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Abstract: In this paper, a three-dimensional mathematical model is developed to simulate the flow pattern of molten steel in tundish vessels. The flow
in tundish is turbulent and the k − ǫ model is used to describe the turbulence of
the flow. The governing equations include the continuity equation, the NavierStokes equations and two transport equations for the turbulence kinetic energy
and turbulence dissipation rate. These equations are solved for the case of a
large scale industrial tundish using a numerical algorithm based on the Galerkin
finite element method. The effect of various system parameters and conditions
on flow behaviour is investigated.
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1. Introduction
In continuous steel casting, molten steel is poured from a laddle to a tundish
from which it flows to the casting mould where intensive cooling causes a thin
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solidification sheel to form around the edge of the mould. The behaviour of
fluid flow in tundish is crucial to the quality and productivity of the process.
The tundish acts as a reservoir and a distributor of the molten steel from the
ladle to the mould at a desired flow rate, temperature and uniform chemistry.
Moreover, nonmetallic inclusion is removed there by flotation.
Understanding of the flow pattern, temperature distribution and inclusion
particle movement in molten steel in tundish is important for optimizing the
design and control of the casting process. There have been significant efforts
to use mathematical model to simulate the flow phenomena of molten steel
in tundishs. A large number of publications studied the flow profile through
the use of Navier-Stokes equations and the standard k − ǫ turbulence model
[2, 9, 15, 16, 17, 18, 19]. Moreover a lot of efforts have been made to study
heat transfer in tundish [1] using a model coupling the flow equations and
the heat equation. The numerical results obtained from these mathematical
models were then used to investigate the influence of various flow control devices
[2, 4, 5, 6, 8, 10], and tundish configuration [14] on flow pattern in tundish to
optimize the design of the continuous process. Various mathematical models
have also been proposed to study the removal of nonmetallic inclusion in the
process [7, 9, 12, 13].
The aim of this paper is twofold: to develop a three-dimensional turbulent
mathematical model for simulating molten steel flow in tundish vessels, and
to investigate the influence of the nozzle inlet and outlet positions on the flow
behaviour so as to provide information for optimizing the configuration of the
tundish.

2. Boundary Value Problem
Assuming that the molten steel is an incompressible Newtonian fluid and the
temperature of molten steel only has very small variation in the vessel, the equations governing the velocity and pressure fields consist of the mass conservation
equation and the momentum balance equations, namely
ui,i = 0,
ρ



∂ui
+ uj ui,j
∂t



= −p,i + (µef f (ui,j + uj,i )),j + ρgi = 0 ,

(1)
(2)

where ui denotes the i-th component of the velocity vector of fluid, ρ represents the density, p is pressure, gi is the i-th component of the gravitational
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accerelation vector and µef f is the effective viscosity defined by
µef f = µ0 + µt = µ0 + ρCµ

k2
,
ε

(3)

where k and ε represent respectively the turbulence kinetic energy and the
turbulence dissipation rate; µ0 denotes the molecular viscosity of molten steel;
µt is the turbulence viscosity. k and ε in equation (3) are determined by the
following k − ǫ transport equations.


∂k
µt
ρ
+ ρ(uj k,j ) = (µ0 + )k,j + Gk + ρε,
(4)
∂t
σk
,j
ρ



µt
ε2
ε
∂ε
+ ρ(uj ε,j ) = (µ0 + )ε,j + C1ε Gk − C2ε ρ ,
∂t
σε
k
k
,j

(5)

where the parameter Gk is defined by
Gk = 2µt dij dij ,

(6)

where dij = 21 (ui,j + uj,i ).
The turbulence constants appearing in equations (3)-(5) have valued as
follows [14]: σk = 1.0, σε = 1.3, C1ε = 1.43, C2ε = 1.92 and Cµ = 0.09.
Equations (1)-(2) and (4)-(5) constitute a system of six partial differential
equations in terms of six unknown functions including the velocity components
ux , uy , uz , the pressure p, the turbulence kinetic energy k and the turbulence
dissipation rate ǫ.
To completely define the problem, we need to specify the initial and boundary conditions. Consider a typical tundish as shown in Figure 1. On the inlet,
the velocity of fluid injection is set to a constant. The turbulence kinetic energy
and the turbulence dissipation rate are also set to a constant, namely
u1 = u2 = 0,

u3 = uin ,

k = kin ,

ε = εin .

(7)

On the nozzle outlet, the pressure is constant and is set to zero, p = 0. On the
other boundaries, the boundary conditions for the solid walls are set by the law
of the wall, which is applicable for the velocity component parallel to the wall
and for k and ε according to:
s

ρCµ k2 ∂U
1 y
ln ∗ + C
,
(8)
U=
κ
l
ρε ∂n
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Figure 1: Tundish configuration, see [14]
where U is the velocity component parallel to the wall, κ is Kármán’s constant,
set to 0.41, y is the distance from the wall, l∗ is a typical lenght, and C is a
model constant set to 0.5 for smooth walls. The boundary conditions for k and
ε at the wall are also by the wall function set to:
k=

p

Cµ k2 ∂U
,
ε
∂n

1
ε=
κy



Cµ k2 ∂U
ε ∂n

 32

.

