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Abstract: This article studies the method of diffusion modulation, a refor-
mulation of conventional partial differential equation (PDE)-based restoration
models. The reformulated models consist of three explicit components: the
diffusion operator, the modulator, and the constraint term. Strategies are sug-
gested for their appropriate choices. In particular, the equalized net diffusion

(END) and an edge-adaptive constraint term are introduced in order to suc-
cessfully restore not only fine structures but also slow transitions. The new
reformulated models are highly nonlinear; a linearized numerical procedure is
suggested and the resulting algorithm is analyzed for stability. The reformula-
tion has proved to outperform conventional PDE-based models in both quality
and efficiency.
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1. Introduction

Image restoration is an important image processing (IP) step and often nec-
essary as a pre-processing for other imaging tasks such as segmentation, reg-
istration, and compression. Thus image restoration methods, particularly for
denoising, have occupied a peculiar position in IP, computer graphics, and
their applications [2, 7, 17]. A considerable research has been carried out for
the theoretical and computational understanding of partial differential equation
(PDE)-based restoration models such as the Perona-Malik model [18], the total
variation (TV) model [19], and their variants [1, 3, 4, 7, 11, 15, 16, 21].
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The variational approach offers a few advantages; one can usually prove
convergence of the method and show a relation to a systematic probabilistic
approach [7]. Diverse variants and innovative numerical schemes which prove
enhanced sensitivities on important image features have been suggested to re-
store interesting image structures more effectively. A few examples can be found
such as complex-valued diffusion processes [10], Meyer’s G-norm [15] and the
iterative refinement [16].

However, most of those variational models may lose fine structures and
“natural look”, during the restoration, due to an undesired dissipation or a
tendency of converging to a piecewise constant image. In this article, we will
introduce the method of diffusion modulation in order to overcome the draw-
backs. In particular, we will study new techniques such as the equalized net

diffusion (END) and an edge-adaptive constraint term. The objective in this
article is to develop an effective (non-variational) restoration model and its
numerical procedures which can restore not only fine structures but also slow
transitions. Note that the set of PDEs derived from variational approaches is
much smaller than the set of all available diffusion-like PDEs.

The article is organized as follows. In Section 2, we briefly review conven-
tional PDE-based models in image denoising: variational approaches followed
by their non-variational variants. Section 3 begins with analyzing sources of
undesired dissipation of conventional PDE-based models and presents the END
reformulation. In Section 4, numerical examples are presented to show effec-
tiveness of the new END reformulation. Section 5 concludes our development
and experiments. It has been numerically verified that the END reformulation
can restore not only fine structures but also slow transitions satisfactorily, out-
performing the conventional PDE-based models in both quality and efficiency.
For a completeness of the article, we attach two appendices: In Appendix A,
an efficient iterative procedure incorporating anisotropic diffusion difference
schemes is introduced and analyzed for stability for the END model. Appendix
B contains an edge-adaptive constraint term which is a function of the residual.

In this article, images are considered as discrete functions having real-values
between 0 and 1 (by scaling by a factor of 1/255). After processing, they will
be scaled back for the 8-bit display.
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2. Preliminaries

In this section, we present a brief review of variational approaches in image
denoising, followed by their non-variational variants.

2.1. Variational Approaches

Let u0 be an observed image of the form

u0 = u+ g(u)v, (2.1)

where u is the desired image and g(u)v denotes the noise with v having a zero
mean. For example, g(u) = 1 for Gaussian noise and g(u) =

√
u for speckle

noise in ultrasound images [13]. Then a common denoising technique is to
minimize a functional of gradient:

u = arg min
u

{

∫

Ω

ρ(|∇u|) dx +
λ

2

∫

Ω

(u0 − u

g(u)

)2

dx
}

, (2.2)

where Ω is the domain for the image, ρ is an increasing function (often, convex),
and λ ≥ 0 denotes the constraint parameter. It is often convenient to transform
the minimization problem (2.2) into a differential equation, called the Euler-

Lagrange equation, by applying the variational calculus [20]:

−∇ ·
(

ρ′(|∇u|) ∇u
|∇u|

)

= λφ(u) (u0 − u), (2.3)

where

φ(u) =
g(u) + (u0 − u)g′(u)

g(u)3
.

For an edge-adaptive image denoising, it is required to hold ρ′(x)/x → 0 as
x → ∞. For the speckle noise in ultrasound images, we have g(u) =

√
u and

therefore φ(u) = (u0 + u)/(2u2) ≈ 1/u; the constraint term becomes smaller
at largely perturbed pixels (speckles) and as a result the resulting model can
suppress speckles more effectively.

