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Abstract: Based on the Newton-type method for solving nonlinear systems
of equations developed by Solodov and Svaiter (1998), we propose an improved
version of the method by adjusting the projection region in this paper. Under
standard assumptions, we show the global convergence of the proposed algo-
rithm.
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1. Introduction

For a continuous mapping F : Rn → Rn, consider the problem of finding
solutions of the nonlinear system of equations

F (x) = 0. (1.1)

It is well known that if the mapping F is monotone, i.e.,

〈F (x) − F (y), x − y〉 ≥ 0 , ∀ x, y ∈ Rn,

then the solution set of (1.1) is convex (see [5]). Such problem has many ap-
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plications in the nonlinear variational inequality problem, the nonlinear com-
plementarity problem, as well as the maximal monotone operator problem (see
[3]).

There are numerous existing methods for solving problem (1.1), among
which the well-known Newton method may be the simplest one which possesses
local quadratic convergence rate. However, its efficiency requires not only that
the initial point is sufficiently close to the solution point, but also requires the
nonsingularity of the Jacibian matrix of the underlying mapping F at the so-
lution point (see [1]). To overcome the drawbacks, some researchers developed
many variants of the Newton methods having global convergence (see [2], [4],
etc.). Different kinds of the variants, the hybrid method developed in [5] re-
ceived much attention due to its nice global convergence property. To make the
next iterate closer to the solution set, and thus to have fast convergence rate,
we proposed an improved algorithm based on modifying the projection region
for solving (1.1). Under standard assumptions, we show the global convergence
of the proposed algorithm.

In this paper, we assume (see [5]):

(A1) the solution set of (1.1), denoted by S, is nonempty;

(A2) the underlying mapping F is monotone.

Since the projection operator is involved in our proposed method, we give
the definition of the projection operator and its some properties in the end of
this section.

Let Ω be a nonempty closed convex subset of Rn, the projection from Rn

to Ω is defined as:

PΩ[x] = arg min{‖y − x‖ | y ∈ Ω}.

The mapping PΩ : Rn → Ω is called projection operator. The following prop-
erties about the projection operator are well known (see [6]).

Lemma 1.1. Let Ω be a closed convex subset of Rn. For any x, y ∈ Rn,
and z ∈ Ω, it holds that:

(1) ‖PΩ[x] − PΩ[y]‖ ≤ ‖x − y‖;

(2) 〈PΩ[x] − x, z − PΩ[x]〉 ≥ 0;

(3) ‖PΩ[x] − z‖2 ≤ ‖x − z‖2 − ‖PΩ[x] − x‖2.

2. The Improved Algorithm

First, we give the description of the improved algorithm for solving (1.1).
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Algorithm 2.1. Step 0. Choose an arbitrary initial point x0 ∈ Rn,
parameters σ ∈ [0, 1), λ, β ∈ (0, 1), µ̄ ∈ [1/(λ(1 − σ)),∞), and set k := 0.

Step 1. If F (xk) = 0, then stop.

Step 2. Choose µk ∈ [1/(λ(1 − σ)), µ̄], and a positive semidefinite ma-
trix Gk ∈ Rn×n, then find x̄k ∈ Rn by solving the following system of linear
equations with respect to x ∈ Rn:

F (xk) + (Gk + µkI)(x − xk) = rk (2.1)

with

‖rk‖ ≤ σ‖xk − x̄k‖. (2.2)

Step 3. Find yk = xk + tk(x̄
k − xk) with

〈F (yk), xk − x̄k〉 ≥ λ(1 − σ)µk‖x
k − x̄k‖2, (2.3)

where tk = βmk and mk is the smallest nonnegative integer such that (2.3)
holds.

Step 4. Compute xk+1 via

xk+1 = PH1
k
∩H2

k
[xk], (2.4)

where

H1
k := {x ∈ Rn | 〈F (yk), x − yk〉 ≤ 0},

and

H2
k := {x ∈ Rn | 〈x − xk, xk−1 − xk〉 ≤ 0}.

Set k := k + 1 and go to Step 1.

