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KINEMATICS OF THE TURN OF WHEEL VEHICLE
WITH ACCOUNT OF THE DEFORMATIONS OF
THE TIRES AND THE INFLUENCE
OF THE SUSPENSION
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Abstract: Generalized relations for determination of the parameters of the
turn of wheel vehicle with account of the deformation of the tires and the
influence of the suspension are suggested. As a particular case the well-known
from the theory of automobile, tractor and truck formulae are obtained.
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The kinematics of the turn of wheel vehicle with rigid wheels and with wheels
which possessing the behavior transversal sweeping in the theory of the auto-
mobile, tractor and truck is sufficiently thorough investigated. Simultaneously
the rates of deformations of the tires and the changes in the machine as result
of the influence of the kinematical parameters of the suspension are not taken
into account.

The purpose of the resent work is an analysis of the kinematics of the turn of
the wheel vehicle to be made, taking into account the deformations of the tires
and the changes of the position of the axles and the hull under the kinematical
parameters of the suspension.
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On Figure 1 the projection in the plain of the road 7 of wheel vehicle 4 x 2
with dependent back suspension is shown. The belonging to the respective
element is denoted by indexes “;” and “3”. The indexes “” and “.” denote
the belonging to the left or right suspension. Bj are the intersection points
of the straights of the greatest slope of the longitudinal plains of symmetry
of the wheels, crossing through the point Oy, with the plain of the road. B
denotes the position of the centers of the contact trace after deformation of the
wheels: longitudinal — 7,, and transversal — &, measured in the plain of the
road (index “,”); with respect to the longitudinal plain of symmetry of the
wheels. C), is the projection of the gravity center of the vehicle on the plain of
the road. Right-oriented coordinate system Oxyz (fixed, with initial point in
the intersection of the left blade axe with the plain of the road in rated position)
is the same as in [1] and [2]. Further all coordinates are expressed relatively to
this coordinate system.

It is accepted that the position of the wheels and the hull relatively to the
coordinate system Ozyz is known which defines the coordinates {z¢,yc, 0} of
the gravity center C' of the machine.

D1y and Dy, are the projections in the plain 7 of the points Dy; and
D1r which are the intersection between the axes of the wheels with their blade
axes (they determine the defined in [1] distance Dy;Dy,). Diy, is the denoted
projection in the plain 7 of the middle point Dy of the vector 575 = Du_bl,_.
Point Do, represents the projection in the plain 7 of the middle point D; of
the vector E_; = Ole_OkQT which defines the back axle. The coordinates of the
points Dy and Dy could be calculated by the following relations:

Obl = Ol_ju + 0.544, Obl = Oékgl + 0-5Ok2106k2r . (1)

The coordinates of the points Dy, and Dy, could be defined by the help of
vectors OD1,, and ODsy,,

OD1y, = {OD1;,0D1,,0},  ODay = {ODay, ODay, 0} . (2)
The vector d and its projection cfw, respectively
d=0D, — 0Dy, dy = DyyDyy = OD1y — ODs,, (3)

defines the longitudinal axe of the driving system. The angle of rotation in
respect to the rate position is defined by

Yy = arctan (dy/dy) . (4)
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The vertical plain trough the vectors d and Jw crosses the road plain in a
straight line d,,, whose equation is

dy =y — (dy/dw)m + (dy/d:v)xD2 —yp2=0. (5)

The angles 6/,, 0}, and 6 are the angles of rotation in the road plain 7 of
the right and left dirigible wheel and the back axle under the influence of the
kinematical parameters of the suspension. The other symbols are the same as
in [2].

In the theory of the automobile, tractor and truck the Ackerman statement
that for any vehicle with rigid wheels the normal to the plains of rolling of the
wheels must intersect in one point.