For a convenient numerical simulation of (2.3), the energy descent direction
may be parameterized by an artificial time t. That is, u can be considered as
an evolutionary function and the corresponding evolutionary equation can be
obtained by adding ∂u

∂t on the left side of (2.3).

When ρ(x) = x and g(x) ≡ 1, the model (2.3) in its evolutionary form
becomes the total variation (TV) model [19]:

∂u

∂t
− κ(u) = λ(u0 − u), (TV) (2.4)
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where κ(u) is the mean curvature defined as

κ(u) = ∇ ·
( ∇u
|∇u|

)

.

It is often the case that the constraint parameter λ is set as a constant, as
suggested by Rudin-Osher-Fatemi [19]. In order to find the parameter, the
authors merely multiplied (2.4) by (u0−u) and averaged the resulting equation
over the whole image domain Ω. Then, for its state state,

λ = − 1

σ2

1

|Ω|

∫

Ω

(u0 − u)κ(u) dx, (2.5)

where σ2 is the noise variance (in [19], λ was evaluated after applying integration
by parts, which could avoid approximations of second-derivatives).

As another example of (2.3), the Perona-Malik (PM) model [18] can be
obtained by setting ρ(x) = 1

2
K2 ln(1 + x2/K2), for some K > 0, and λ = 0:

∂u

∂t
−∇ · (c(|∇u|)∇u) = 0, (PM) (2.6)

where c(x) = ρ′(x)/x = (1 + x2/K2)−1. Note that for the PM model, the
function ρ is strictly convex for x < K and strictly concave for x > K (K
is a threshold). Thus the model can enhance image content of large gradient
magnitudes such as edges and speckles; however, it will flatten regions of slow
transitions.

Most of conventional PDE-based restoration models have shown either to
converge to a piecewise constant image or to lose fine structures of the given
image. Although these results are important for understanding of the current
diffusion-like models, the resultant signals may not be desired in applications
where the preservation of both slow transitions and fine structures is important.

2.2. Non-Variational Reformulations

The TV model tends to converge to a piecewise constant image. Such a phe-
nomenon is called the staircasing effect. In order to suppress it, Marquina and
Osher [14] suggested to multiply the stationary TV model by a factor of |∇u|:

∂u

∂t
− |∇u|κ(u) = λ |∇u| (u0 − u). (ITV) (2.7)

Since |∇u| vanishes only on flat regions, its steady state is analytically the same
as that of the TV model (2.4). We will call (2.7) the improved TV (ITV) model,
as called in [17]. Such a non-variational reformulation turns out to reduce the
staircasing effect successfully; however, it is yet to be improved for a better
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preservation of fine structures.

To form another variant, we set ρ(x) = x2−q, 0 ≤ q < 2, in (2.3) and
multiply the resulting equation by |∇u|q, see [12]:

∂u

∂t
− |∇u|q ∇ ·

( ∇u
|∇u|q

)

= β (u0 − u), (CCAD) (2.8)

where β = λφ(u) |∇u|q/(2− q). The second-order differential operator in (2.8)
turns out to be closely related to that of the PM model (2.6), in particular
when q → 2. Thus we will call (2.8) the convex-concave anisotropic diffusion

(CCAD). The CCAD model can be implemented as a stable numerical algorithm
for all q ∈ [0, 2); see Section 5 below. It has been numerically verified that for
1 < q < 2, the CCAD model is superior to the ITV model, a CCAD model
with q = 1.

Now, we will consider a way of choosing a variable constraint parameter for
e.g. the TV model, which has motivated the method of diffusion modulation
to be presented in the next section.

As an alternative to (2.5), one can get a variable parameter λ = λ(x) by
averaging locally:

λ(x) = − 1

σ2
x

1

|Ωx|

∫

Ωx

(u0 − u)κ(u) dx,

where Ωx is a neighborhood of x and σ2
x

denotes the local noise variance mea-
sured over Ωx. Then, the right side of the above equation can be approximated
as

λ(x) ≈ 1

σ2
x

‖u0 − u‖x · ‖κ(u)‖x, (2.9)

where ‖ · ‖x denotes a local average over Ωx. Thus the TV model (2.4), when
its stationary equation is scaled by 1/‖κ(u)‖x and regularized by a constant
ε0 > 0, can be rewritten as

∂u

∂t
− 1

‖κ(u)‖x + ε0
κ(u) =

1

σ2
x

‖u0 − u‖x (u0 − u). (2.10)

The steady state of (2.10) must be essentially the same as that of the TV model
(2.4) incorporating (2.9), when ε0 is small. However, in practice, their numerical
solutions differ a lot from each other. Note that the numerical simulation
is usually terminated much earlier than reaching the steady state. The non-
variational reformulation (2.10) is more explicit and direct than the original
variational model (2.4), in the control of both diffusion and constraint.

