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Institute of Mathematics and Informatics
Akademijos 4, Vilnius, LT-08663, LITHUANIA

e-mail: stst@ktl.mii.lt

Abstract: The object of this research in the sphere of queueing theory is the
theorem about the law of the iterated logarithm under the conditions of heavy
traffic in multiphase queueing systems and its application to the model of the
message switching system. First the law of the iterated logarithm is proved for
values of important probabilistic characteristics of the queueing system investi-
gated as well as sojourn time of a customer. Finally we present an application
of the proved theorem for the mathematical model of the message switching
system.
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1. Introduction

At first, the law of the iterated logarithm is considered by investigating the
sojourn time of a customer in multiphase queueing systems. The multiphase
queueing system is a queueing system when a customer does not visit the same
queueing node twice (see, for example, Karpelevich et al [13]). Therefore, such
a system is a special case of the open Jackson network.

Interest in the field of multiphase queueing systems has been stimulated
by the theoretical values of the results as well as by their possible applications
in information and computing systems, communication networks, and auto-
mated technological processes (see, for example, Saati et al [25]). The methods
of investigation of single-phase queueing systems are considered in Borovkov
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[2, 3], etc. The asymptotic analysis of models of queueing systems in heavy
traffic is of special interest (see, for example, Kingman [14, 15], Iglehart et al
[9, 10], etc.). The papers Kobyashi [17], Reiman [22] and others desribed the
beginning of the investigation of diffusion approximation to queueing networks.
Intermediate models – multiphase queueing systems – are considered rarer due
to serious technical difficulties (see, for example, book Karpelevich et al [13]).
The works on sojourn time for the multiphase queueing systems and open Jack-
son networks in heavy traffic are also sparse. In Szczotka et al [28], it is proved
that the stationary distribution of random vectors of sojourn times in multi-
phase queueing systems is given as a functional of a Brownian motion. The
papers Boxma [4], Boxma et al [5], Karpelevich et al [12] and Knessl et al [16]
investigated the distribution of sojourn times in multiphase queueing systems
with identical service times. Reiman [21] and Coffman et al [7] presented the
proof of an expression for the stationary distribution of the diffusion approx-
imation for sojourn times in open Jackson networks. The papers Reiman et
al [23, 24] investigated the sojourn time distribution in networks of priority
queues. In Zhang Han Qin et al [30] and Chen Hong et al [6], applying the
method of strong approximations, sojourn time processes in open and multi-
class feedforward queueing networks are investigated. The papers Reiman et al
[23] and Harrison et al [8] deal with the simulation of sojourn time distribution
in open queueing networks.

Let the sojourn time of a customer in the phases of a queueing system be
unrestricted, the principle of service being “first come, first served”. All the
random variables studied are defined on one basic probability space (Ω,F,P).

We present some definitions in the theory of metric spaces (see, for example,
Billinsley [1]).

Let C be a metric space consisting of real continuous functions in [0, 1] with
a uniform metric

ρ(x, y) = sup
0≤t≤1

|x(t) − y(t)|, x, y ∈ C.

Let D be a space of all real-valued right-continuous functions in [0,1] having
left limits and endowed with the Skorokhod topology induced by the metric d
(under which D is complete and separable). Also, note that d(x, y) ≤ ρ(x, y)
for x, y ∈ D.

In this paper, we will constantly use an analog of the theorem on converging
together (see, for example, Iglehart [11]):

Theorem 1.1. Let ε > 0 and Xn, Yn, X ∈ D. If

P

(

lim
n→∞

d(Xn,X) > ε
)

= 0 and P

(

lim
n→∞

d(Xn,Yn) > ε
)

= 0,
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then

P

(

lim
n→∞

d(Yn,X) > ε
)

= 0. (1)

Finally, we present Theorem 6.1 from Whitt [29], p. 80.
Let S = R and T have a closed left endpoint 0.

For any x ∈ D, let x↑(t) = sup
0≤s≤t

x(s), t ∈ T. The supremum function ↑ is

easily seen to be continuous in each of Skorohod’s topologies (see, for example,
Whitt [29]).

