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Abstract: In this paper we will introduce new types of tilings to abstract
sets and abstract topological spaces. The tilings of vector spaces and topolog-
ical spaces will be discussed. Also, the relation between tilings and cartesian
product of two topological spaces will be deduced. Theorems governing these
relations will be presented. The connection between foldings and tilings of
topological spaces are assigned.
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1. Introduction

The tiling topology is based on a simple idea: two tilings are close if after a
small translation they agree on the large ball around the origin (see [7, 10, 11]).
A set A ⊆ Rd, d ≥ 1, is called tile if it is compact and equal to the closure of
its interior. We will always assume that tiles are homeomorphic to topological
balls, although in some situations it is useful to allow disconnected tiles [1, 2,
9, 13].

The field of folding began with S.A. Robertson’s work, in 1977, on isometric
folding of a Riemannian manifold M into another N , which send any piecewise
geodesic path in M to a piecewise geodesic path with the same length in N , see
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[12]. More studies on folding of manifolds studies in [3-6] the relation between
tilings and folding are discussed in [8]. In this paper we introduce some types
of tiling abstract set and abstract topological spaces. The relations between
the product tiles and the product topological spaces are obtained.

2. Main Results

Recently, many types of tiling of manifolds defined and discussed, but in this
article we will deduce the tiling of abstract topological spaces.

Aiming to our study we will introduce the following definitions:

1) The tiling of a set A whose elements are n-dimensional manifolds is a
set B whose elements are neighborhoods of any points in the n-dimensional
manifolds. Then we have two cases:

(i) If every element of the set has the same dimension n, then the tiling is
a set containing one element, the dimension of this is n, i.e. A = {G1, G2, ...},
dim Gi = n then T1(A) = {a1, a2, ...}, ai homeomorphic to aj , dim ai = n, T1

can be written as homeomorphic to a topological ball of dimension n.

(ii) If every element in the set A of different dimension from the other,
then the tiling is a set which has n-different elements denoted by T1(A) =
{a, b, e} such that dim a 6= dim b 6= dim e, where every tile homeomorphic to a
topological ball of different dimensions.

2) The tiling of any topological space (X, τ) is either a topological space
(A, τA), such that A ⊂ X or a base βi of a topological space (X, τ).

Since the real one dimensional space and real two dimensional space do
really not exist in our life because no object have dimension one and no object
have dimension two.

Theorem 1. There is no real abstract set having a tiling subset of dimen-

sion less than 3.

Proof. From the concept of fractional dimension of a manifold, which intro-
duced by M. El-Ghoul in [5]. Then, really there are no one- or two-dimensional
Riemannian manifold. Consider the set A = {a, b, c, ...}, where a, b, c are any
objects, these object contain of R3, such that vola ⊂ R3, (vol ≡ 3 dimension
volume), volb ⊂ R3, volc ⊂ R3 and any other element α must contain subset
of R3, i.e really in our life there is no element of volume = 1 or of volume = 2.
Thus, the tiling of a real abstract set is a neighborhoods of any points of a real
abstract set whose dimension less than 3. Therefore, there is no real abstract
set having a tiling subset of dimension less than 3.
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Theorem 2. The tiling of abstract topological space (X, τ) will be either

a subtopological space or a base.

Proof. Let X = {a, b, c, ...} and τ = {X,φ, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}},
then (X, τ) is a topological space. Thus, if we take any subset A of the set X,
where A = {a, b} then τA = {A,φ, {a}, {b}} is a topological space which is a
tiling of (X, τ). Also, if the elements of the set X have different dimension
then the set {{a}, {b}, {c}} is a tiling of X, which is a base for the topology τ .
Moreover, if the elements of X have the same dimension then the tiling of the
set X is {a}, which is a subset of X, i.e A = {a} ⊂ X, then (A, τA) is a sub
topological space of (X, τ).

If X={a1, a2, ..., an} then we will arrive from the above theorem a sequence
of tilings which are topological spaces for A1 ⊂ X, such that t1 = (A1, τA1

),
is the induced topological space. Also, if A2 ⊂ A1, then t2 = (A2, τA2

), is the
induced topological space. Thus, if An ⊂ An−1, then tn = (An, τAn

), which is
a singleton topological space which is the minimum tiling. This leads to the
following theorems.

Theorem 3. The local tilings of (X, τ) induce a local equivalent foldings

of (X, τ) into it self.

Proof. Let (X, τ) is a topological space, we mean by local tiling is a tiling
of X only and a tiling only of τ and we will obtain the following sequences

Xt11−→
A1t12−→

A2t13−→
...t1n−→

{a}

τt21−→
τA1

t22−→
, τA2

t23−→
...t2n−→

τ{a}.

This system is equivalent to
Xf11
−→

A1f12
−→

A2f13
−→

...f1n
−→

{a}

τf21
−→

τA1
f22
−→

, τA2
f23
−→

...f2n
−→

τ{a}.

The above two systems of chains one equivalent to the last two systems of
foldings f1i, f2i, i = 1, 2, 3, ..., n.

Theorem 4. The global tilings of (X, τ) induce a global equivalent foldings

of (X, τ) into itself.