Note that the above explicit reformulation (2.10) can be applied for various
other models including the ITV model (2.7) and the CCAD model (2.8).
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3. The Method of Diffusion Modulation

In this section, we will present the method of diffusion modulation, introducing
an effective denoising model which consists of three components: the diffusion
operator, the modulator, and the constraint term. We first analyze sources of
undesired dissipation for conventional PDE-based denoising models.

3.1. Sources of Undesired Dissipation

For simplicity, we again exemplify the TV model (2.4); its corresponding noise
(residual) is v = u0 − u. Thus, the associated residual equation reads

∂v

∂t
+ λ v = −κ(u). (3.1)

Although the given image u0 is piecewise smooth and is the same as the desired
image at t = 0, i.e., v(t = 0) ≡ 0, the residual at t > 0 becomes positive or
negative at pixels where the image is concave or convex, respectively. Thus the
solution of the TV model at t > 0, u(t) = u0 − v(t), must involve undesired
dissipation wherever its curvature is nonzero; the larger the curvature is (in
modulus), the more undesired dissipation occurs.

The above observation for the TV model can be applied to the general
model of the form

∂u

∂t
+ Su = Q(u0 − u), (3.2)

where S is a diffusion operator and Q denotes a nonnegative constraint term
(with appropriate choices of S and Q, the model (3.2) can express most of de-
noising models, including aforementioned ones). We summarize the observation
as follows: The solution of (3.2) must incorporate more undesired dissipation at

pixels where the diffusion magnitude |Su| is larger. This is an unwanted prop-
erty and a major source of undesired dissipation for conventional PDE-based
denoising models, with which fine structures can be easily deteriorated.

3.2. The Equalized Net Diffusion (END)

In order to overcome the drawback of conventional PDE-based models, we may
consider the following reformulation of (3.2), of which the diffusion operator is
explicitly modulated by noise characteristics and a function of diffusion operator
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itself:
∂u

∂t
+ ψ(u)M(Su)Su = R (u0 − u), (3.3)

where M is a positive function (a modulator) and R denotes an appropriate
constraint term. Here ψ(u) corresponds to noise characteristics, e.g., ψ(u) =
1/φ(u), where φ is defined as in (2.3). We will call M(Su)Su the net diffusion

of the model (3.3), and denote it by N(Su).

The purpose of the modulator M is to suppress the undesired excessive dis-
sipation at pixels of large diffusion magnitude |Su|; a strategy will be discussed
below. The constraint term R can be determined to become larger at pixels
where the residual reveals structural components. Such a dynamic constraint
term can return important image features in the residual back to the restored
image; see Section 5.

An effective modulator can be defined to impose the net diffusion approxi-

mately equal over a wide range of |Su| ≥ s0 > 0, for some s0. However, the net
diffusion function N(s) (:= M(s)s) must be increasing and origin-symmetric.
Note that the model (3.3) converges in the direction in which the net diffu-
sion decreases (in modulus); the convergence must introduce denoising, i.e., Su
becomes smaller (in modulus); which requires N to be increasing. The origin-
symmetry of N implies that N(−s) = −N(s), with which N becomes equally
diffusive for both concavities (up and down). Such an equalized net diffusion
(END) function can be defined e.g. as

N(s) = M(s)s =
γ

1 + η |s| s, (3.4)

for some positive constants η and γ. See Figure 1, where |N(s)| evaluates
(almost) the same values except on smooth regions (where |s| is small) and
therefore the function N may introduce an equalized net diffusion in practice.
Incorporating (3.4), the model (3.3) can be rewritten as follows:

∂u

∂t
+ ψ(u)

γ

1 + η |Su| Su = R (u0 − u). (END) (3.5)

We will call it the equalized net diffusion (END) model of (3.2).

Remark. The above method of diffusion modulation is not completely new.
The ITV model is based on such a method in which the diffusion is modulated
to suppress the staircasing effect. An effective preservation of interesting image
features requires more innovative ideas than the modulation involved in the ITV
model. END reformulates the regularization framework in order to preserve not
only fine structures but also slow transitions satisfactorily. Note that the END
model is no longer conservative, i.e., there is no mathematical guarantee that
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Figure 1: The net diffusion function N(s) in (3.4) for some choices of
η and γ

the average gray value of the input image is the same as that of the outcome.
However, since the conventional PDE-based models tend to lose fine structures
(Section 3.1) and easily introduce undesired dissipation, the END model turns
out to produce better restored images; see numerical experiments in Section 4.