(9)

Equations (1)-(6) and boundary conditions (7)-(9) constitute a boundary
value problem for the determination of six coordinates and time-dependent
unknown functions (ux , uy , uz , p, k, ε):
Find ui , p, k and ε such that the field equations (1)-(2) and (4)-(5) are
satisfied in the computation domain Ω and all boundary conditions (7)-(9) are
satisfied.

3. Numerical Scheme
To solve the boundary value problem, firstly, the penalty function method is
used to weaken the continuity requirement (1) by the following equation:
uj,j = −δp,

(10)
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Figure 2: Finite element mesh with 7815 tetrahedrons and 1759 nodes
where δ is a small positive number. The effect of the penalization is simply to
relax the incompressibility condition (1). For more details on the mathematical
aspect of the method, the reader is referred to [11]. Thus, the pressure variable
can be eliminated from the system, overcoming the difficulty associated with
proper imposition of the pressure boundary condition. Hence, we end up with
a system of five partial differential equations in terms of five unknown functions
u1 , u2 , u3 , k and ǫ. To develop the variational statement for the boundary
value problem, we consider the following integral representation of the problem.
i
Find ui , p̄, k, ε ∈ H 1 (Ω) such that for all test functions wu , wp , wk and
wε ∈ H01 (Ω), all the Dirichlet type boundary conditions are satisfied and for
i = 1, 2, 3
(ui,i , wp ) = (−δp̄, wp ) ,
! 

 




µ
∂ui ui
1
i
i
ef f
ui
u
u
,w
(ui,j + uj,i
p̄,i , w
−
+ uj ui,j , w
+
,w
∂t
ρ
ρ
,j
= 0,



∂k k
,w
∂t





+ uj k,j , w

k



−



µt
µ0
)k,j
( +
ρ
ρσk



,j

,w

k

!

=




1
k
Gk − ε, w ,
ρ
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∂ε ε
,w
∂t



+ (uj ε,j , wε ) −



µt
µ0
)ε,j
( +
ρ
ρσε



=



, wε
,j

!


ε2 ε
ε1
Gk − C2ε , w , (11)
C1ε
kρ
k

where (·, ·) denotes the inner product on L2 (Ω), H 1 (Ω) is the Sobolev space
W 1,2 (Ω) with norm k · k1,2,Ω , H01 = {v ∈ H 1 (Ω)|v = 0 on Dirichlet type
boundary}.
By the finite element method, the variational boundary value problem is
posed into an N -dimensional subspace. The computation domain Ω is discretized into a finite number of elements connected by N nodes. Using the
Galerkin formulation, we obtain the following equations in matrix form,
C1T U1 + C2T U2 + C3T U3 = −δMp P̄,
M U̇i + AUi + Du Ui − C̄i P̄ = Fui ,
M K̇ + AK + Dk K = Fk ,
M Ė + AE + Dε E = Fε .

(12)

From equation (12), we have
1
P̄ = − Mp−1 (C1T U1 + C2T U2 + C3T U3 ).
δ

(13)

Thus, we can eliminate the pressure in the momentum equations to yield the
following system


1
−1 T
Ui = Fui ,
(14)
M U̇i + A + Du + C̄Mp C
δ
which together with (12)2−4 can be used to determine the velocity field and
consequently the pressure from (13).

4. Numerical Results and Discussion
In this work we study the flow phenomena of molten steel in a tundish with
dimension as described in Figure 1 and Table 1. Other system parameters are
as follows. The molten steel delivery velocity uin = 0.89m/s, the density of
molten steel ρ = 6996.775kg/m3 , the molecular viscosity µ0 = 5.55 × 10−3 Pa.s,
the delivery turbulent kinetic energy k = 0.0018154m2 /s2 and its dissipation
rate ε = 0.0025938m2 /s3 . [t]
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Figure 3: Top view of the nozzle positions for three different tundish
models: (a) Model A, (b) Model B and (c) Model C

To investigate the influence of the nozzle inlet and outlet positions on the
flow pattern, we design three different nozzle models A, B and C for three
different positions of inlet/outlet nozzles in a tundish as shown in Figure 3.
The dimension for design A is as follows: L1 = 3550 mm, L2 = 3160 mm,
W1 = 840 mm, W2 = 460 mm, H1 = 1140 mm, H2 = 850 mm, position of
shroud from the left of the tundish is 1105 mm, position of shroud from the
front of the tundish is 230 mm, position of SEN from the right of the tundish
is 1340 mm, position of SEN from the front of the tundish is 150 mm, height
below the shroud is 650 mm, radius of the shroud is 35 mm, radius of the SEN
is 25 mm, angle of inclination of the far side longitudinal wall is 9.46 deg. For
design B, the position of shroud form the left of the tundish is set to 385 mm;
the position of SEN from the right of the tundish is 1315 mm; and the position
of SEN from the front of the tundish is 215 mm. For design C, the position
of shroud form the left of the tundish is set to 900 mm; the position of shroud
from the front of the tundish is 385 mm and the position of SEN from the front
of the tundish is 215 mm.
Figures 4 show the velocity vectors and streamlines of molten steel in
tundish for designs C. To keep details to minimum, vector plots for designs
A and B are not presented here. Figures 5(a) shows the flow pattern in the
tundish of design A. There exists a smaller circulation zone on the left part and
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(a) Arrow plot of velocity field

