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A NOTE ON THE DIOPHANTINE EQUATION x! + A = y2
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Abstract: In this paper, we study the variant of the Brocard-Ramanujan
Diophantine equation x! + A = y2. In fact, we consider the cases A = 4k + 2,
A = 4(k+1)+2, A = 4(k+1)+3, where k ∈ IN . We prove that the simultaneous
equations have a unique integral solution if and only if k + 2 is a square.
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1. Introduction

In [2] and [3], Brocard set the following problem: Pour quelles valeurs du nom-

bre entier x l’expression

1 · 2 · 3 · 4 . . . x + 1

est-elle un carré parfait?

In 1913, Ramanujan, see [14] and [15], posed the same problem as follows:
the number n!+1 is a square for n = 4, 5, 7, find other values. So the Diophan-
tine equation

n! + 1 = y2 (1)

is called the Brocard-Ramanujan Diophantine equation. Solving (1) is still an
open problem, see D25 in [9]. Contributing to the problem, Gerardin, see [7],
assumed that the equation (1) has no solutions for 7 < n < 25. His ideas were
used by Gupta, see [8], to prove that the equation (1) has no solutions except
the known solutions for n ≤ 63. In 1993, Overholt, see [13], proved that the
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weak form of Szpiro’s conjecture implies that the equation (1) has only finitely
many solutions. In fact, the weak form of Szpiro’s conjecture is a special case
of the abc-conjecture, i.e. there exists a constant s such that if a, b, and c are
positive integers satisfying a + b = c with gcd(a, b) = 1, then

|abc| ≤ rad(abc)s,

where rad(N) is the product of all primes dividing N taken without repetition.
In 2000, Berndt and Galway, see [1], used a computational method to show
that the Brocard-Ramanujan Diophantine equation has no solutions except
(n, y) = (4, 5) (5, 11), (7, 71), for n ≤ 109.

Recently, many variants of the Brocard-Ramanujan Diophantine equation
have been studied. In 1996, Dabrowski replaced 1 by A. In fact, he studied,
see [4], the Diophantine equation

n! + A = y2, (2)

where n and y are integers. He proved that if A is not a square then the
equation (2) has only a finite number of integral solutions. Also he showed
that the weak form of Szpiro’s conjecture implies that the equation (2) has
only finitely many solutions if A is a square. Using the same method, Dufour
and Kihel, see [5], proved that the weak form of Hall’s conjecture (a special
case of the abc-conjecture) implies that the equation (2) has only finitely many
solutions. The weak form of Hall’s conjecture states that for every ε > 0, there
exists a constant Cε depending on ε > 0 only such that if x, y, and k are integers
satisfying y2 = x3 + k, then

max(|x3|, |y2|) ≤ Cε|k|
6+ε. (3)

Also they proved that if the integer A is not a q-th power of an integer, with n

and y integers, then the equation

n! + A = yq, (4)

has only finitely many solutions. In [6], Erdös and Obláth showed that the
Diophantine equation

xd ± 1 = n! (5)

has no solutions with |x| > 1 and d ≥ 3 a prime. In [12], Luca proved that the
abc-conjecture implies that, for any P ∈ ZZ[X], the Diophantine equation

P (x) = n! (6)
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has finitely many solutions. In 2004, Kihel and Nwabueze, see [10], used p-
adic linear forms in logarithms to prove that any solution to the Diophantine
equation

P (n)n! + xq = yq, y odd, (7)

where P ∈ ZZ[X] is a polynomial of any degree, verifies

2n

n + 1
< y4000 log2(2) log2(q).

Moreover, they used a computational method to show that the Diophantine
equation

n

Π
k 6|n

k=1

k + 1 = y2, (8)

where
n
∏

k6|n , k=1

k is the product of all 1 ≤ k < n such that k does not divide n,

has only two solutions (n, y) = (4, 2), (5, 5), for n ≤ 105. Recently, Kihel and
Luca, see [11], studied more variants of the Brocard-Ramanujan Diophantine
equation.

In this paper, we consider the Diophantine equation (2) with particular
expressions of A. In fact, we study simultaneous equations of the type (2). We
show that these equations have a unique solution.

2. The Result

In [4], studying the Diophantine equation x! + A = y2, Dabrowski proved the
following proposition.

Proposition 1. Assume A ∈ IN is not a square. Then

x! + A = y2 (9)

has at most finitely many solutions in positive integers x and y.

Moreover, on page 323, after studying the case A = 3k + 2, he made the
following remark.

Remark 1. The other cases are more complicated. By a similar argument
we have that the equation (9) has ≤ 2 solutions for A = 4k + 3, and it has ≤ 1
solutions for A = 4k + 2.
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Let us consider simultaneously the following equations

x1! + [4(k + 1) + 3] = y2, (10)

x2! + [4(k + 1) + 2] = y2, (11)

and
x3! + [4k + 2] = y2. (12)

From Proposition 2.1 and Remark 2.2, these equations have finitely many so-
lutions and the number of solutions is at most 2. Let us specify that, in these
three above equations, the variable y is fixed. We obtain the following result.

Proposition 2. The simultaneous equations (10), (11), and (12) have a
unique solution in positive integers if and only if the number k + 2 is square.
Moreover, we have x1 = 1 or 0, x2 = 2, x3 = 3, and (k, y) = (u2−2, 2u), where
u ∈ IN \ {0, 1}.

Proof. The equations (10) and (11) give

x2! = x1! + 1. (13)

One can deduce from (10) and (12) that

x3! = x1! + 5. (14)

Finally, the equations (11) and (12) imply

x3! = x2! + 4. (15)

The equation (13) has only two possibilities that are
{

x1 = 0,

x2 = 2;
and

{

x1 = 1,

x2 = 2.

Therefore, it is clear that x3 = 3 in both cases. Replacing the values of x1, x2,
and x3 in (10), (11), and (12) for both cases, we obtain

y2 = 4(k + 2).

So y is even, say y = 2u. Moreover, k + 2 must be a square. Therefore, we see
that

k = u2 − 2.

As k is a positive integer, the smallest value of u is 2. So for u fixed, the
solution is unique because of Remark 2.2. This completes the proof of the
proposition.

We have the following remarks.
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Remarks 1. 1. We notice that there exist other values of the parameter
k for which each of the equations (10), (11), and (12) has solutions. We do not
consider these values in the present study.

2. The equation

x! + 505 = y2 (16)

has at least three solutions which are

(x, y) = (4, 23), (5, 25), (6, 35).

Here 505 = 4 ·126+1. Let us specify that we look the solutions to the equation
(2) for many values of A and the equation (16) is the only equation having at
least 3 solutions. Could we find another value of A such that the equation (2)
has at least 3 solutions?

One can see that we obtain a sequence depending on u.

u k 4k + 2 4(k + 1) + 2 4(k + 1) + 3 y

2 2 10 14 15 4
3 7 30 34 35 6
4 14 58 62 63 8
5 23 94 98 99 10
6 34 138 142 143 12
7 47 190 194 195 14
8 62 250 254 255 16
9 79 318 322 323 18
10 98 394 398 399 20
...

...
...

...
...

...
35 1223 4894 4898 4899 70

Table 1: Some numerical examples
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