool essential in dealing
with the problems encountered in the study of switching circuits. A switching
function or Boolean function can usually be represented by a number of ex-
pressions. Each switching function can be model a switching circuit. Any
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switching circuit or network can be considered as two-value system. It use,
the binary method of counting with the use of only two symbols 0 or 1 and
Boolean algebra is used. In Boolean algebra, the operations are called AND(.
), OR(+), NOT(-). These operations are well defined and are identical to one
another. Transmission through a Boolean circuit is represented by the value 1,
the hindrance is represented by the value 0. Each binary signal or variable is
represented by a literal, which can have a value of either 1 or 0. Logical design
problems are usually presented in the form of oral or written requirements that
dictate the terminal behavior of the required circuit. From this specification a
mathematical statement for the Boolean circuit must be formulated. To formu-
late is done from the truth-table in which all possible input combinations of n

binary variables are examined. The truth table express as a Boolean or trans-
mission function by extracting from the table. Generally, the form of equation
that are derived from the truth table is called sums-of-products. In these two
alternative forms of Boolean function, these are: the sum-of-product (minterm)
and the product-of-sums (maxterm). The minterms are all possible combina-
tions of the binary variables joined together by AND operation. Similarly the
maxterms are expressed in the OR relationship. Two forms are called canonical
forms of Boolean function. For n binary variables there are exactly 2n minterms
and 2n maxterms. It has known that the formal statement of a combinational
problem leads a Boolean canonical function which must, in majority of cases,
be simplified in some way tom provide an economical hardware solution. There
is a main criterion which is used to determine a minimal sum-of-product or
product- of- sum expression: The expression with the fewest literal, the expres-
sion with the fewest terms, the expression which requires the least number of
logical units in its circuit implementation Lewin [11], Prather [12] and Chen
[1]. Karnaugh map is a graphical technique and is based on the Venn diagram.
In Karnugh map the looped terms which appear on the map and in the final
expression are called prime implicants. Each prime implicant contains original
Boolean terms presented by cells containing 1 which are not involved in any
other, they are called real prime implicants. Karnaugh map method may be ex-
tended to the solution of five and six variable problems, but above this number
the method becomes ungainly and adjacencies become difficult to recognize.
It suggests the following rules for obtaining simple expression for a function
f(x1, x2, ..., xn) which forms in sum-of-product. The rules of Karnaugh map
are in the following:

1) Every cell containing a 1 must be included at least once.

2) The largest possible collection of cells (powers of 2 only) must be formed,
these are prime implicants. This ensures that the maximum number of variables
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eliminated.

3) The 1’s must be contained in the minimum number of collection to avoid
duplication.

For problems with large number of Boolean variable the Karnaugh map
approach breaks down. For problems with large number variables a tabular
or algorithmic method is Quinne-McCluskey. The advantage of this method is
that is does not depend on pattern recognition procedures but operates directly
on the actual Boolean terms. It may be used a hand computation technique it
programmed for a digital computer, in addition it can be extended to handle
any number variables. Quinne-McCluskey minimization technique applies the
theorem x1.x2 + x1.x̄2 = x1. This results in a complete list of all the prime
implicants for the function concerned. After the Quinne-McCluskey technique
applied, we go to select the real prime implicants that is done in a prime impli-
cants tables. It chooses a minimal subset that includes, or cover, all the terms
in the original Boolean expression. Each product term of the function must be
included in at least one prime implicant term in the minimal expression. The
relationship between the prime implicants and the Boolean terms can best be
seen in a prime implicants table.

2. The Graph Representations of Interconnection Networks

Let G be a undirected graph, with vertex set V(G) and edge set E(G). It is
denoted by G=(V(G),E(G)). The number of vertices of G is n. In this section
we give graph representation of some important static interconnection networks
Kumar [9].

1) Linear Array. In a linear array network, each processor in this network
(except the processor at the ends) has a direct communication link to two other
processors. Such an interconnection network is called a path and it is denoted
by Pn in graph theory where the number of vertices is n.

2) Ring. A linear array with a wraparound connection is referred to as a
ring. A ring is called a cycle and is denoted by Cn in graph theory.

3) Completely-Connected Network. In a completely connected network,
each processor has a direct communication link to every other processor in
the network. A completely connected network is called complete graph and is
denoted by Kn, which has n vertices, in graph theory.

4) Star-Connected Network. In a star-connection network, one processor
acts as the central processor. Every other processor has a communication link
connecting it to this processor. A star-connected network is named star and is
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denoted by K1,n in graph theory.

