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1. Introduction

Quasidifferentiable functions are an important class of nonconvex functions,
which are widely used in storage, contact, optimal design of electrocircuit and
so on. The study on necessary optimality conditions of constraint quasidif-
ferentiable programming mostly focuses on the case where the constraints are
finitely number of inequality and equality constraints, see for example, Gao
[2], Polyakova [3], Shapiro [6] and Uderzo [8]. In this paper, we will consider
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the necessary optimality condition of quasidifferentiable programming with an
abstract constraint, i. e., consider

min f(x) ,

s.t. x ∈ C,
(1.1)

where f : Rn → R is quasidifferentiable and C ⊆ Rn is a closed set.
In considering that C may not be convex, we will use the definition of

tangent and normal cone in the sense of Rockfellar and Wets, see Rockfellar et
al [4]. For convenience, it will be useful to have the notations,

xk −→C x ⇐⇒ xk −→ x, xk ∈ C,

C◦ := {v ∈ Rn | 〈v,w〉 ≤ 0,∀w ∈ C}.

In Section 2, some concepts and properties will be given which will be used
in the paper. And the necessary optimality conditions characterized by normal
cone for quasidifferentiable programming with an abstract constraint will be
discussed in Section 3.

2. Basic Concepts and Properties

Definition 2.1. (see Rockfellar et al [4]) Let C ⊆ Rn, x ∈ C. A vector
w ∈ Rn is regular tangent to C at x, written w ∈ T̂C(x), if for any sequence
tk ց 0 and any sequence xk −→C x, there is a sequence xk −→C x with
(xk − xk)/tk → w. The set of all the regular tangent vectors to C at x is
regular tangent cone to C at x.

Definition 2.2. (see Rockfellar et al [4]) Let C ⊆ Rn, x ∈ C. A vector
w ∈ Rn is tangent to C at x, written w ∈ TC(x), if

(xk − x)/tk −→ w, for some xk −→C x, tk ց 0,

the set TC(x) of all the tangent vectors to C at x is tangent cone to C at x.

Definition 2.3. (see Rockfellar et al [4]) Let C ⊆ Rn, x ∈ C. A vector
v ∈ Rn is regular normal to C at x, written v ∈ N̂C(x), if

〈v, x − x〉 ≤ o(|x − x|), ∀x ∈ C.

It is normal to C at x, written v ∈ NC(x), if there are sequences xk −→C x
and vk −→ v with vk ∈ N̂C(xk). We call N̂C(x) regular normal cone to C at x
and NC(x) normal cone to C at x.
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Definition 2.4. (see Rockfellar et al [4]) Let C ⊆ Rn, x ∈ Rn. C is
regular at x if NC(x) = N̂C(x).

The following proposition shows that a regular vector can be interpreted as
a normal vector of a “curvilinear supporting half-spaces” to C at x.

Proposition 2.1. (see Rockfellar et al [4]) Let C ⊆ Rn, x ∈ C, then

N̂C(x) ⊆ Rn is closed and convex. Moreover, v ∈ N̂C(x) if and only if there

is a smooth function h that achieves a local maximum relative to C at x and

∇h(x) = v.

Subsequently, some properties related to tangent and normal cone are listed,
see for example, Rockfellar et al [4].

Proposition 2.2. Let C ⊆ Rn, x ∈ Rn. Then:

(a) N̂C(x) = (TC(x))◦;

(b) If C is locally closed at x, i.e., there is a neighborhood V of x such that

V
⋂

C is closed, then T̂C(x) = NC(x)◦.

Proposition 2.3. Let C ⊆ Rn, x ∈ Rn, then the set-valued mapping

x 7→ NC(x) is closed.

Proposition 2.4. Let C ⊆ Rn, x ∈ Rn. If C is locally closed at x, then

the following properties are equivalent:

(a) NC(x) = N̂C(x);

(b) TC(x) = T̂C(x);

(c) NC(x) = {v | 〈v,w〉 ≤ 0,∀w ∈ TC(x)} = TC(x)◦;

(d) TC(x) = {w | 〈v,w〉 ≤ 0,∀v ∈ NC(x)} = NC(x)◦;

(e) 〈v,w〉 ≤ 0,∀v ∈ NC(x),∀w ∈ TC(x);

(f) N̂C is closed set-valued mapping at x relative to C.

In order to study the necessary optimality conditions of (1.1), some concepts
related to quasidifferntiable functions are recalled, see Demyanov et al [1].

Definition 2.5. Let f : Rn → R, x ∈ Rn. If f is directionally differen-
tiable at x, and there exist a pair of compact convex subsets of Rn, ∂f(x) and
∂f(x), such that

f ′(x; d) = max
v∈∂f(x)

〈v, d〉 + min
w∈∂f(x)

〈w, d〉, ∀d ∈ Rn. (2.1)

Then f is quasidifferentiable at x, and Df(x) = [∂f(x), ∂f(x)] is a pair of qua-
sidifferential of f at x. ∂f(x) and ∂f(x) are subdifferential and superdifferential
of f at x, respectively.
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Definition 2.6. (see Demyanov et al [1]) Let A, B ⊆ Rn be nonempty
convex compact and T ⊆ Rn be a full measure subset of Rn with the property
that the support functions δ∗(· |A) and δ∗(· |B) are differentiable on T . Define

A−̇B = clco{∇δ∗(x |A) −∇δ∗(x |B) |x ∈ T}, (2.2)

as Demyanov difference of A and B.

