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Abstract: In this paper, we prove the uniqueness and stability of solutions

and the continuous dependence on parameter variables for parabolic problem

9u = 2 (a(u)Z¥) + f(z,t,u), (z,t) €QxI,
u(z,0) = @(z), €N,

w(0,8) = p(t), u(l,t) =q(t), tel.
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1. Introduction

In the study of heat diffusivity of the Arctic ice, spatially one-dimensional
nonlinear parabolic equations need dealing with, i.e. the following problem

G = (a3 + flz,tu), (a,6)eQx],
u(z,0) = ¢(x), z €Q, (1)
U(O,t) = p(t)¢ u(lvt) = q(t) tel,
where a(u) = a — bu is the heat diffusivity,a,b € Ry; I = [0,7] is time and
2 =10,1] C R is the smooth domain; f,®,p, q are the smooth functions
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Differential theory for parabolic equations is an object of longstanding in-
terest. For the recent developments in parabolic theory we refer to (see [3], [5],
[1], [2], [4], and so on). However, «(u) included in all the above papers are
constant functions or not explicitly dependent on u, which certainly restricts
the range of applications of solution theory. In this paper, based on the sea
ice model, we employ the integration to deal with the parabolic equations with
a(u) linear dependent on wu.

The paper is organized as follows. In Section 2, we introduce two lem-
mas whose results will be used in the proof of theorems. Next, we give the
uniqueness, stability and continuous dependence by the method to integration
for problem (1). We draw conclusions in Section 3.

2. Main Results

Throughout this paper we assume u € C%(Q x I) and u(z,t) is bounded for
every (z,t) € Q x I; ||-]| denotes the norm in R; f is Lipschitizian in u, namely,

1(f (2,8, u1) = fz,tu))|| < M Jur —usl[, M > 0.

Lemma 1. Fort e I, uc C?(Q x I), it is obvious to obtain the following
results:
(i) let J(t) = [, u®(z,t)dx, then J'(t) = 2 [, udtdx;

(i) assume a( )=a—bu,a,b€ Ry, then HM

LieR,.

Theorem 2. For fixed a,b € Ry, a(u) = a — bu, assume that (1) exists
solutions, then the solution is unique.

Proof. Let wuj(x,t) and ug(z,t) be the solutions of (1), then it is obvious
that t=u; — uo satisfies the following equations:

ou 0 ouq Oug
% or (a(ul)% - a(“Q)a) + flx, t,ur) — f,t, u2),

(z,t) e Qx 1, (2)

with the initial value
u(x,0) =0, z €, (3)

and the boundary conditions

w(0,t) =0, w(l,t)=0, tel. (4)
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Let J(t) = [, @ (w,t)dz, according to Lemma 1, (2), (3) and (4), we have

J'(t) = z/ﬂa <a£ (mw% - MW)%) + f@tu) — f@:,t,@) dx

X

_ —2/Q (mg% —a(uQ)%> %d —|—2/Q(f(:c,t,u1) ~ F(@ot, u)) Tda

According to || f(z,t,ur) — f(z,t,u)| < M||luy —usz|| = M ||| and a(u) =
a — bu, we get

o Our Ouz | Ou
J'(t) < 2/Q <a(u1) o a(ug) o dx-i—?/ M ||@l| ||z dz

ou\ 2 Ouq Oug —2
= —2a — | dx+2b Ul —— — Ug—— —da:—i—QM u-dzr
qQ \0x Q ox Ox ) Oz Q

_0*u o*u
= 2a Quwdaz—b 82(U1+U2)d$+2MJ()

Based on the integration by parts, J'(¢) can be rewritten by
/ _8%
J(t) = Q(Oé(ul) +a(uz))uﬁdx+2MJ(t)

— —/Q(a(m)Jra(m)) <%>2daz—/ﬂa(a(ul)az a(u2))gﬁ—dx+2MJ()

Due to the positive heat diffusivity, we arrive at that

a— 2
[ (atwn) +au) (1) as=o.
Therefore,

, 0 (a(uy) + a(uz)) 0u
J(t)g—/ﬂ 8—ud:1:+2MJ()

Oz z
1 [ (afu1) + a(uz))
= _ u 2M
: /Q U wdz + 2MJ(t)
< 1/ 0?a(uy) n 0%a(uz)
-2 [¢) 8%2
In terms of Lemma 1, let L = L1 + 2M, then we have

Ox?
J(t) <L / widr = LJ(t).
Q

) Tidx + 2M J(t).
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Therefore, J'(t) < LJ(t), i.e. J'(t) — LJ(t) < 0. We multiply both sides of the
inequality by et

J(t)e= M~ Ly(1)e = % (J()e ™) <.

Integrating the above inequality on [0,¢], ¢ € I, then

J(t) < J(0)e = 0.

