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Abstract: We extend 2n-dim biconformal gauge theory by including Lorentz-
scalar matter fields of arbitrary conformal weight. We show that for a massless
scalar field of conformal weight zero in a torsion-free biconformal geometry, the
solution is determined by the Finstein equation on an n-dim submanifold, with
the stress-energy tensor of the scalar field as source. The matter field satisfies
the n-dim Klein-Gordon equation.
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1. Introduction

Recently, we developed a new gauge theory of the conformal group, which
solved many of the problems typically associated with scale invariance [10]. In
particular, this new class of biconformal geometries has been shown to resolve
the problem of writing scale-invariant vacuum gravitational actions in arbitrary
dimension without the use of compensating fields [9]. In the cited work, we
wrote the most general linear vacuum action and completely solved the resulting
field equations subject only to a minimal torsion assumption. We found that all
such solutions were foliated by equivalent n-dimensional Ricci-flat Riemannian
spacetimes.
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Reference [9] left an open question: how are matter fields coupled to bicon-
formal gravity? A priori, it is not at all obvious that any action for biconformal
matter permits the same embedded n-dim Riemannian structure that occurs
for the vacuum case since biconformal fields are 2n-dimensional. Indeed, in
the case of standard n-dim conformal gauging ([2], [6], [7]), we generally re-
quire compensating fields to recover the Einstein equation with matter (see,
for example, [3], [1], [4], [8]). To answer this question for biconformal space,
in the present work we extend the results of [9] by introducing a set of Klein-
Gordon-type fields ¢™ of conformal weight m into the theory. Using the Killing
metric intrinsic to biconformal space, we write the natural kinetic term in the
biconformally covariant derivatives of ¢ and find the resulting gravitationally
coupled field equations. Then, for the case of one scalar field ¢ of conformal
weight zero, we completely solve the field equations, under the assumption of
vanishing torsion. We find that, as before, the solutions are foliated by equiv-
alent n-dim Riemannian spacetime submanifolds whose curvatures now satisfy
the usual Einstein equations with scalar matter. The field ¢, which a priori
depended on all 2n biconformal coordinates, is completely determined by the n
coordinates of the submanifolds and satisfies the submanifold massless Klein-
Gordon equation 7°*D,Dg¢ = 0.

Thus, the new gauging establishes a clear connection between conformal
gauge theory and general relativity with scalar matter, without the use of com-
pensating fields.

The structure of the paper is as follows. In the next section, we extend the
applicability of the biconformal dual introduced in [9] and establish how to write
the usual kinetic action for scalar fields of arbitrary conformal weight using dif-
ferential forms. Then, in Section 3 we find the field equations resulting from
this action coupled to the linear gravity action introduced in [9]. Interestingly,
these equations together with previous results show that pairs of scalar mat-
ter fields of conjugate conformal weight provide a source for the Weyl vector.
Next, restricting to the case of a zero-weight scalar field, Sections 4 and 5 give
the solutions for the curvature and connection, respectively, of the background
geomety in the case of vanishing torsion. Finally, in Section 6, we examine the
field equations and other constraints on the matter field.

2. The Biconformal Dual and Inner Product

For full detail on the new conformal gauging we refer to [10]. We will use the
same notation as in [9].
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The Minkowski metric is written as n,, = diag(1l...1,—1), where a,b, ...
= 1,...,n. We denote the connection components (gauge fields) associated
with the Lorentz, translation, co-translation, and dilation generators of the
conformal group O(n,2), n > 2, as the spin-connection wf, the solder-form w?,
the co-solder-form wg, and the Weyl vector wy, respectively. The corresponding

O(n,2) curvatures Qg (a,b,... = 0,1,...,n) are referred to as the curvature

Qf, torsion 2% = Qf, co-torsion 2, = Qg, and dilation 09, respectively, and

are defined by the biconformal structure equations,

Q¢ = dwf — wiw? — A%t (1)
Q= dw — Ww — wiw®, (2)
Q. = dw, — Wl — wewy (3)
Q) = dw) — ww,, (4)

where Agg = (5?53 — n%n.4. In all cases differential forms are bold and the
wedge product is assumed between adjacent forms. The position of any lower-
case Latin index corresponds to the associated conformal weight: each upper
index contributes +1 to the weight, while each lower index contributes —1.