3.3. Parameters η and γ

In the remainder of the section, we will consider a strategy for the selection of
appropriate η and γ. Let un−1 be the solution in the last time level. Then the
constants η and γ for the computation of un can be determined as

(a) N(T ) = χ
γ

η
, 0 < χ < 1 ; (b) M(T ) = 1, (3.6)

for some threshold T > 0. The equation (3.6.a) determines the sharpness of
N near the origin; it becomes sharper, as χ → 1. On the other hand, (3.6.b)
implies

|N(s)| < |s| for |s| > T, |N(s)| > |s| for |s| < T. (3.7)

Thus the net diffusion, N(Su), is smaller than the original diffusion (Su) at
pixels where the image content changes rapidly (|Su| > T ), while it becomes
larger in smooth regions.

The equations in (3.6) can be easily solved for η and γ, as follows:

η =
χ

1 − χ
· 1

T
, γ = 1 + η T =

1

1 − χ
. (3.8)

Then, it follows from the above that

T ≤ |N(s)| ≤ γ

η
= T

1

χ
, for |s| ≥ T. (3.9)

Thus the net diffusion on oscillatory regions (|Su| ≥ T ) can differ only by a
factor of 1/χ. The parameter χ must be large enough to try to equalize the
net diffusion on oscillatory regions; however, it should not be too large, because
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otherwise the (almost flat) net diffusion will hardly be effective in denoising.
We will set χ = 0.85 ∼ 0.95.

The threshold T must be small enough to equalize the net diffusion on
every interesting oscillatory region including edges and textures. It has been
numerically verified that T can be chosen to be an average of |Su|, S0:

T = S0 :=
( 1

|Ω|

∫

Ω

|Su|2 dx
)1/2

. (3.10)

Since the diffusion magnitude |Su| evaluated from oscillatory regions is typically
larger than the L2-average S0, the threshold T in (3.10) suffices to equalize the
net diffusion for regions of fine structures. For example, for Su = −|∇u|q∇·
(∇u/|∇u|q), 0 ≤ q < 2, the average S0 is often evaluated between 0.01 and 0.3
for typical natural images (the images are scaled to have values in [0, 1]). Let
S0 = 0.1 and select χ = 0.9. Then it follows from (3.8), (3.9), and (3.10) that
η = 90, γ = 10, and

0.1 ≤ |N(s)| ≤ 0.111 · · · , for |s| ≥ S0 = 0.1.

Note that the choice of T in (3.10) keeps an average of the modulator M to be
one.

The above arguments for the choice of η and γ can be summarized as follows:

1. Select a constant χ, 0 < χ < 1.

2. Compute the L2-average of |Su|, S0:

S0 =
( 1

|Ω|

∫

Ω

|Su|2 dx
)1/2

. (3.11)

3. Compute the parameters η and γ:

η =
χ

1 − χ
· 1

S0

, γ =
1

1 − χ
. (3.12)

Thus END requires the user to select only a single parameter, χ, which
determines the sharpness of the net diffusion function N (one can set χ =
0.85 ∼ 0.95, in practice). With the resulting parameters η and γ, the average
of the diffusion modulator M becomes one (independently on the selection of
χ, 0 < χ < 1). Note that when χ = 0, we have M(s) ≡ 1 and therefore the
END model (3.5) turns out to be the conventional model (3.2).

Various numerical schemes and constraint terms can be applied for the END
model (3.5). For a completeness of the article, we will present and analyze an
efficient numerical procedure and an adaptive constraint term in Appendix A
and Appendix B, respectively, which are somewhat straightforward variants of
the author’s previous results [6, 12].
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(a) (b)

Figure 2: The Lenna: (a) The original image and (b) a noisy image
contaminated by a Gaussian noise of PSNR=22.8 (dB)

q = 0.0 q = 0.5 q = 1.0 q = 1.4 q = 1.8

CCAD[q] 27.0 27.2 27.8 28.2 28.3
END-CCAD[q] 29.8 29.8 30.1 30.2 30.3

Table 1: A PSNR analysis

4. Numerical Experiments

For numerical experiments, we select CCAD (2.8) for the basic model; in its
END-incorporated model (3.5), we set χ = 0.9 in (3.8). For the basic model
(2.8), the parameter β is chosen from many trials to be a constant which pro-
duces the best image compared from PSNR and visual content (one may choose
β = λ|∇u|q/(q − 2), for some constant λ, as in definition; however, the result
is not better than constant β for most cases). On the other hand, for the END
model, we apply the adaptive constraint parameter in Section 5 with R0 = 0.4
and R1 = 4.0. For the numerical schemes, we choose θ = 1/2 in (A.5) and
ε = 0.05 in (A.7). The iteration is stopped along with the stopping criterion:
‖un − un−1‖∞ < 0.01. For simplicity, the noise is considered to be Gaussian:
ψ(u) ≡ 1.