For convenience, ∂+̇f(x) := ∂f(x)−̇(−∂f(x)) is called Demyanov sum of
quasidifferential of f at x.

3. An Optimality Condition

Lemma 3.1. (see Rockfellar [5]) Let C ⊆ Rn be nonempty convex com-

pact and N ⊆ Rn be a nonempty closed convex cone. If C
⋂

N = ∅, then C
and N can be separated strongly.

Lemma 3.2. Let C ⊆ Rn be nonempty convex compact and N ⊆ Rn

be a nonempty closed convex cone. If C
⋂

N = ∅, then there exist α > 0 and

0 6= v ∈ Rn such that

〈v, x〉 ≥ α, ∀x ∈ C, (3.1)

〈v, x〉 ≤ 0, ∀x ∈ N. (3.2)

Proof. It follows from Lemma 3.1 that there is v ∈ Rn\{0n} such that

sup
x∈N

〈v, x〉 < inf
x∈C

〈v, x〉. (3.3)

In considering that N is cone, (3.3) can be written as

sup
x∈N

〈v, x〉 ≤ 0 < inf
x∈C

〈v, x〉. (3.4)

By supx∈N 〈v, x〉 ≤ 0 one has that

〈v, x〉 ≤ 0, ∀x ∈ N.

On the other hand, it follows from infx∈C〈v, x〉 > 0 and the real number theory
that there is α > 0 such that

inf
x∈C

〈v, x〉 ≥ α > 0,

i.e.,
〈v, x〉 ≥ α, ∀x ∈ C. �



AN OPTIMALITY CONDITION FOR... 297

Theorem 3.1. Let x be the minimizer of (1.1) and NC(x) = N̂C(x), then

0 ∈ ∂+̇f(x) + NC(x). (3.5)

Proof. Since x is the minimizer of (1.1), one has that

f ′(x;w) ≥ 0, ∀w ∈ TC(x). (3.6)

Moreover, it is from Song [7] that

δ∗(w | ∂+̇f(x)) ≥ f ′(x,w), ∀w ∈ Rn.

So, we have
δ∗(w | ∂+̇f(x)) ≥ 0, ∀w ∈ TC(x). (3.7)

Assume by contradiction that 0 6∈ ∂+̇f(x) + NC(x), i.e.,

−∂+̇f(x)
⋂

NC(x) = ∅.

Since NC(x) = N̂C(x), that is to say −∂+̇f(x)
⋂

N̂C(x) = ∅. From Proposition
2.1 one has N̂C(x) ⊆ Rn is a nonempty closed and convex cone. Applying
Lemma 3.2 to the convex compact set −∂+̇f(x) and the closed convex cone
N̂C(x), there are 0 6= v ∈ Rn and α > 0 such that

〈v, p〉 ≥ α, ∀p ∈ −∂+̇f(x), (3.8)

〈v, q〉 ≤ 0, ∀q ∈ N̂C(x). (3.9)

Formula (3.8) indicates that δ∗(v | − ∂+̇f(x)) ≥ α > 0, i.e., δ∗(v | ∂+̇f(x))
< 0, where δ∗(x |C) := min{〈x, c〉 | c ∈ C}.

On the other hand, we have from (3.9) and Clarke regularity that

〈v, q〉 ≤ 0, ∀q ∈ NC(x). (3.10)

Applying (d) in Proposition 2.4 to (3.10), that is to say v ∈ TC(x).
Now, we have a nonzero v ∈ TC(x) and δ∗(v | ∂+̇f(x)) < 0, which contra-

dicts with (3.7). Therefore, 0 ∈ ∂+̇f(x)+NC(x) and we complete the proof.

Corollary 3.1. Consider (1.1) under the assumptions that f is a convex

function and C ⊆ Rm is a convex set. If x is the minimizer of (1.1), then

0 ∈ ∂f(x) + NC(x), where ∂f(x) is the subdifferential of f at x in the sense of

convex analysis.



298 S. Chun-Ling, X. Zun-Quan, Z. Li-Wei

Acknowledgments

This paper is supported by the Foundations of Ph.D. Units of the Ministry of
Education Grant 20020141013, NSF of China Grant 10471015.

References

[1] V.F. Demyanov, A.M. Rubinov, Constructive Nonsmooth Analysis, Berlin,
Verlag Peter Lang (1995), 106-138.

[2] Y. Gao, Demyanov difference of two sets and optimality conditions of
Lagrange multiplier type for constrained quasidifferentiable optimization,
Journal of Optimization Theory and Applications, 104 (2000), 377-394.

[3] L.N. Polyakova, On the minimization of a quasidifferentiable function sub-
ject to equality-type quasidifferentiable constraints, Math. Prog. Study, 29

(1986), 44-55.

[4] R.T. Rockfellar, R.J.-B. Wets, Variational Analysis, Berlin Heidelberg,
Springer-Verlag (1998), 196-212.

[5] R.T. Rockfellar, Convex Analysis, Princeton, New Jersey, Princeton Uni-
versity Press (1970), 95-101.

[6] A. Shapiro, Quasidifferential calculus and first-order optimality conditions
in nonsmooth optimization, Math. Prog. Study, 29 (1986), 56-68.

[7] C.-L. Song, Results on Some Problems in Quasidifferentiable Analysis and

Optimization: Kernels, Convexificators, Optimality Conditions, Doctorate
Dissertation, Dalian, Dalian University of Technology (2005), 45-49.

[8] A. Uderzo, Quasi-Multipliers rules for quasidifferentiable extremum prob-
lems, Optimization, 51, No. 6 (2002), 761-795.