Biconformal space is the 2n-dimensional base space of the O(n,2) principal
bundle with homothetic fiber, first constructed in [5] and developed as a gravity
theory in [10] and [9]. Each biconformal curvature may be expanded in the
(w®, wp) basis as

N . 1 -
0F = 0w + Ofwew + 08w, (5)

where we use the convention of writing
W™ = Wb W =W AWP A LA WS

The three terms of equation (5) will be called the spacetime-, cross-, and
momentum-term, respectively, of the corresponding curvature.

Any r-form U (r < 2n) defined on the cotangent bundle to biconformal
space can be uniquely decomposed into a sum of (p, ¢)-forms,

T
U= Z Upr—p
p=0
each of which is of the form
1 br-b
Upg = —Uaya, W Pwpp, (g <n, ptqg=r) (6)

plq!
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and has conformal weight p — ¢q. For example, a 1-form can be written as
U = U,w® + Uw, = Ugw?, (7)

where capital Latin indices denote both upper and lower lower-case Latin in-
dices.
Biconformal space possesses a natural metric,

AB 0 (58
K ‘<5s 0

which is obtained when the non-degenerate Killing form of the conformal group
O(n,2) is restricted to the biconformal base space. The Killing metric defines
a natural inner product between two 1-forms U and V:

1 1
(U, V) = 5Kf‘“—E‘U,m_:; =3 (U, +VU,) . (8)

Notice that, because the metric is essentially 6, whenever we sum an upper
with a lower index we have implicitly used the Killing metric.

In [9], we demonstrated that when the indices of the 2n-dimensional Levi-
Civita symbol are sorted by weight, it may be written as the product of two
n-dimensional Levi-Civita symbols of opposite weights:
gbibn
where the mixed index positioning indicates the scaling weight of the indices,
and mot any use of the metric. The Levi-Civita tensor is normalized such that
traces are given by

b1--bpCpt1-Cn __ b1---b
Ear-apepii—cn€ PP = pl(n — p)ldgy.aps

where the antisymmetric §-symbol is defined as
bibp _ <lb b
opite = glbn . ghel,

Using the Levi-Civita tensor, the scale-invariant volume form of biconformal

space is given by:
b1~~~bn aj...an
ar--an w

P =c¢ Why by, *
b

al...anl“'bn is totally antisym-

Notice that despite the mixed index positions, &
metric on all 2n indices.



BICONFORMAL MATTER ACTIONS 211

We now define biconformal dual of a general r-form. Let U, , be an arbi-
trary (p, ¢)-form as denoted in (6). Then the dual of U, 4 is an (n—q, n—p)-form,
also of weight p — ¢, defined as

% . by---bg ai-an, bgy1---b
Upg = Ua1~--ap ST w™ "

Wapt1--ans

(1 if  p=>gq,
7(p,q) = { (—1)p+a) it p<q.

This choice of 7(p, q) guarantees that for any r-form U,
T = (_1)r(n7r)U
and that for two arbitrary (p, q)- and (g, p)-forms, U, , and V,, respectively,
UP,Q*VQ,P = Vq,p*Unm

where we again assume wedge products between forms. It is then easy to show
that for any two r-forms U and V, the product U*V is proportional to the
volume form ® and

U*V = Z Up,r—p*vr—p,p = Z Vp,r—p*UT—pp = V*U,
p=0 p=0

because U, ._,*V;_g , vanishes unless p = q.
Now let U be a general 1-form as in (7). Then

U = (_1)n—1U

and ) 1)
§U*U :WUaU‘I(I'. (9)

Thus, by equation (8), the term U*U is proportional to the inner product
(U, U):
2(—=1)"

U= nl?