To show effectiveness of the new model and numerical schemes, we begin
with the Lenna image, as depicted in Figure 2. A Gaussian noise of PSNR=22.8
(dB) is incorporated into Figure 2(b). In the following, the CCAD model with
a selected q will be denoted by CCAD[q] and its corresponding END model by
END-CCAD[q].
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Table 1 presents PSNRs for the restored images, from Figure 2(b), by
CCAD[q] and END-CCAD[q] for various q’s. Note that CCAD[0] becomes
the linear heat equation, while CCAD[1] is the ITV model (2.7). The CCAD
model can restore a better image as q increases; it has been numerically veri-
fied that the best result can be obtained when q = 1.5 ∼ 1.9. As one can see
from the table, the END reformulation has improved the restoration quality
more dramatically than different choices of basic models. Note that the PSNR
of END-CCAD[0], the END-incorporated linear heat flow, is larger than those
of all CCAD models not incorporating END. In practice, the END incorpora-
tion increases the computational cost by 30-50% per iteration. However, the
END models have converged in 2-5 ADI iterations for all cases we have tested
(including those not presented in this article); the END reformulation is often
more efficient.

In Figure 3, we depict restored images and their misfits (g−u+128), where
g denotes the original image in Figure 2(a) and u is the restored image, for
three selected models considered in Table 1. As one can see from the figure,
the END-CCAD[1.0] has improved the image quality a lot over CCAD[1.0]; the
image quality is further improved by END-CCAD[1.8]. The END-incorporated
models have restored image details very successfully. In particular, the misfit
for END-CCAD[1.8] shows no significant structural components; the model has
restored a desirable image satisfactorily. It should be noticed that the END
reformulation improves the image quality more dramatically in visual content
than in PSNR.

For the above example, better PSNRs can be obtained by selecting a rel-
atively large β for for CCAD[q], e.g., β = 1.5 ∼ 2.5; however, in the case, the
algorithm may leave an observable noise in the restored image. In the above
example, the constant parameter β is selected to be between 0.5 and 1. A
variable constraint parameter is very important for an effective denoising.

Figure 4 contains numerical results carried out by CCAD[1.8]; in this exam-
ple, we will address drawbacks of constant constraint parameters. The Zebra
image is perturbed by a Gaussian noise of PSNR=18.7 (dB), as in Figure 4(b).
CCAD[1.8] reaches its best PSNR (=23.1) when β = 2.1; however, the corre-
sponding restored image still reveals an observable amount of noise as shown
in Figure 4(c). When we set β = 0.8, CCAD[1.8] can obtain a reasonably
well-denoised (however, looking blurrier) image having PSNR=22.3, as shown
in Figure 4(d). Thus the constant constraint parameter either smears out fine
structures excessively or leaves an objectionable noise into the restored image.
On the other hand, when CCAD[1.8] incorporates the edge-adaptive constraint
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(a)

(b)

(c)

Figure 3: The restored images (left) and their corresponding misfits
(right), by: (a) CCAD[1.0], (b) END-CCAD[1.0], and END-CCAD[1.8]

term in Section 5, the model results in a restored image of PSNR=23.3 as
depicted in Figure 4(e). As one can find from the corresponding misfit, Fig-
ure 4(f), CCAD[1.8] has restored an acceptable image successfully when an
adaptive constraint parameter is incorporated. Here the point is that the edge-
adaptive constraint term (although roughly set) is at least better than the best
constant parameter.
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Zebra: (a) The original image, (b) a noisy image perturbed by
a Gaussian noise of PSNR=18.7 (dB); restored images by CCAD[1.8]
with (c) β = 2.1 and (d) β = 0.8; and (e) the restored image by
CCAD[1.8] with the adaptive constraint term in Section 5 and (f) its
corresponding misfit

The above example shows the importance of a variable constraint parame-
ter, for an effective denoising. The END-CCAD[1.8] model results in a restored
image of PSNR=24.5.

