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Abstract: A method often used for the integration of special second order
initial value problems is the Newmark method. Newmark is a second order
P-stable method. However, Newmark method is functionally implicit and, for
nonlinear problems, it requires the solution of nonlinear equations by Newton’s
method at each time step of integration. Recently, Chawla [2] had proposed a
linearized linearly implicit version of Newmark method which obviates the need
to solve nonlinear equations. In the present paper, we present a linearly im-

plicit one-step fourth order method for second order initial value problems. The
presented method is “almost” P-stable. While the displacements are computed
linearly implicitly, for the computation of velocities we propose a suitably mod-
ified Simpson rule. The obtained method is computationally illustrated for its
order, accuracy and stability by considering two problems of practical interest.
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1. Introduction

We consider special second order initial value problems with oscillating solu-
tions:
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y′′ = f (t, y) , y (t0) = η0, y′ (t0) = η1. (1.1)

Let tn = t0 + nh, n = 0, 1, 2, ..., h =step-length, and let yn = y (tn), fn =
f (tn, yn), etc. For the numerical integration of initial value problems (1.1),
a widely used one-step method is the second order P-stable method due to
Newmark [9]:

yn+1 = yn + hy′n +
h2

4
(fn + fn+1) ,

y′n+1 = y′n +
h

2
(fn + fn+1) .

(1.2)

An attractive feature of the Newmark method is that it is singly implicit ; for
nonlinear problems, only the computation of the displacement yn+1 is implicit

(iterative part of the method), while the computation of the velocity y′n+1 is
explicit (function-evaluation part of the method).

In search for higher order one-step P-stable methods, there have been in-
troduced the so-called Runge-Kutta-Nyström (RKN) methods:

fj = f

(

tn + cjh, yn + cjhy′n + h2
s
∑

k=1

ajkfk

)

, j = 1, ..., s,

yn+1 = yn + hy′n + h2
s
∑

j=1

bjfj, y′n+1 = y′n + h

s
∑

j=1

b′jfj.

(1.3)

Hairer [7] has derived s-stage “almost” P-stable methods of orders 2s based
on Gaussian nodes; however, they have a full (ajk)-matrix. Since, for large
s, the computational complexity of these fully implicit methods is a deterrent
prospect, attention has been confined to diagonally implicit (DIRKN) methods,
for which ajk = 0, k > j, and the ajj are equal. Sharp et al [10] investigated
stability of two- and three-stage DIRKN methods. They showed that with two

stages, there exists no third-order P-stable method; while with three stages,
there exists a one-parameter family of P-stable methods. However, their three-
stage fourth-order methods are quite involved. Sommeijer [11] had earlier shown
that it is possible to obtain fourth order accurate DIRKN methods with only
two stages, but the largest achievable interval of periodicity by these methods
is (0,12). Chawla and Al-Zanaidi [4] have shown that the classical trapezoidal
formula with end-point correction and a modified version of the Simpson rule
together provide a fourth order “almost” P-stable two-step scheme for (1.1).

It may be noted here that in contrast with the Newmark method, the RKN
methods are doubly-implicit in the sense that the computations of both the
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displacement and the velocity are simultaneously implicit. This means that for
the solution, at each time step, of these simultaneous implicit equations for yn+1

and y′n+1, say by Newton method, the Jacobian will be twice the size of that
in the case of a singly-implicit method such as the Newmark method. Higher
order singly-implicit methods have been developed by Chawla et al [5].

As has been noted above, the Newmark method is functionally implicit for
nonlinear problems. Functional implicitness of Newmark method means that
for nonlinear problems, we need use Newton’s method at each time step of
integration to compute displacements. Recently, Chawla [2] had proposed a
linearized linearly implicit version of the Newmark method. The present paper
is in the same vein.

In the present paper, we present a linearly implicit one-step fourth order
method for second order initial value problems. The presented method is “al-
most” P-stable. While the displacements are computed linearly implicitly, for
the computation of velocities we propose a suitably modified Simpson rule.
The obtained method is computationally illustrated for its order, accuracy and
stability by considering two problems of practical interest. One advantage of
a higher order method, such as the present one, over second order Newmark
method is that one can secure a desired accuracy with a relatively smaller
time-step of integration as demonstrated in the numerical examples.

2. A Linearly Implicit Fourth Order Method

A functionally implicit double-stride fourth order method has been given by
Chawla and Al-Zanaidi [3] which compressed to a single interval is described
by

yn+1/2 =
1

4
(3yn + yn+1) +

1

4
hy′n +

h2

48
(fn − fn+1) ,

fn+1/2 = f
(

tn+2, yn+1/2

)

,

yn+1 = yn + hy′n +
h2

6

(

fn + 2fn+1/2

)

+ t(1)n (h) , (2.1a)

y′n+1 = y′n +
h

6

(

fn + 4fn+1/2 + fn+1

)

+ t(2)n (h) , (2.1b)

with

t(1)n (h) =
1

720
h5y(5)

n + O
(

h6
)

,
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t(2)n (h) = −
1

2880
h5
(

y(6)
n − 5y(4)

n fy
n

)

+ O
(

h6
)

.

We refer to this method by M4. The method M4 is “almost” (except for H2 =
12) P-stable, and it has phase-lag given by Pℓ = 1

360H4. Note that for the
computation of velocity, M4 employs a modified Simpson rule.