From the choices of µk and Gk, we know that the coefficient matrix of the
linear system of equations (2.1) is positive definite, so x̄k satisfying the accuracy
criterion (2.2) exists and it is easy to obtain. Second, the linesearch step (2.3)
is well defined as shown from the following lemma. The proof is similar as that
in [5] and hence is omitted.

Lemma 2.1. The linesearch step (2.3) is well defined.

Now, we consider the projection step in the algorithm.

Lemma 2.2. Under assumptions (A1) and (A2), the intersection of H1
k

and H2
k is nonempty. Moreover, it holds that S ⊆ H1

k ∩ H2
k .

Proof. See the proof of the Lemma 3.1 in [6].

From the analysis above, we conclude that the algorithm is well defined.
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Remark 2.1. In Algorithm 2.1, we choose a positive constant σ ∈ [0, 1)
instead of the altering ρk in [5], and let µk possess upper and lower bound and
be bounded away from zero, which are independent of xk. So Algorithm 2.1 is
easier to implement in practice than that in [5].

Remark 2.2. Just as pointed out in [5], the hyperplane

Hk := {x ∈ Rn | 〈F (yk), x − yk〉 = 0}

strictly separates the current iterate xk from S, the solution set of (1.1). Let

zk = xk −
〈F (yk), xk − yk〉

‖F (yk)‖2
F (yk)

be the new iterate obtained by the algorithm in [5], it is easy to see that
〈F (yk), zk − yk〉 = 0, which means that zk = PH1

k
[xk], and hence the new

iterate obtained by Algorithm 2.1 is closer to the solution set of (1.1) than that
by the algorithm in [5] at each step theoretically.

3. The Global Convergence

In the following analysis of the convergence of Algorithm 2.1, we assume that
Algorithm 2.1 generates an infinite sequence {xk}.

Lemma 3.1. Suppose that assumptions (A1) and (A2) hold, the sequences
{xk} and {yk} are generated by Algorithm 2.1, and that for ∀ k ≥ 0, xk /∈ S.
Then −F (yk) is a decent direction of the merit function 1

2‖x−x∗‖2 at the point
xk, where x∗ ∈ S.

Proof. From xk − yk = tk(x
k − x̄k) and (2.3), we have

〈F (yk), xk − yk〉 = tk〈F (yk), xk − x̄k〉 ≥ tkλ(1 − σ)µk‖x
k − x̄k‖2

=
λ(1 − σ)µk

tk
‖xk − yk‖2 ≥ ‖xk − yk‖2, (3.1)

where the last inequality follows from µk ≥ 1
λ(1−σ) and tk ≤ 1.

By the monotonicity of F and x∗ ∈ S, it holds that

〈F (yk), xk − x∗〉 = 〈F (yk), xk − yk〉 + 〈F (yk), yk − x∗〉

≥ 〈F (yk), xk − yk〉 + 〈F (x∗), yk − x∗〉 = 〈F (yk), xk − yk〉. (3.2)

From xk /∈ S, (3.1) and (3.2) we know that the assertion holds.
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Lemma 3.2. Suppose that assumptions (A1) and (A2) hold and that the
sequences {xk} and {yk} are generated by Algorithm 2.1. Then the following
statements hold.

(1) {xk} and {yk} are bounded;
(2) lim

k→∞
(xk − xk+1) = 0;

(3) lim
k→∞

(xk − yk) = 0.

Proof. (1) For any x∗ ∈ S, from (2.4) and Lemma 1.1, we have that

‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, ∀k ≥ 0 , (3.3)

which means that the sequence {xk} is bounded.
From the monotonicity of F and (3.1), using the Cauchy-Schwartz inequal-

ity, it holds that
‖F (xk)‖ ≥ ‖xk − yk‖.

By the boundedness of {xk} and the continuity of F , the sequences {yk} is also
bounded. The first assertion holds.

(2) Since xk+1 ∈ H2
k+1, it follows from Lemma 1.1 that

‖PH2
k+1

[xk+1] − PH2
k+1

[x∗]‖2 ≤ ‖xk − x∗‖2 − ‖PH2
k+1

[xk+1] − xk‖2,

that is,
‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk+1 − xk‖2,

which means that the sequence {‖xk − x∗‖} is non-increasing. By the bound-
edness of {xk}, thus we have that

lim
k→∞

(xk − xk+1) = 0.