5) Two Set Completely-Connected Network. A two set completely con-
nected network, has two sets of processors. Each processor in one of these sets
has a direct communication link to every processor in the other set. A two set
completely-connected network is called complete bipartite graph and is denoted
by Kq,n which has q+n vertices, in graph theory.

6) Hypercube Network. A hypercube is a multi-dimensional mesh of proces-
sors with exactly two processors in each dimension. A n-dimensional hypercube
consists of p = 2n processors. A hypercube is denoted by Qn in graph theory.

7) Mesh Network. The two-dimensional mesh is an extension of linear
array to two dimensions. In a two-dimensional mesh, each processor has a direct
communication link connecting it to four other processors. If both dimensions
of mesh contain an equal number of processors, then it is called a square mesh;
otherwise it is called a rectangular mesh. In graph theory, a two-dimensional
square mesh is defined as Pn × Pn and a rectangular two-dimensional mesh is
defined as Pq × Pn where the Cartesian product of two graphs is denoted by
×[2].

8) Tree Network. A tree network is one in which there is only path between
any pair of processors. In a complete binary tree network, all internal processors
have two children and all leaves are at the same depth. A complete binary tree
is denoted by Th in graph theory where h is the height of the tree.

3. Hypercube Graphs as Model of a Boolean Function

A hypercube graph is a multidimensional mesh of vertices with exactly two
vertices in each dimension. An n-dimensional hypercube consists p = 2n ver-
tices. A hypercube graph can be recursively constructed as follows: a single
vertex is a 0-dimensional hypercube graph. 1-dimensional hypercube graph is
constructed by connecting two 0-dimensional hypercube graphs. In generally a
(n+1)-dimensional hypercube is constructed by connecting the corresponding
vertices of two n-dimensional hypercube. In this paper, n-dimensional hyper-
cube network consider as a hypercube graph and it is denoted by the graph Qn

. Also, various graphs ca be embedded into the hypercube graphs Dundar [7],
[5], [6], [4], [3], Freider [8]. Some of the important properties of a Qnhypercube
are as follows:

i) Two vertices are connected by an edge if and only if the binary represen-
tation of their labels differs at exactly one bit position.

ii) In a Qn each vertex is connected to n number other vertices.
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iii) A Qn hypercube graph can be partitioned into two Qn−1 sub cubes as
follows: Select a bit position and group together all the vertices whose labels
have a zero at the selected position; all of these vertices make up one partition,
and the remaining vertices comprise the second partition. Since vertices labels
have n bits, n such partitions exist.

iv) The vertex labels in a Qn contain n bits. Fixing any k of these bits, the
vertices that differ at the remaining n-k bit positions form a (n-k) -dimensional
sub cube composed of 2n−k vertices. Since k bits can be fixed in 2k different
ways, there are 2k such sub cubes.

v) Consider the labels s and t of two vertices of in a hypercube graph Qn.
The total number of bit positions at which these two labels differ is called the
Hamming distance between them. Replacing the each combination of binary
variable labels by its decimal numbers equivalent is a useful way of representing
of a Hypercube graph.

Let xi be elements of the set 0,1 and f be a function of xi, it is denoted by
f(x1, x2, ..., xn). The function f(x1, x2, ..., xn) is named Boolean function. A
Boolean function or switching function can be modeled by a hypercube graph
whose vertices represent the processors and whose edges represent the links of
hypercube network. Every vertex of n-dimensional hypercube Qn is marketed
by n bit unique binary code. This cube has the coordinates k1, k2, ..., kn. The
value of coordinate ki is 0 or 1, for all i. In such coding of the vertex the
neighbor vertices of n-dimensional cube are marked by n bit neighbor codes.
Two n bit codes are called the neighbors if and only if they differ by the value
of one bit. For example the codes 0110 and 0100 are neighbors. For the exact
definition of a certain edge of cube it is sufficient to set the exact values of two
respective coordinates For the vertices 000 and 001, cube has 00* edge, where
* is called “do not care symbol”. In such notation, the value of the coordinate
ki stands on i-th position of Boolean expression that provides its unambiguous
interpretation. The algebraic expression of whatever figure will call the vector
of values of the coordinates. Then, ki ∈ {0, 1, ∗} for all i=1,2,. . . ,n. Including
the values of m do not care coordinate, expresses the figure that is called m-
cube. A vertex is 0-cube, an edge is a 1-cube, and a quadrangle is 2-cube.
Using the above information, we show the n variables Boolean function as a
sub graph of hypercube Qn. Let this sub graph be Qn

∗.