Now, to obtain a linearly implicit fourth order method for the computation
of displacements, with ∆yn = yn+1 − yn, consider the discretization:
[

1 −
1

12
h2fy

(

tn + αh, yn + βhy′n
)

+
1

144
h4 (fy

n)2
]

∆yn

= hy′n +
h2

6

[

fn + 2f
(

tn+1/2, yn + γhy′n
)]

+ t(1)∗n (h) . (2.2)

By making use of the formulas:

y′′′ = f t + fyy′, y(4) = f tt + 2f tyy′ + fyy
(

y′
)2

+ fyf, (2.3)

it can be shown that

t(1)∗n (h) =
h3

12
fyy′ (1 − 4γ)

+
h4

24

[

2 (1 − α − 2γ) f tyy′ +
(

1 − 2β − 4γ2
)

fyy
(

y′
)2
]

+ O
(

h5
)

. (2.4)

Therefore, the conditions for fourth order are

γ =
1

4
, α + 2γ = 1, β + 2γ2 =

1

2
,

giving the solution:

α =
1

2
, β =

3

8
, γ =

1

4
.

We have thus obtained a uniquely determined fourth order linearly implicit
method defined by the two equations (2.2) and (2.1b); the method is described
by
[

1 −
1

12
h2fy

(

tn+1/2, yn +
3

8
hy′n

)

+
1

144
h4 (fy

n)2
]

= hy′n +
h2

6

[

fn + 2f

(

tn+1/2, yn +
1

4
hy′n

)]

, (2.5a)

yn+1/2 =
1

4
(3yn + yn+1) +

1

4
hy′n +

h2

48
(fn − fn+1) ,

y′n+1 = y′n +
h

6

(

fn + 4fn+1/2 + fn+1

)

. (2.5b)

We refer to this method by LI − M4.
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2.1. Stability Analysis

By applying the method LI − M4 to the test equation:

y′′ = −ω2y, ω ∈ R, (2.6)

and setting H = λh, we obtain

[

yn+1

hy′n+1

]

= R (H)

[

yn

hy′n

]

, R (H) = (A (H))−1 B (H) , (2.7)

with

A (H) =

[

1 + 1
12H2 + 1

144H4 0
1
3H2 + 1

72H4 1

]

,

B (H) =

[

1 − 5
12H2 + 1

144H4 1 − 1
12H2

−2
3H2 + 1

72H4 1 − 1
6H2

]

.

P-stability requires (see Lambert and Watson [8]) that the eigenvalues of
the amplification matrix R (H) in (2.7) be complex conjugate and modulus one.
This is equivalent to the requirement that

|R (H)| = 1 and |trace {R (H)}| < 2, ∀H > 0 , (2.8)

with

C (H) = |A (H)|R (H) .

The second condition in (2.8) is equivalent to the following requirement on the
stability polynomials:

p± (H) = 2 |A (H)| ± trace {C (H)} > 0, ∀H > 0. (2.9)

It is easily verified that |A (H)| = |B (H)|. Now,

trace {C (H)} = 2 −
5

6
H2 +

1

72
H4,

and the stability polynomials are given by

p+ (H) =
1

36

(

H2 − 12
)2

, p− (H) = H2.

It follows that the method LI −M4 is “almost” (except for H2 = 12) P-stable.
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Next, we consider phase-lag analysis of the method LI − M4. For a one-
step method applied to the test equation in (2.6) and written in the form (2.7),
assume that

cos (H) −
trace {C (H)}

2 |A (H)|
= kHm+2 + O

(

Hm+4
)

. (2.10)

Then the phase-lag of the method (see Van der Houwen and Sommeijer [12]) is
defined to be

Pℓ = |k|Hm . (2.11)

Now, for the method LI − M4 it is easy to see that the phase-lag is given by

Pℓ =
1

360
H4.

3. Numerical Illustrations

We next illustrate computationally the order, accuracy and stability properties
of the obtained linearly implicit fourth order method LI − M4, and compare
its performance with the functionally implicit method M4. For the purpose of
numerical illustrations we consider two problems of practical interest.

Problem 1. Consider the equation of motion of a one mass-spring system
in which the spring with material nonlinearity provides the restoring force:

my′′ + k0y
(

1 + εy2
)

= 0, y (0) = 1, y′ (0) = 0. (3.1)

Note that when ε > 0, the spring becomes stiffer with the displacement (see,
e.g., Fried [6], p. 207). We computed the solution of (3.1) for ε = 1, k0 = 1,
m = 1 for the time-range 0≤ t ≤ 12. The absolute errors in computing the
solution at t = 12 are shown in Table 1. It is clear that the linearly implicit
method LI −M4 provides accuracy comparable with that of M4 for decreasing
h. The approximations computed with h = 1

2 are displayed in Figure 1 to
graphically illustrate the accuracy provided by the linearly implicit method
LI − M4 in comparison with the functionally implicit method M4.

Problem 2. We consider a Painlevé equation (see, e.g., Borrelli et al [1]):

y′′ = y2 − t, 0 < t < 5, y (0) = 0, y′ (0) = η1, (3.2)

with −5 ≤ η1 ≤ 1. Some solutions appear to “blow up” in finite time, while
others display typical oscillatory (but non-periodic) behavior of a Painlevé so-
lution. We computed the solution of (3.2) with η1 = 0. The absolute errors
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h M4 LI − M4 order
1
2 6.5(-4) 5.1(-3)
1
4 4.7(-5) 2.1(-4) 4.60
1
8 3.1(-6) 9.0(-6) 4.54
1
16 1.9(-7) 4.3(-7) 4.39
1
32 1.1(-8) 2.2(-8) 4.29

Table 1: Absolute errors at t = 12

Figure 1:

in computing the solution at t = 5 are shown in Table 2. It is clear that the
linearly implicit method LI − M4 does provide fourth order accuracy some-
what better than that provided by the functionally implicit method M4. The
approximations computed with h = 1

2 are displayed in Figure 2 to graphically
illustrate the accuracy provided by the linearly implicit method LI − M4 in
comparison with the functioally implicit method M4.
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