In Figure 5, we present the performance of END-CCAD[1.8] applied to the
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(a) (b)

Figure 5: The Kite by Wright brothers (1900): (a) The original image
and (b) a restored image by END-CCAD[1.8]

Kite that Wright brothers constructed to investigate flight principles in 1900.
The original image contains a certain natural noise; it is quite challenging to
reduce the noise without destroying details of the Kite, in particular thin line
segments. We applied END-CCAD[1.8] for the denoising. The computation
converges in two ADI iterations, producing an image as shown in Figure 5(b).
As one can from the figure, the noise is well suppressed except for relatively
large spots, while image details are satisfactorily preserved. Note that the
adaptive constraint term is effective from the second iteration and therefore it
must have helped the result slightly. Thus the superior preservation is mostly
due to the END (as it can be easily verified). Another interesting feature
of the END is a fast denoising in smooth regions, which in turn invokes a
fast convergence overall. As shown in the second inequality in (3.7), the net
diffusion of the END model in smooth regions can be much larger than that
of the basic model. Indeed, since we set χ = 0.9, the parameter γ = 10 and
therefore |s| < |N(s)| = γ|s|/(1 + η|s|) ≤ 10|s|, in smooth regions.

5. Conclusions

We have studied the method of diffusion modulation in order to overcome draw-
backs of conventional PDE-based restoration models, introducing the equalized
net diffusion (END). The END-incorporated model is highly nonlinear; how-
ever, it can be implemented as a stable and efficient computational algorithm
by applying linearization and the ADI method. It is also explicit in the control
of diffusion and constraint. It has been numerically verified that the newly
reformulated models can restore not only fine structures but also slow transi-
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tions satisfactorily, just in 2-5 ADI iterations, outperforming the conventional
PDE-based restoration models in both quality and efficiency.
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Appendix A: Numerical Schemes

This appendix presents an efficient numerical procedure which incorporates
anisotropic diffusion finite difference (FD) schemes for the END model (3.5)
and its stability analysis.

A1: A Linearized Time-Stepping Procedure

Let ∆t be the timestep size and tn = n∆t, n ≥ 0. Define un = u(·, tn). For the
diffusion operator, we will exemplify the CCAD model, i.e.,

Su = −|∇u|q ∇·
( ∇u
|∇u|q

)

, 0 ≤ q < 2. (A.1)

For ℓ = 1, 2 and m = n, n − 1, let Sn−1
ℓ be a diffusion matrix approximating

the directional diffusion operator:

Sn−1

ℓ um ≈ −|∇un−1| ∂xℓ

( ∂xℓ
um

|∇un−1|
)

(A.2)

(see Section 5 for the spatial numerical scheme). Let Sn−1 = Sn−1
1 + Sn−1

2 and

Fn−1 = ψ(un−1)
γ

1 + η |Sn−1un−1| .

Define An−1 = An−1
1 + An−1

2 , where

An−1
ℓ := Fn−1 Sn−1

ℓ +
1

2
Rn. (A.3)

Here Rn is the constraint term, of which an effective strategy will be considered
in Section B. Then, a linearized θ-method for (3.5) can be formulated as

un − un−1

∆t
+ An−1 [θun + (1 − θ)un−1)] = Rn u0. (A.4)

One can solve the linear system (A.4) by applying an iterative algebraic
solver. However, for an efficiency reason, we employ the alternating direction

implicit (ADI) time-stepping procedure [8, 9] for (A.4):
[

1 + θ∆tAn−1
1

]

u∗ =
[

1 − (1 − θ)∆tAn−1
1 − ∆tAn−1

2

]

un−1

+ ∆tRn u0,
[

1 + θ∆tAn−1
2

]

un =u∗ + θ∆tAn−1
2 un−1,

(A.5)

where u∗ is an intermediate solution. The spatial scheme to be presented below
will result in tri-diagonal matrices An−1

1 and An−1
2 . Thus each step of the θ-

ADI procedure (A.5) can be carried out by inverting a series of tri-diagonal
matrices.
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A2. The Anisotropic Spatial Scheme

This subsection considers a numerical scheme for Sn−1
ℓ utilized in (A.2). We will

focus on the construction of Sn−1
1 ; the same scheme can be applied to obtain

Sn−1
2 . Let D un−1

i−1/2,j be a finite difference approximation of |∇un−1| evaluated
at xi−1/2,j , the mid point of xi−1,j and xi,j . For example, a second-order scheme
reads

D un−1

i−1/2,j =
(

(un−1
i,j − un−1

i−1,j)
2

+
[1

2

(un−1
i−1,j+1

+ un−1
i,j+1

2
−
un−1

i−1,j−1
+ un−1

i,j−1

2

)]2)1/2

. (A.6)