—1)"
(U, U)® :(TL—'Q)KABUAUB@. (10)

We are now ready to build the biconformal theory of scalar matter. Let ¢™
be a set of massless Lorentz-scalar fields of conformal weight m € Z and D¢™
be their biconformally covariant derivatives defined by

D¢™ = d¢™ + mwgp™. (11)
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This covariant derivative is a 1-form which is also of weight m and can be
expanded as
D¢™ = wA D™,

Since the dual operator preserves the conformal weight, *D¢~" must be of
weight —m, so that every term in the infinite sum

Z ngm*qu_m
meZ

is of conformal weight zero. Using (10) we see that

—1)"
D™ Dy ™ = (n'Q) KAPDy¢™Dpo™"®

for every m. We have thus arrived at the Weyl-scalar-valued action

Sy = %XZ/Dw*D(p—m = %X(;gn Z/KABDA¢mDB¢‘m<I>- (12)

We shall make use of the ‘dual’ form of Sj; when we vary the action with
respect to the field and with respect to the connection, whereas the form of
S that explicitly displays the dependence on the Killing metric proves more
useful in varying the base forms.

In the next section, we combine this matter action with the general curvature-
linear gravity action and find the resulting field equations.

3. The Linear Scalar Action

In a 2n-dimensional biconformal space the most general Lorentz and scale-
invariant action which is linear in the biconformal curvatures and structural
invariants is

Se = /(aﬂgll + 55211 98 + 'Ywalwbl)wagmanwbz...bnEblmbngal...an

first introduced in [9]. We will always assume non-vanishing «, 3, and . For a
set of massless Lorentz scalar fields ¢™ of weight m with kinetic term Sjs given
by (12), we have

S=5Suw+ 5. (13)

Variation of this action with respect to the scalar fields yields the equation

0 = D*D¢™ (14)
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for every m, where
D*D¢™ = d*D¢™ + mw) De™.
Variation with respect to the connection one-forms gives rise to the following

field equations:

B(Q2% — 20,065) = A6y, (15)
QL —20cd5eby = @b, (16)
(=AY Dy + 20700508 =0, (17)
a(=AY Q2 4 2AY 50Ny =0, (18)
O‘Qbac + ﬂQObc = — AT, (19)
2(a0% + B9) 6% + A = ATE, (20)
anc + ﬁggbc — )\Tbc7 (21)
2(af2; + B + AL = ATE, (22)
where the matter sources are given by
1 —
Ta = 3 ; Da@™ Dy~ = Tha,
a — 1 a L1m —m c  m —m Sa
T = 5;(D¢ Dy¢p™™ + D°¢™ Do ™55
1
b a mmnb . .—m __ ~rb
T® = 5;1) ¢ Db = b
O = Y mo"Dyp ™,
@b _ Zm¢me¢—m
and we have defined
A = (aln—1)— B+yn?)6¢, (23)
2
= ——=\ 24
A (n—1)12 A (24)

Note that since the spin connection does not occur in the covariant derivative
(11), due Sy = 0, and there is no matter contribution to equation (17) or (18).
Combining equations (20) and (22) we see that the latter can be replaced by

cd = de- (25)
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We remark that the biconformal structure equations together with equations
(15)-(18) may be used to express the torsion and co-torsion in terms of the
connection, the Weyl vector, and (here) the matter fields ¢™. In [9] it was
observed that constraining the torsion to vanish also forces the Weyl vector to
vanish, but this conclusion no longer holds with matter present. This suggests
that setting the torsion to zero is not an undue constraint as assumed in [9], but
rather, that the Weyl vector vanishes unless there are appropriate matter fields
present. Taking this view, we are free to assume Q2% = 0. Then, there exists a
gauge in which the Weyl vector is given in terms of covariant derivatives of the
fields ¢™ by
1 A

(n—-1)(n—-2)8

0 _
Wy =

Y m¢™De .

m

Notice that w = 0 unless conjugate weights, +m and —m are both present.
We will explore such dilational sources further elsewhere. Here, since our

goal is to derive the usual form of the Einstein equations with scalar matter, it

is sufficient to restrict our attention to the case m = 0. Thus, for the remainder

of this paper we restrict to the case of a scalar field ¢ of conformal weight zero.
Then, the covariant derivative is simply the exterior derivative