The equations of the straights aq; and ay,, which are the intersection of the
plain of the left, respectively right, dirigible wheel with the plain 7 (Figure 1)
and the straights through the points Bjy; and Bpy, perpendicular to them by;
and by, are, [1]:

ayy =Y + (Nueyz/Nueyy)® — (Nueye/Nueyy)True) — YBrki)

buey =¥ — (Nu)z/Nueyy)® + N1y /Nu)2)TBr1i(r) — YBr1ir)
=0, (7)
where Nyj(;),, Nyj(r)y, are the coordinates of the vectors of the axes of the wheels

N, and N,; Tp1y(r) a0d Ype1y(r) are the coordinates of the points Byy and By,
The line ¢y, which pass through the points By, and Byo,., has the following
governing vector and equation:

ok, = OByar — OByay,
Cop =Y — (c2ky/02kz)x + (CZky/Cka)xkaI — Yokt = 0.
By dependent suspension of the back axle this straight coincides with the

projection of its axe in the plain 7. ¢/ is the angle defined by the rotation of
the back axle. From (7) it follows that it is

(8)

05 = arctan(cogy/Coky) - 9)

The straights by; and by, intersect each other in the point M}, whose coor-
dinates are

Ttk = Alr - All
(Nlry/Nlrx) - (Nlly/Nll;B) ’
N A A (10)
1r r
Ymk = Y : s - Al?’ )

B Nirz (Nlry/Nlrx) - (Nlly/Nll;B)
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Figure 1

Ny Nir
where Ay = F 2 Tok1 — Yor1t, Arr = F- Tokir — Yokir-

From the assertion of Ackerman it follows that the point My should lie on
the straight cof. It is known that the steering wheel trapezium cannot fulfill this
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requirement. Therefore the intersection points of by; and by, with the straight
cor, M; and M, have coordinates

ea = Ag — Ay
(cory/C2ka) — (N11y/Nutz)’ (11)
S Ao — Au A,
Cakz (Coky/Coke) — (N1iy/Niiz)
M Agg — Axr
(CZky/Cka) - (Nlry/Nlr;r) ’ (12)
YMr = C2ky A2k - Alr _ A2
Coka (C2ky/c2k;r) - (Nlry/Nlrx) ’
Cowy

where Aop = T Tpwar — Yowt-
The line m, passing through point My and D, has the governing vector

and equation as follows:

M = MyD1y = OD1y — OMj,

(13)
m=y— (my/mg)x + (my/mg)xrme — ymr = 0.
It crosses c9p in M and its coordinates are
Ty = A2k - Am
(Caoky/Coka) — (my/my)’
(14)
_ Coky Ao — Ay A
M — — A2k

Coka (CQky/CQkx) - (my/mx)

where Am = z—:l‘Mk — YMk-

As it was mentioned above, the Ackerman assertion is fulfilled when the
points M}, M; and M, coincide with the point M.

The straight line m defines the average angle of turning 6, ,, of the dirigible
wheels in the road plain, when the deformations of the tires are not taken into
account. So,

0., = — arctan (my/my) . (15)

av,m

For determination of the kinematical parameters of the turn when the
changes of the position of the axles and hull are taken into account, a straight
line d;,, through the projection of the gravity center C, on the plain of the road
parallel to the straight d,, is constructed with governing vector and equation,
respectively

dl, = {dy,dy, 0}, d') =y — (dy/dp)z + (dy/dp) e — ye = 0. (16)
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The straight d, crosses {s,, which represent the projection on the road
plain of the straight £5. ¢, crosses through the points Dq; and Dy,., its governing
vector is /5 and its equation is

low = Yy - (gsy/gsx)aj + (Esy/gsx)xDll —ypu =0, (17)
The coordinates of the point D}, are
D = Ad/w - Asw
b (dy/dx) - (Esy/gsz) ’
(18)
yDll g @ Ad/w — Asw — Adl
Y dy (dy/dy) = (bsy/lsa) o
d ls
where Ag,, = ﬁdjc — Ye; Asw = ﬁalelw — YDllw-
The coordinates of the cross point D, of straights d), and cy, are
T Aok, — Adrw
Y (cory/Cokz) — (dy/ds)’
(19)
YDiow = Coky AQk - Ad’w — Ay
Y ok (Cany/Coka) — (dy/dy) ’
The vector m/, which coordinates are
m' = MD},, = OD},, — O}, (20)
is a governing vector of the straight m/, given by equation
m' =y — (my/m)x + (my,/mi)eae — yamr = 0. (21)
The straight m’ crosses cgy, in point M’, the coordinates of which are
Ty = A2k - Am/
(cay/c2a) — (my,/mi)
(22)
g = 22 Ao = A — Agpp
Cog (C2y/c2:c) - (mly/m;c) ’
m/
where A, = —Fonke — Yk
. o) m!, .
The angle of turning of the vector 7’ is 6/ , = — arctan ™ If a comparison
with the angle 67, ,,, (equation (15)) is made, in the analysis of the kinematics

of the turn with account of the kinematics of suspension ¢/ , has the meaning
of average angle of turning of the dirigible wheels in the road plain 04, , i.e.