Define

dn−1
ij,W = [(D un−1

i−1/2,j)
2 + ε2]q/2, dn−1

ij,E = dn−1
i+1,j,W , (A.7)

where ε is a positive constant (small) introduced to prevent dn−1
ij,W from ap-

proaching zero. Then the differential operators in (A.2), ℓ = 1, can be approx-
imated as

− ∂x1

( ∂x1
um

|∇un−1|q
)

≈ − 1

dn−1
ij,W

um
i−1,j +

( 1

dn−1
ij,W

+
1

dn−1
ij,E

)

um
i,j −

1

dn−1
ij,E

um
i+1,j,

|∇un−1|q ≈ 2
dn−1

ij,W · dn−1
ij,E

dn−1
ij,W + dn−1

ij,E

. (A.8)

Note that the last approximation is first-order accurate. It follows from (A.2)
and (A.8) that the three consecutive non-zero elements of the matrix Sn−1

1

corresponding to the pixel xij become

[Sn−1
1 ]ij = (−sn−1

ij,W , 2, −sn−1
ij,E ), (A.9)

where

sn−1
ij,W =

2 dn−1
ij,E

dn−1
ij,W + dn−1

ij,E

, sn−1
ij,E =

2 dn−1
ij,W

dn−1
ij,W + dn−1

ij,E

. (A.10)

It should be noticed that sn−1
ij,W + sn−1

ij,E = 2. The above non-standard numerical
scheme has been successfully applied as an edge-forming formula for image
zooming of arbitrary magnification factors [5, 6].

A3. Stability Analysis

Let Fn−1 and Rn have their lower and upper bounds as

F0 = min
i,j,n

Fn−1
ij , F1 = max

i,j,n
Fn−1

ij ; R0 = min
i,j,n

Rn
ij , R1 = max

i,j,n
Rn

ij .
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The following theorem analyzes stability for the θ-method (A.4).

Theorem A.1. Suppose that the θ-method (A.4) incorporate the numeri-

cal scheme in (A.6)-(A.10) and let

(4F1 +R1) (1 − θ)∆t ≤ 1. (A.11)

Then (A.4) holds the maximum principle and its solution satisfies

‖un − u0‖∞ ≤ 4F1

4F0 +R0

‖u0‖∞, n ≥ 0. (A.12)

Proof. We will first prove the following inequality:

min
i,j

u0,ij ≤ un
ij ≤ ‖u0‖∞, n ≥ 0, (A.13)

which implies the maximum principle. The equation (A.4) at a point xij can
be written as

[1 + (4Fn−1
ij +Rn

ij)θ∆t]u
n
ij

= θ∆t Fn−1
ij [sn−1

ij,W un
i−1,j + sn−1

ij,E u
n
i+1,j + sn−1

ij,S u
n
i,j−1 + sn−1

ij,N un
i,j+1]

+ (1 − θ)∆t Fn−1
ij [sn−1

ij,W un−1
i−1,j + sn−1

ij,E u
n−1
i+1,j + sn−1

ij,S u
n−1
i,j−1

+ sn−1
ij,N un−1

i,j+1
]

+ [1 − (4Fn−1
ij +Rn

ij)(1 − θ)∆t]un−1
ij + ∆tRn

ij u0,ij. (A.14)

Let un
ij be a local minimum. Then, it follows from (A.11) and the identity

sn−1
ij,W + sn−1

ij,E + sn−1
ij,S + sn−1

ij,N = 4 (A.15)

that each of coefficients in the right side of (A.14), including the term of u0,ij ,
is nonnegative and their sum becomes 1 + (4Fn−1

ij + Rn
ij)θ∆t. Thus, since un

ij

is smaller than or equal to the neighboring values, we must have

u0,ij ≤ un
ij .

The inequality holds for all local minima, which proves the first inequality in
(A.13). The same argument can be applied for local maxima to verify the other
inequality.