D¢ = d¢ = wldad,

so the field equations reduce to

0 = \d*do, (26)
0 = B(Q%a — 29505, (27)
0 Bl — 20550y (28)

together with equations (17)-(25), where ©, = 0, ©® = 0 and

1
Ta = 5 datd dyd =T,
1
Ty = 5 ([d'¢dyd+d°¢ ded &)
1
T = S de =T
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4. Solution for the Curvatures

We now find the most general solution to these equations subject only to the
constraint of vanishing torsion. As discussed above, this condition no longer
implies a vanishing Weyl vector. The Weyl vector nonetheless vanishes because
of our choice to consider only zero conformal weight matter.

Despite vanishing torsion, the general approach to solving the field equa-
tions follows that of [9]. Starting with a general ansatz for the spin connection
and Weyl vector, we first solve the torsion and co-torsion equations, equations
(27, 28) and equations (17, 18). The Bianchi identity following from the van-
ishing torsion constraint and field equations (19)-(25) then determines the form
of the curvature and dilation. In Section 5, we show that the vanishing torsion
constraint also leads to a foliation by n-dimensional flat Riemannian manifolds.
By invoking the gauge freedom on each of these manifolds, we show the exis-
tence of a second foliation by n-dimensional Riemannian spacetimes satisfying
the Einstein equations with scalar matter.

To begin, we write the spin connection wy as

wy = af + By + (29)

with of and 3; defined by
a b a 1 abc b 1 be
dw” = w’ay + 59 Wpe, dwg = Bwp + §Qabcw .

Using this ansatz as well as the general form of the Weyl vector, w) = W,w® +
W, in structure equations (2) and (3), Q%¢ and Qg remain related to
derivatives of the solder- and co-solder forms, whereas the other torsion and
co-torsion terms are algebraic in the components of oy, 87, v;, and w8. Thus,
the separation of the connection allows us to solve the torsion/co-torsion field
equations (27), (28), (17), and (18) algebraically.

We simply state the result of this reduction here. More detail is available
in [9]. Defining

op = ap — By = opw’ + opwe,
and setting
Q% =0,

field equations (27), (28), (17), and (18) imply

wy =0, op. =0, o,2=0,
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with no assumption concerning the co-torsion, curvature, or dilation. From

these we find
wy =ajp .

The co-torsion cross- and momentum terms reduce to

b be be cb
Qe =0, Q5 =0,—0,,

so that the full co-torsion is

1
Q, = §Qa0dw0d + O'ZCwa

with
ol =0.

The spacetime co-torsion {24, remains undetermined.

Next, we turn our attention to the curvature and dilation equations, equa-
tions (19)-(25). The vanishing torsion constraint makes it possible to obtain an
algebraic condition on the curvatures from the Bianchi identity associated with

equation (2). Taking the exterior derivative of equation (2) gives

wbﬂg = waﬂg,

which implies for the curvature components

0l = 0
0t = 0
Oc 1 ac
Qog = —n_lea’
1
b b 0b
o = —Lafros — a0,
1
Q80d = m( gac_ gad)'

(30)

(34)

(35)

Next, we impose field equations (19)-(25) onto these conditions and see that
equation (21) is satisfied by virtue of equations (31) and (32) if and only if

T® =0, sothat d% =0, Y¢=0.

Imposing equations (20) and (22) onto (33) now yields for 5 # (n — 1)«

_
an—1)—-0

2
Uiy = (M= d*dyd + ———d pdc¢05)
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1

——(aln—1) = B+ )3} .