’ _
av,e — Ym! —

(23)

— arctan (m/,)/m,, .
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The radius of the turn of vehicle with rigid tires, with account of the kine-
matics of suspension is
R =M'D;, . (24)

It follows from the triangle AM’'D}, Dj,, that

R' = Dy, Ds, [ tan(£ Dy, M' D)
= (D Dy + D3y, Dy)/ tan(£ D5, M' DY) - (25)

From the triangle AM'D!,, Di . it follows

2w?

£ Dy, M' Dy = b5 = P

26
D5, D, = M' Db, sin(05 — ) = Ry sin(0y — Pne) (26)

where the length M'D5, of the vector M’ béw, defined by the vector equation
M'D}, = OD,, — OM’, (27)
is denoted by Ry, i.e.
Ry = |M'Dy,| . (28)
The length of the vector
Déw_biw = O‘ﬁiw - O‘ﬁéw (29)

could be denoted by L' (the distance between the axles - longitudinal basis),
ie.

L' =Dy, D}, (30)
According to Figure 1, the angle

ZDéwM/Dllw = 9/ - ¢nw (31)

av,c

Finally, for the radius of the turn of wheel vehicle with rigid tires with
account of the kinematics of the suspension it is obtained the relation

_ L'+ Rysin(0h — vhnw)

/
i tan (eéw,c - 1/}nw)

(32)

The equation obtained represents generalized relation for determination of
the radius of turn of wheel vehicle with rigid tires with account of the kinematics
of the suspension. Is in (32) we replace ¢, = 0 and ,,, = 0 and neglect the



210 D.A. Katzov, D.A. Hlebarski

kinematics of the suspension, as particular case, the known from the theory

formula will be obtained 1
R =R= (33)

= —
tané’,,

where R is the theoretical radius of turn; L is longitudinal basis; ¢/, is the
average angle of turning of the dirigible wheels.

As consequence of the elastic properties of the tires, the centers of the
contact traces (the points By;, Bi,, By and Bs.) do not coincide with the
points By, Bwir, Bw2 and By, and the wheels are moving with angles of
transversal sweeping d1p, 01pw, 02 and dopy,. If the angles of deviating of the
speeds ¥} and 04 of points D}, and D5, of a vehicle with rigid wheels from the
direction of the vector cZ;w are

4(@’1’ d_{u) = 9(/111,0 - wnw )

-

(34)
4(”57 dw) = Hé - ¢nw )

than the angles of deviating of the vectors ¥, and U, of the same points with
a sweeping are

A(U:Slv déu) = Htlw,c - Q/)nw - /1 )

TS / / (35)
Here §] and ¢/, are the angles of transversal sweeping of the points D}, and

D}, from the front axle.

Because of the transversal sweeping, the center of the turn moves from point
M’ to Og, which is the cross point of the normal to the speeds of the wheels
and axles with transversal sweeping ¥Us1p, Usibw, Us2p, Usabw, Us1 and Ugs.

The radius of a turn with transversal sweeping (Figure 1) is

Rs = OsD},, - (36)
From Figure 1 it follows

Than from the triangles AO; D}, D}, and AOsD},, D5, the segments could
be determined

Dﬁleiw = Rstan (ZDZLwaDllw) s

38
D}, D), = Rstan (LD}, 0sD},,) . (38)
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Hence for the segment D), D}, = L' it could be written
I = Ry [tan (£ D}, 05D},) + tan (£ D}, 05 Db,)] - (39)
The angles D), OsD},, and D}, OsD}, can be defined by the relations

ngletsDiw = Htlw,c — Yrw — i >

40
£ D)y, Os Dby = 05—y — 05 . (40)