4. The Minimization of Boolean Functions
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Using Hamiltonian Cycles

Given a graph G, its adjacency matrix is denoted by A=[aij ] and is given by:

A =

{

aij = 1 if edge (vi, vj) exists in G ,

aij = 0 if edge (vi, vj) does not exist in G .

This matrix shows the relation of between vi and vj vertices. Adjacency
matrix of the graph G with n vertices is order of n2.

A cycle of a graph G containing every vertex of G is called a Hamiltonian
cycle of G. A graph G is defined to be Hamiltonian graph if it has a Hamiltonian
cycle Christofides [2], Lesniak [10]. There is no easy test to determine whether
a given graph is Hamiltonian. In fact, determining whether an arbitrary graph
has a Hamiltonian cycle is a standard example of an NP-complete problem.
But, it is prove that the Hypercube graph Qn is a Hamiltonian graph.

Each n variable Boolean function can be modeled as sub graph of n-dimension
hypercube graph Qn. We denote this graph by Qn

∗. In there, we offer a tech-
nique that it finds out largest Hamiltonian cycles and with the minimal number
of the graph Qn

∗. This algorithm uses any Hamiltonian cycle algorithm as name
is algebraic method, enumeration method or multi-path method [2]. It finds the
Hamiltonian cycles with the number of vertices 2m (m=n-1, n-2,...,2) according
to Karnaugh map rules. Every Hamiltonian cycle is a sub cube of the Qn

∗

hypercube graph that it models of the given Boolean function. This algorithm
uses the adjacency matrix of the graph Qn

∗.

Algorithm. Step 1. Let the number of the variables of Boolean function
be n. This number n shows the dimension of the sub hypercube Qn

∗.
Step 2. For m=n-1 to 1
Step 3. V0 = ∅
Step 4. Select a set with 2m vertices. This set be Sm. Find any Hamiltonian
cycle with 2m vertices using an HC algorithm. Put the vertices of the Hamil-
tonian cycle into the set Vm

Step 5. Print Vm. Write the a prime implicant from this Vm set.
Step 6. V0 = V0

⋃

Sm

Step 7. if (V0 6= V (Qn)) go to Step 4
Step 8. Repeat
Step 9. Stop.

Example. In the following we apply our method for the given Boolean
function F(A,B,C,D).

F (A,B,C,D) = ĀB̄C̄D̄ + ĀB̄C̄D + ĀBCD + ĀBC̄D + ĀBCD̄ + AB̄C̄D̄

+AB̄CD̄ + ABC̄D̄ + ABC̄D + ABCD̄ + ABCD,
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Figure 1: The subgraph Q∗

4

F (A,B,C,D) = (0, 1, 4, 5, 6, 8, 10, 12, 13, 14, 15)10 ,

F (A,B,C,D) =
∑

(0000, 0001, 0100, 0101, 0110, 1000, 1010, 1100,
1101, 1110, 1111)2 .

A adjacency matrix of the subgraph Q4
∗ is:

A =







































0 1 1 0 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 0
1 0 0 1 1 0 0 1 0 0 0
0 1 1 0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 0 1 0
1 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 1 0 0 0 1 0
0 0 1 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 0 0 1
0 0 0 0 1 0 1 1 0 0 1
0 0 0 0 0 0 0 0 1 1 0







































.

Respectively the rows and the columns of this matrix are the vertices of the
subgraph Q4

∗

For this function dimension n=4. This graph do not contain any Hamilto-
nian cycle for m=3.
For m=2, Hamiltonian cycles and its minimal forms are in the following list:

0,4,12,8,0 and its minimal form is **00.

12,8,10,14,12 and its minimal form is 1**.

0 12,13, 15,14, 12 and its minimal form is 11**.

0,1,5,4,0 and its minimal form is 0*0*.
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4, 12, 14,6,4 and its minimal form is *1*0.
Then the minimal form of function F(A,B,C,D) equals to C̄D̄+AD̄+AB+

ĀC̄ + BD̄.

5. Conclusion

This method find the prime implicants and real prime implicants of given
Boolean function, using the Hamiltonian cycles of the sub hypercube graph
Qn. Finding of a cycle 2k vertices and the number of these cycles must be mini-
mum are similar Karnaugh map. Finding results according to other techniques.
Also, we work to find out these implicants from the adjacency matrix of graph.
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