Now, to prove (A.12), let δn
ij = un

ij − u0,ij, n ≥ 0. Then it follows from
(A.14) that

[1 + (4Fn−1
ij +Rn

ij) θ∆t] δ
n
ij

= θ∆t Fn−1
ij [sn−1

ij,W un
i−1,j + sn−1

ij,E u
n
i+1,j + sn−1

ij,S u
n
i,j−1 + sn−1

ij,N un
i,j+1]

+ (1 − θ)∆t Fn−1
ij [sn−1

ij,W un−1
i−1,j + sn−1

ij,E u
n−1
i+1,j + sn−1

ij,S u
n−1
i,j−1

+ sn−1
ij,N un−1

i,j+1
]

− 4∆t Fn−1
ij u0,ij + [1 − (4Fn−1

ij +Rn
ij)(1 − θ)∆t] δn−1

ij . (A.16)
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Thus, utilizing (A.13) and (A.15), we have

|δn
ij | ≤

4∆tF1

1 + (4F0 +R0) θ∆t
‖u0‖∞ + γ0 ‖δn−1‖∞, (A.17)

where

γ0 =
1 − (4F0 +R0)(1 − θ)∆t

1 + (4F0 +R0) θ∆t
= 1 − (4F0 +R0)∆t

1 + (4F0 +R0) θ∆t
.

The inequality (A.11) also holds with F1 and R1 replaced respectively by F0

and R0; the resulting inequality can be rewritten as

(4F0 +R0)∆t ≤ 1 + (4F0 +R0) θ∆t,

which implies 0 ≤ γ0 < 1. Since ‖δ0‖∞ = 0, we can have

|δn
ij | ≤

4∆tF1

1 + (4F0 +R0) θ∆t
·

n−1
∑

k=0

γk
0 · ‖u0‖∞

≤ 4∆tF1

1 + (4F0 +R0) θ∆t
· 1

1 − γ0

· ‖u0‖∞ =
4F1

4F0 +R0

‖u0‖∞, (A.18)

which completes the proof.

The above analysis deserves a few remarks.

— The θ-method (A.4) is unconditionally stable for θ = 1. When θ = 1/2
(Crank-Nicolson), the stability condition reads

∆t ≤ 2

(4F1 +R1)
.

However, in practice, it is stable for reasonable choices of the timestep size, say,
∆t ≤ 2.

— The stability condition (A.11) holds independently on 0 ≤ q < 2.

— The main diagonal of the matrix Sn−1 is 4 for all n ≥ 1, independently
on both q and the image. The numerical scheme in (A.6)-(A.10), producing
such a diffusion matrix, plays important roles in mathematical analysis and
practical computation.

Appendix B: An Adaptive Constraint Term

The determination of the constraint parameter has been an interesting problem
for PDE-based models. The basic mechanism of the PDE-based denoising is
diffusion. Thus the parameter R cannot be too large; it must be small enough
to introduce a sufficient amount of diffusion. On the other hand, it should be
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large enough to keep the details in the image. However, in the literature, the
parameter has been chosen constant for most cases; the resulting models can
either smear out fine structures excessively or leave an objectionable amount of
noise into the restored image.

In order to overcome the difficulty, the parameter must be set variable,
more precisely, edge-adaptive. Our strategy toward the objective is to allow the

parameter grow wherever dissipation is excessive, keeping it small else where.
In the following, we will consider an automatic and effective numerical method
for the determination of the constraint function R(x, t):

1. Set R as a constant:

R0 = R(x, 0) = R0. (B.1)

2. Set R1 = R0 and for n = 2, 3, · · ·
(2a) Compute the absolute residual and Gn−1

Res :

En−1 = |u0 − un−1|, Gn−1
Res = max

(

0, Sm(En−1) − En−1

)

, (B.2)

where Sm is a smoother and En−1 denotes the L2-average of En−1.

(2b) Update:

Rn = Rn−1 + ξnGn−1
Res , (B.3)

where ξn is a scaling factor having a property that ξn → 0 as n→ ∞.

The above procedure has been motivated from the following observation.
The PDE-based denoising algorithms tend to have a larger numerical dissipation
near fine structures such as edges and textures. The tendency in turn makes the
residual have structural components on regions where dissipation is excessive.
Such structural components in the residual can be viewed as an indicator for
an undesired dissipation. By adding the components (after smoothing) to the
constraint parameter R, we may reduce the undesired dissipation there. It
should also be noticed that from a view point of (2.10), the constraint term
would better be a function of the residual.

In practice, one may wish to limit the constraint term in a prescribed in-
terval, i.e., R(x, t) ∈ [R0, R1]. Then, we can determine the scaling factor ξn as
follows:

ξn =
1

2n−1
· R1 −R0

‖Gn−1
res ‖∞

, n = 2, 3, · · · . (B.4)

Remark. The recursive update in the above adaptive constraint term has
excluded the case n = 1, because E0 = |u0 − u0| ≡ 0 as usual. One may try to
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adjust the algorithm along with

En−1 =

{

|S0u0|, for n = 1,
|u0 − un−1|, for n ≥ 2.

However, the adjustment turns out to improve the result a little, not much.