Having in mind the direction (clockwise is negative) for angle D}, OsD},,
is obtained

ADZLwO(SDéw = _(95 — Ynw — 5&) = 5& - 95 + Ynw - (41)

Finally, it is obtained for the radius of turn with transversal sweeping the
following equation
Ll
R/é = / ! ! / N
tan (9%,0 — Yy — 07) + tan (65 — 05 — )

(42)

The obtained generalized relation (42) describes the influence of the kine-
matics of suspension of wheel vehicle on the radius of a turn with transversal
sweeping of the tires. If we replace 1, = 0; 65 = 0, we receive the well-known
from the theory of wheel vehicles equation

L

R. — R: —
J * ™ tan (0., — 61) + tandy |

(43)

where §; and J are the angles of transversal sweeping for the front and back
axle, respectively.
The coordinates of the point D}, can be defined from the vector equation

OD4,, = 0D, + Db, D, (44)
where the coordinates of the vector Déw_bfxw are
Dby, DYy, = { Doy, Dy (dry /10y 1), Doy Dy (i /iy 1), 03 - (45)

Hence, for the coordinates of the real center of the turn Oy is obtained

005 = 0D, — OsD),,, , (46)
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where the coordinates of the vector Ogl_jflw are
O(;l_jﬁlw = {— R} sin ¢y, R cos Y, 0} . (47)

If we denote the distance D), C,, from point Dj, of the projection of the
back axle on the road plain to the projection of the gravity center C,,, measured
in the direction of the straight d/, by ¥/, it could be written

D}y, Cy = OC,, — ODY,, . (48)

Finally,
b = D3, Cul - (49)

For the distance R, from the real center of the turn Os to the point Cy, we
can write

R — \/ R + 1 — R} tan (6, — 0 + thu)]? - (50)

In particular, analogously to the given above, the following formula can be
obtained

R, = \/Rg2 + [b — Ry tan 022, (51)

which is known from the theory of the wheel vehicles. Here b is the distance
between the back axle and the gravity center.

The following vectors are connected with the coordinates of the point O
(equation (46)), the coordinates of the centers of the contact traces (By;, By,
By, Bs,) and the points D}, and D5,

Os By = OBy, — 005 = OBy + By By — 005,

N B B - N ° (52)
O(SBlr — OBlr - 006 = OBklr + Bkerlr - 0067
O35 By = OBy, — 005 = OBy + By Bay — 005, (53)
O5Bay = OBy, — 005 = OBja, + By Bay — 005,
O6D/1w = OD’lw — 00y, (54)

OsD},, = 0D}, — 005
The vectors of deformation of the tires for the presented on Figure 1 wheel
vehicle with back leading and front dirigible wheels are:

Bk‘ll(T;Bll(r) = {(€wri(r) S0 015y + Nuwri(r) cos 01y,.),
(—l‘iwll(r) Cos 931(7,) + Nwli(r) sin 9/11(r))7 0}, (55)
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Broi(ryBair) = {(Ewai(r) Sin 04 + oy () cos 05),
(_waZ(r) Cos 05 + Thw21(r) sin Hé)v 0} : (56)

Then, it follows for the angles of transversal sweeping of the tires d1p, d1pw, 020,
dopyw and the points D}, and D5, from the axles §] and &5

O1p = 9;) — arctan (—OgBllx/O(gBuy) ,

57

S1bw = Oy, — arctan (—OsB1,4/O5Biry) o

bop = 05 — arctan (—Og By, /O5Bayy) (58)
Sopy = 05 — arctan (—Og By, /Os Bary)

8y =0, — arctan (—O(sDilx/OaDllly) ) (59)

8y = 04 — arctan (—O5 D%, /Os Dawy) -

Finally, the following conclusions could be made:

1. The rate of the deformations of the tires and the changes due to the
influence of the kinematical parameters of the suspension are not taken into
account in the theory of wheel vehicles.

2. The suggested generalized relations allow determination of the kinemat-
ical parameters of the turn of wheel vehicles taking into account the deforma-
tions of the tires as well as the changes due to the influence of the kinematical
parameters of the suspension. The known relations from the theory of wheel
vehicles could be obtained from them as particular cases.
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