Since d%¢ = 0, this reduces to

(a(n—1) = B+n?)
(n —1)(a(n —1) - 5)

Imposing equation (19) onto (35) yields

Oa __
QOb__

—s (36)

ngc =0 ) 1
ap =98, if  p# 5(71 - 2)a.
Oéanc = _)\Tbc

If the first of these conditions is substituted back into (30), we obtain the cyclic
identity on the spacetime curvature:

Summarizing the forms of the dilation and curvature so far we have for the
generic case

98 = —xwaw®, (37)
a 1 a cd ca d
Qy = §chdw + XApgwew™, (38)
with
([lbcd} = 0, (39)
Oéanc = )\Tbc- (40)

We now use the vanishing of the Weyl vector to obtain further constraints on
QY and Qf. Substituting the restricted form of the dilation (37) into structure
equation (4),

Q) = Qwaw’ = waw?,

we see that

Qo = o5 (41)
The last equation has to be equal to the dilation crossterm as given by equation
(36), which implies y = —1, i.e. a relationship between the constants «, (3, and
ok o
=-1.

an—1)—-0
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Hence, the volume () term must necessarily be present in the action. Thus, in
the generic case, where

B (n—Va; B4 L (n— 2,

we have a two-parameter class of allowed actions, differing only in the constant
%. Through equation (34), equation (41) also implies that

ac __ ac
bd — _Adb'

We have now satisfied all of field equations (15)-(25). The curvatures take
the form

Qr = 0, (42)
1
Qa = Ugcwbc =+ §Qabcwbc R (43)
Q) = wew?, (44)
a 1 a cd ca d
@ = 5w — Bpgwew” (45)

In addition, the remaining nonzero components of the curvature and other
coefficients are subject to the constraints:

becd] — 0,
Oéanc = _)\Tbca
ol = 0,
¢ = 0.

Notice that the dilation is necessarily non-degenerate, but may not be closed.

This is as much as can be accomplished algebraically. In the next section, we
find further constraints on the curvatures arising from the structure equations,
and integrate to find the connection.

5. Solution for the Connection

While equations (42)-(45) for the curvatures satisfy all of the field equations,
they do not fully incorporate the form of the biconformal structure equations
as embodied in the Bianchi identities. Therefore, in this section, we turn to the
consequences of the form of the curvatures on the connection.
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So far, we have established that in the as yet unspecified original gauge the
Weyl vector vanishes and the spin connection is fully determined by the solder
form w®:

w8 = 0,

wp = ap = agw’+ apwe.
Substituting the reduced curvatures into equations (1)-(3) (equation (4) is iden-
tically satisfied by (44)), the structure equations now take the form

1
daf = ajog + 5w, (46)
dw® = whal, (47)
b be 1 be
dw, = aqwp+o, wbc+§Qabcw . (48)

We observe that equation (47) is in involution. By the Frobenius Theorem,
we can consistently set w® to zero and obtain a foliation by submanifolds, where
the spin connection and the co-solder form reduce to

fa = wa|w“:0 s

~a a ac
o, = Oéb|wa=0 = @y f.,
~bc be
Oq = 04 |w‘1:0-

Then each submanifold is described by the reduced structure equations

da; = 4aag,
df, = a’f, + 65f,.

Since the spin-connection is involute, there exists a Lorentz gauge transforma-
tion such that &; = 0 on each submanifold, i.e. ap® = 0. With this gauge
choice the system reduces to simply

df, = 6%fy... (49)

This can be solved in the usual way giving 6% in terms of f, and df,. Since
this solution has the same form on each leaf of the foliation, the expression for
0% remains valid when it is extended back to the full space, i.e. o%¢ depends
on the 2n biconformal coordinates only through its dependence on f,.

The existence of an & = 0 gauge depends only on vanishing torsion, which

leads to an involution of the solder form w® and the resulting Bianchi identity,
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equation (30). Therefore, the results of Section 4 remain valid in the & = 0
gauge.
Returning to the full biconformal space, we now have a gauge

such that the spin connection is

ap = ap.e°,
while the co-solder form may be written in terms of f, and an additional term
linear in the solder form,
wo = £y + hapel. (50)

Notice that while f, depends on all 2n coordinates of this extension, it remains
independent of the 1-forms e®. This means that df, remains at least linear in
f,, and is consequently involute. We can therefore turn the problem around,
setting f, = 0 to obtain a second foliation of the biconformal space. We can
define h, in terms of this involution, setting

_ b
ha = wa|fa:0 = habe 5

with hgp arbitrary. The structure equations for the f, = 0 geometry are

1

day = a§a2+59§cde“1, (51)

de® = e, (52)
1

dh, = agcechb+02‘3hb0+§§2abcebc. (53)