(b) Streamline plot of velocity field
Figure 4: The velocity field of molten steel in the tundish of design-C:
(a) vector plot, (b) streamline plot
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(a) Model-A nozzle
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(c) Model-C nozzle
Figure 5: Velocity vector plot and streamline plot of molten steel in the
Oxz plane of the tundish for: (a) Model A design, (b) Model B design,
and (c) Model C design
a larger circulation zone on the right part of the inlet nozzle. Using a constant
inlet velocity of 0.89 m/s in the vertical direction, the plunging inlet jet goes
down to the bottom of the tundish and then it spreads to the left and the right
sides along the longitudinal wall. Then it ascends upwards along the wall to
the top free surface. It travels towards the top surface until it arrives to the
inlet jet plunging stream. Some part of the inlet plunging jet spreads toward
the right side and goes down to the outlet nozzle with speed of 3.2 m/s, while
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(a)

(b)

Figure 6: Contour plots of (a) the kinetic energy (m2 /s2 ) and (b)
the dissipation rate of kinetic energy (m2 /s3 ) on the Oyz plane of the
tundish for the model A design.
some part spreads over the outlet nozzle along the longitudinal wall for as long
as the transverse side wall. It then ascends upwards to the top free surface and
travels to the top surface and flows back to the inlet plunging jet. Thereby,
there exists a larger recirculation on the right part of the inlet plunging jet.
In this design the maximum velocity is 3.58 m/s at the outlet nozzle and the
minimum of velocity is zero at the bottom corner of the tundish.

(a)

(b)

Figure 7: Contour plots of: (a) The kinetic energy (m2 /s2 ), and (b)
The dissipation rate of kinetic energy (m2 /s3 ) on the Oxz plane of the
tundish for the model A design
For the tundish with the nozzle design B, there exists two recirculation
zones as shown in Figures 5(b). One of the recirculation zones is present on the
left side. Another recirculation zone is on the right part of the inlet plunging
jet. In this design, using the same inlet velocity of 0.89 m/s in the vertical
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direction, the molten steel goes through the outlet nozzle with a speed of 2.88
m/s. In the x-z plane the flow pattern is the same as the flow pattern in the
tundish having nozzle design A. The inlet and outlet nozzle in this design are
located at the central of the y direction, while they are located at the same
position as the tundish design A in the x direction. The maximum velocity is
2.88 m/s at the outlet nozzle and the minimum velocity is zero at the bottom
corner of the tundish.
For the design C, it can be seen that there exit three recirculation zones as
shown in Figures 5(c). Two recirculation zones are respectively on the left and
the right hand sides of the inlet plunging jet and another one is on the right
hand side of the outlet nozzle. The inlet velocity is also set to the same as that
in the other two designs. The molten steel goes through the outlet nozzle at
the speed of 3.27 m/s. The maximum velocity is also on the outlet position.
It is about 3.27 m/s and the minimum velocity is at the bottom corner of the
tundish.
Figure 6 and Figure 7 show the distributions of the turbulence kinetic energy
k and the dissipation rate ε. The values of k and ε are very high near the inlet
nozzle. Both turbulence variables decrease rapidly in the recirculation zone and
approach zero near the wall.
5. Conclusions
A Sophisticated mathematical model for simulating the turbulent flow in the
tundish has been constructed utilizing a k − ε turbulence model. Based on the
highly nonlinear model established, an efficient Bubnov-Galerkin finite method
has been developed and applied to study the turbulent fluid flow in the tundish
of the continuous casting process. The model is used to study the influence of
the nozzle position on the flow pattern and outlet velocity of molten steel.
The study shows that the highly turbulent flow region occurs only in the
upper region of the tundish. Toward the wall, the turbulent kinetic energy and
its dissipation rate decrease dramatically. Using different nozzle models A, B
and C, we obtain different flow pattern of molten steel with outlet velocities of
3.58 m/s, 2.88 m/s and 3.27 m/s, respectively.
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Zachaias, Mathematical simulation of influence of buoyancy force on the
molten steel flow in a continuous casting tundish, Modelling Simul. Mater.
Sci. Eng., 8 (2000), 781-801.
[4] P. Gardin, M. Brunet, J.F. Domgin, K. Pericleous, An experimental and
numerical CFD study of turbulence in a tundish container, Applied Mathematical Modelling, 26 (2002), 323-336.
[5] Pradeep K. Jha, Sukanta K. Dash, Effect of outlet positions and various
turbulence models on mixing in a single and multi strand tundish, International Journal of Numerical Methods for Heat and Fluid flow, 12, No. 5
(2002), 560-584.
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