(3) Since {yk} is bounded and F is continuous, there exists a positive con-
stant M , such that ‖F (yk)‖ ≤ M for all k ≥ 0.

Since

PH1
k
[xk] = xk −

〈F (yk), xk − yk〉

‖F (yk)‖2
F (yk),

and xk+1 ∈ H1
k , it follows from the definition of the projection operator that

‖xk − xk+1‖ ≥ ‖xk − PH1
k
[xk]‖

=
〈F (yk), xk − yk〉

‖F (yk)‖
≥

‖xk − yk‖2

M
, (3.4)
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where the second inequality follows from (3.1). Thus the last assertion holds
from (3,4) and the second assertion.

We are now in the position to present our main result.

Theorem 3.1. Suppose that assumptions (A1) and (A2) hold. Then the
sequence {xk} generated by Algorithm 2.1 converges globally to a solution of
(1.1).

Proof. By Lemma 3.2, {xk} is bounded, so it has at least one cluster point.
Let x̂ be a cluster point of {xk} and {xkj} be the corresponding subsequence
converging to x̂.

Since yk = xk + tk(x̄
k − xk), from Lemma 2.3, it holds that

lim
k→∞

tk‖x̄
k − xk‖ = lim

k→∞
‖xk − yk‖ = 0. (3.5)

Now, we complete our proof in the following two different cases.

If

lim sup
j→∞

tkj
> 0,

then from (3.5) we have that

lim inf
j→∞

‖x̄kj − xkj‖ = lim
j→∞

‖xkj − ykj‖ = 0.

Thus from (2.2) it holds that

lim inf
j→∞

rkj = 0.

Since F is continuous and x̄kj is the solution of (2.1), taking limit along the
subsequence, we have F (x̂) = 0 from (2.1), which implies that x̂ is a solution
of (1.1). Replacing x∗ with x̂ because of the arbitrariness of x∗ ∈ S in (3.4), we
have that

‖xk+1 − x̂‖ ≤ ‖xk − x̂‖,

which shows that the whole sequence {xk} converges to x̂, a solution of (1.1).

Second, we consider the case that limj→∞ tkj
= 0. In this case, we will also

show that limj→∞ ‖x̄kj −xkj‖ = 0. Suppose that ‖x̄kj −xkj‖ ≥ d > 0. Without
loss of generality, we assume that {x̄kj} is also a convergent subsequence, and
denote limj→∞(x̄kj − xkj) = ẑ, then ‖ẑ‖ ≥ d.

By the choice of tkj
, we know that

〈F (xkj + β
mkj

−1
(x̄kj − xkj)), xkj − x̄kj〉 < λ(1 − σ)µkj

‖x̄kj − xkj‖2.
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Since x̄k is a solution of (2.1), thus for any k ≥ 0, we have that

〈F (xk), xk − x̄k〉 = (xk − x̄k)⊤(Gk + µkI)(xk − x̄k) + (xk − x̄k)⊤rk

≥ µk‖x
k − x̄k‖2 − ‖rk‖ · ‖xk − x̄k‖ ≥ (1 − σ)µk‖x

k − x̄k‖2,

where the first inequality follows from the Cauchy-Schartz inequality, the second
one from (2.2) and µk ≥ 1/(λ(1 − σ)) > 1.

The above two inequalities mean that (for sufficiently large j, mkj
> 1)

(1 − σ)µkj
‖x̄kj − xkj‖2 + 〈F (xkj + β

mkj
−1

(x̄kj − xkj ))

− F (xkj), xkj − x̄kj〉 < λ(1 − σ)µkj
‖x̄kj − xkj‖2.

Letting j → ∞, and using the continuity of F again, we have

(1 − σ)‖ẑ‖2 ≤ λ(1 − σ)‖ẑ‖2.

Since ‖ẑ‖ ≥ d > 0, hence λ ≥ 1, which contradicts with the fact that λ ∈ (0, 1).
Therefore,

lim
j→∞

‖x̄kj − xkj‖ = 0.

Using the similar arguments as that for the first case, we conclude that the
whole sequence {xk} converges to a solution of (1.1).
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