Equation (53) determines h, once the spacetime co-torsion, 4., is given,
with little consequence for the rest of the geometry. We focus our attention on
the first two equations. Since they are unchanged from their full biconformal
form, the curvature

1
R} = 500

and connection of (and of course e*, by the first involution) are fully determined
on the n-dimensional f, = 0 submanifold. Thus, af is the usual spin connection
compatible with e, while Ry is its curvature. If we let

Rap = (Czcbv
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then the Bianchi identity following from (51),

DR} =0,
implies that the tensor
1
Gap = Rap — 3Mab 1t

is divergence-free.
Now that ¢ , is seen to be the Ricci tensor of an underlying n-dim sub-
manifold, it follows from the remaining condition (40),

A
Rab:HTaba Hz_aa

that these submanifolds satisfy the Einstein equations,
Gab = /ﬁITab, (54)

with the divergence-free stress-energy tensor given by derivatives of the matter
field:

1 1
T =3 (da¢db¢ - §nabncedc¢de¢) . (55)
Even though the co-torsion has a nonvanishing spacetime projection, the cur-
vature is the one computed from the solder form w® alone. This is our principal
result, establishing a direct connection between general relativity with scalar
matter and the more general structure of biconformal gauge theory with scalar
matter.

6. Constraints on the Matter Field

We have seen that the Bianchi identity associated with equation (2) with van-
ishing torsion together with field equation (21) imply

d'¢ =0,
or
do = wdyo. (56)

We now show that this implies that the scalar field ¢ depends only on the n
coordinates spanning each leaf of the f, = 0 foliation and identically satisfies
its own field equation.
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Based on the involution for w® there exist n coordinates z* of weight +1
such that

w® = elfda:“

with the component matrices e, necessarily invertible. From equation (47),
we immediately find that e = e /(). Similarly, it can be shown from the f,
involution that there exist n complementary coordinates y, of weight —1 such

that f, takes the form
f, = f/dy,.

Since both f, and dy,, completely span the co-tangent bundles of the w® = 0
submanifolds, the component matrices f; are also necessarily invertible. Thus,
(z*,y,) form a complete set of local coordinates on biconformal space. If we
expand d¢ in this coordinate basis, we obtain

d¢ = 0,¢dzt + 0" ¢dy,,

where (0, 0") denote derivatives with respect to (z*,y, ). Equating this general
form with the derived form (56),

d¢ = e/ (x)dpdzt,

we see that ¢ = ¢(z). Hence, the scalar field is entirely defined on the n-
dimensional Riemannian spacetime.
Using equation (50) to expand the co-solder-form as

we = fl'dy, + habelfdm“,
it is now easy to show that
d*¢ =0= d*d,¢p = 0.

This result, together with the vanishing torsion constraint and equations (47)-
(48), imply that the field equation for ¢, equation (26), is identically satisfied.

However, the field is constrained by the fact that the stress-energy tensor
(55) is, by equation (54), proportional to the divergence-free Einstein tensor
and therefore must itself be divergence-free. Since

1
nbeDeTab = nbeDe <Da¢Db¢ - §7lab77€ch¢Df¢>

= nCd(Dch¢)Da¢
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the stress-energy tensor is divergence-free if and only if
nCchDd¢ =0.

This establishes that the scalar field ¢ satisfies the free Klein-Gordon (wave)
equation on the n-dimensional spacetime.

7. Conclusions

We have developed aspects of the theory of scalar matter in biconformal space.
Using the existence of an inner product of 1-forms and a dual operator, we con-
structed an action for a scalar matter field ¢" coupled to gravity and found the
field equations. We solved them for the case of a scalar field of conformal weight
zero in a torsion-free biconformal geometry. As in the vacuum case, the generic
solutions are foliated by equivalent n-dimensional Riemannian spacetime man-
ifolds. The curvature of each submanifold satisfies the usual Einstein equations
with scalar matter. The scalar field is entirely defined on the submanifold and
satisfies the n-dimensional massless Klein-Gordon equation.
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