Proof. The global folding of any topological space (X, τ) is f : (X, τ) →
(X, τ) such that f(X, τ) = (A, τA) is not necessary a topological space but if
we consider the sequence of global tilings as a global foldings. Then we have
two equivalent sequences,

(X, τ)t1−→
(A1, τA1

)t2−→
(A2, τA2

)t3−→
...tn−→

({a}, τ{a}) and

(X, τ)f1
−→

(A1, τA1
)f2
−→

(A2, τA2
)f3
−→

...fn
−→

({a}, τ{a}),

i.e tn ≡ fn.
Corollary 1. The union of two tilings of abstract set or abstract topological

space is a tiling, but the intersection of any two tilings is not a tiling.
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Proof. Let A = {x1, x2, x3} be a set whose elements have the same di-
mension, say α, and B = {y1, y2, y3} be a set whose elements have the same
dimension, say β, then the tiling of A is t1 = {x} and the tiling of B is t2 = {y}.
Thus t1 ∪ t2 = {x, y} which is a tiling of A ∪ B. Also, if the elements of A and
B have different dimensions then t1 ∪ t2 is a tiling of A ∪ B. In the first and
second case t1 ∪ t2 =φ which is not a tiling.

Corollary 2. In the topological spaces with matrices, the union of tiling

is a tiling but the intersection of two tilings may be a tiling.

Theorem 5. In the topological space with matrix (Rn, τ) any tiling is not

a subspace.

Proof. From the following figure we have three cases:

The following tiles not subspaces, where any element of T1 has no inverse
of the element (a, b), any element in T2 has no identity and αA /∈ T3.

Corollary 3. Any type of tiling is not a subspace except the zero tiling of

zero space.

Now, let X = {a, b, c} and τ1 = {X,φ, {a}, {b, c}} then (X, τ1) is a topo-
logical space. Also, if Y = {d, e} and τ2 = {Y, φ, {d}, {e}}. Then (Y, τ2) is a
topological space. The cartesian product of the two topological space (X, τ1),
(Y, τ2) is (X × Y, τ1 × τ2), where

X × Y = {{a, d}, {a, e}, {b, d}, {b, e}, {c, d}, {c, e}},

τ1 × τ2 = {X × Y, φ, {(a, d), (a, e), (b, d), (c, d)}, {(a, e), (b, e), (c, e)}, {(a, d)}

, {(a, e)}, {(b, d), (c, d), (b, e)}, {(b, d), (c, d)}, {(c, e), (c, e)} .

Then (X × Y, τ1 × τ2) is a topological space. Thus, any tiling of the cartesian
product of two topological is defined for any dimension of the elements of the
X × Y .

Now, we are in a position to formulate the following theorem.
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Theorem 6. The tiling of cartesian product of two topological spaces

(X, τ1), (Y, τ2) is either a topological space (A×B, τ1×τ2), where A ⊂ X,B ⊂ Y
or a base for (X × Y, τ1 × τ2).

Corollary 4. The tiling of cartesian product of n topological spaces

(X1, τ1), (X2, τ2), ..., (X n, τn)is either a topological space

(A1 × A2 × ... × An, τ1 × τ2 × ... × τn),

where Ai ⊂ Xi or a basis for (X1 × X2 × ... × Xn, τ1 × τ2 × ... × τn).
Let (X, τ) be a topological space. A class βof open subset of X, i.e.

β ⊂ X is a base for the topology τ iff every open set G ∈ τ is the union
of members of β. Then the base for (X, τ1), where X = {a, b, c}, τ1 =
{X,φ, {a}, {b, c}}, is β = {{a}, {b, c}}. And the base for (Y, τ2), where Y =
{a1, a2,a3, a4, a5, a6},τ2 = {Y, φ, {a1}, {a3, a4}, {a1, a3, a4}, {a2,a3, a4, a5, a6}} is
β = {{a1}, {a3, a4}, {a2,a3, a4, a5, a6}}.

Then the cartesian product of (X, τ1), (Y, τ2) is (X × Y, τ1 × τ2), where
X × Y = {(a, a1), (a, a2), (a, a3), (a, a4), (a, a5), (a, a6), (b, a1), (b, a2), (b, a3),

(b, a4), (b, a5), (b, a6), (c, a1), (c, a2), (c, a3), (c, a4), (c, a5), (c, a6)},
and
τ1 × τ2 = {X × Y, φ, {(a, a1), (b, a1), (c, a1)}, {(a, a3), (a, a4), (b, a3), (b, a4),

(c, a3), (c, a4)} , {(a, a1), (a, a3), (a, a4), (b, a1), (b, a3), (b, a4), (c, a1),
(c, a3), (c, a4)}, {(a, a2), (a, a3) , (a, a4), (a, a5), (a, a6), (b, a2), (b, a3),
(b, a4), (b, a5), (b, a6), (c, a2), (c, a3), (c, a4), (c, a5), (c, a6)}}.
Moreover,

β1 × β2 = {{(a, a1), (b, a1), (c, a1)}, {(a, a3), (a, a4), (b, a3), (b, a4), (c, a3),
(c, a4)}, {(a, a2), (a, a3), (a, a4), (a, a5), (a, a6), (b, a2), (b, a3),
(b, a4), (b, a5), (b, a6), (c, a2), (c, a3), (c, a4), (c, a5), (c, a6)}}.

which is also a base for the topological space (X × Y, τ1 × τ2).
Hence, we can formulate the following theorem.
Theorem 7. If β1 is a base of (Xi, τi) where β1 is the abstract tiling of

(Xi, τi), i = 1, 2, 3, ..., n. Then β1 × β2 × ... × βn is the tiling of

(X1 × X2 × ... × Xn, τ1 × τ2 × ... × τn).
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