Considering that J(t) > 0, we have
J(t)=0.

Hence w%(x,t) = 0, i.e. u; = up. That is to say that, the solution of (1) is
unique for fixed a,b € R. O

Theorem 3. Fort € I, a(u) = a —bu, a, b € Ry, let uj(x,t) and
us(x,t) be the solutions of (1) corresponding to different initial values ®1(x)
and ®y(z), respectively. The solution of (1) is stable, i.e. ||®1(z) — Pa(x)| < 6,
then |lu; — uz|| < e.

Proof. Similar to the proof of Theorem 2, let L = L 4+ 2M, we obtain
J(t) < J(0)eM < et [, 6%dx < e [, 6%dx, which yields [|u; — us|| < e. O

Lemma 4. FortcI,u € C*(QxI), let oy = a3 —bu, as = as — bou and
ui(z,t), uz(z,t) be the solutions of (1) corresponding to a = a1 and a = ag,
respectively, © = u; — u9, then:

. _ .52 2
(i) Jo a5 + G)| do < Lo,

(11) fQ‘ 8%u u%+ug

022 2 dzx < L3,

(iii) [, HEQ% dz < Lu,
where a1, b1, ag, ba, Lo, L3, Ly € R

Proof. uy(x,t) and us(x,t) are the solutions of (1), so ui(z,t) and us(z,t)

are bounded. Because u € C?(Q x I) and HH(%Z"; + ‘982;‘22) ‘ < | - (H%qu; +
H%quf ), there exists a constant % € Ry such that ‘u(%gx"; %2;‘22)‘ < %

Therefore, we prove that (i) holds. A similar process is considered, one can
obtain (ii) and (iii). O
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Theorem 5. Let oy = a1 — bju, ag = ag — bou and uy(z,t), uz(x,t) be
the solutions of (1) corresponding to o = a and o = qua, respectively. Assume
HCL1 — (IQH < 5, ||b1 — b2|| <mn, al,ag,bl,bg € RJr, then Hu1 — UQH < E.

Proof. @ = uy — ugy satisfies the above (3), (4) and the following equation:

ou 0 ouy Oug
or

azagmgg_@_)+ﬂ%mm—ﬂamm,wwenxL<a

Let J(t) = [, u*(x,t)dz, then, we get

0 8u1 8uQ
J()—2/ <8m< 15 ~ 025" >—|—f(:vtu1) f(m,t,w))da:
B ouq Ous \ Ou
__2/ (al Ox 283:) 8md$
b2 [ @(fletn) - fo ) do. (O
Q
In terms of ||(f(x,t,u1) — f(x,t,u2))|| < M |Jur — uz||, (6) can be rewritten by

8U1 OUQ
/ < _ bt S
J(t) < 2/Q<oqa$ 25 > d+2M/

According to a; = a1 — bju and as = as — bou, then we get

ou ou ou ou ou
J'(t) = _2/9 <a18—; - aga—; - <b1u1 a; — bouy a;)) o+ 2M (1),

In addition,

. 8u1 8u1 OUQ OUQ 8u1 OUQ
—(al—ag)—m—i-ag(—m——)—I—(al—ag)—m—i- <%—%>,

and 2 (blul — bousg %“2> can be written in the same way. So

O*uy  O*u
J(t) = (a1 + ag) / U 2d:1: + (a1 —(12)/ <8x21 + o 22> dz
O*uut + u2d (b + bg) 82

F2MIE) = (= b) [ 555 - T

(U1 + UQ)d
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62
§5L2+77L3+/<a1+a2—(b1+bg)w> 82dl‘+2MJ()
Q
Note that
ur +u U — U
—(by + 52)(1722) = (b — bﬂ% — byuy — bous,
then
b1 - b2 _28 U
"(t) = — —d 2M
J(t) 5L2+T]L3+/Q(Otl+0é2) O de 5 8%2 T+ J()
o\ >
< 6Ly +nLs+nly/2 — — | (1 +ag)dx
) 83:
g“ ; (o1 + az) dz + 2M J ()
< 6L+ Ly +nLa/2 + - / O (a1 + a0) do + 2MI(1)

< 8Ly +nLs+nLy/2+ Ly / widx + 2M J(t).
Q

Let Ly + 2M = L, therefore we have J'(t) — LJ(t) < Lo + nLs + nLy/2.After
integrating the above inequality, we get

J(t) < (6Ly +nLz +nLa/2) (" — 1)/L
< (0Lg +nLs +nLy/2) (¥T —1)/L, te[0,T].

It follows that |lu; — us|| < e. O

3. Conclusion
In summary, we have shown that the solution of the nonlinear parabolic equa-

tion with a(u) dependent on u is unique, stable and continuous dependent on
the parameter variables.
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