Theorem 1.2. For all x, y ∈ D,

d(x↑, y↑) ≤ d(x, y) . (2)

In this paper, the law of the iterated logarithm for the sojourn time of mul-
tiphase queueing systems in conditions of heavy traffic is proved. The main tool
for the analysis of multiphase queueing systems in heavy traffic is a functional
law of the iterated logarithm for partial sums of independent identically dis-
tributed random variables (the proof can be found in Strassen [27] and Iglehart
[11]).

2. Statement of the Problem

We investigate here a k-phase queue (i.e., after a customer has been served in
the j-th phase of the queue, he is routed to the j +1-st phase of the queue, and,
after the service in the k-th phase of the queue, he leaves the queue). Let us

denote by tn the time of arrival of the n-th customer; by S
(j)
n – the service time

of the n-th customer in the j-th phase; zn = tn+1−tn; and by τj,n+j – departure
of the n-th customer from the j-th phase of the queue, j = 1, 2, · · · , k.

Let interarrival times (zn) at the multiphase queueing system and service

times (S
(j)
n ) in each phase of the queue for j = 1, 2, · · · , k be mutually indepen-

dent identically distributed random variables.

Next, denote by W
(j)
n the waiting time of the n-th customer in the j-th

phase of the queue; Tj,n =
∑j

i=1(W
(i)
n +S

(i)
n ) stands for the sojourn time of the

n-th customer (time, which the n-th customer spent in the queueing system
until the j-th phase), j = 1, 2, . . . , k.

We form such a modified multiphase queueing system in which W
(j)
n =

0, j = 1, 2, . . . , k, n < k. Limit distributions for a modified multiphase queue-
ing system and the usual multiphase queueing system which, working in heavy
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traffic conditions, are coincidental (see, for example, Iglehart [9]). Thus, later
we can investigate only the modified multiphase queueing system and assume
that n ≥ k.

When j = 1, 2, . . . , k, let

δj,n =

{

S
(j)
n−(j−1) − zn, if n ≥ k ,

0, if n < k.

Let us denote Sj,n =
∑n−1

l=1 δj,l, S0,n ≡ 0, Ŝj,n = Sj−1,n−Sj,n, xj,n = τj,n−
tn, x0,n ≡ 0, x̂j,n+1 = xj,n − δj,n+1, x̂0,n ≡ 0, yj,n = x̂j,n+(j−2) − x̂j−1,n+(j−2),

ŷj,n = x̂j,n − x̂j−1,n, δ̂j,n = δj,n+(j−2) − δj−1,n+(j−2), αj = Mδj,n, α0 ≡
0, Dzn = σ2

0 , DS
(j)
n = σ2

j , σ̃2
j = σ2

0 + σ2
j , S

(0)
n = zn, j = 1, 2, . . . , k, δ̂n =

max
1≤j≤k

max
0≤l≤2n

|δj,l|, [x] as the integer part of number x.

We assume that the following conditions are fulfilled:
there exists a constant γ > 0 such that

sup
n≥1

M |S(j)
n |4+γ < ∞, j = 0, 1, 2, . . . , k (3)

and
αk > αk−1 > · · · > α1 > 0. (4)

In this paper, we mostly use the equations presented in Minkevičius [18]:

x̂j,n = max
0≤l≤n

(x̂j−1,l − Sj,l) + Sj,n, x̂0,n ≡ 0, n ≥ k,

xj,n = max(xj−1,n−1 + δj,n; xj,n−1 + δj,n), x0,n ≡ 0,
(5)

xj,n+1 = max
0≤l1<l2<...<lj≤n





l2−1
∑

m=l1

δ1,m +

l3−1
∑

m=l2

δ2,m + · · · +
n
∑

m=lj

δj,m



 ,

xj,n = max
0≤l≤n−1

(xj−1,l − Sj,l) + Sj,n−1, n ≥ k, j = 1, 2, . . . , k.

3. Main Result

First we investigate the law of the iterated logarithm for the sojourn time of a
customer in multiphase queues.

We prove such a theorem.
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Theorem 3.1. If conditions (3) and (4) are fulfilled, then

P

(

lim
n→∞

Tj,n − αj · n
σ̃j · a(n)

= 1

)

= P

(

lim
n→∞

Tj,n − αj · n
σ̃j · a(n)

= −1

)

= 1,

j = 1, 2, . . . , k and a(n) =
√

2n ln ln n.

Proof. Denote random functions in D as follows

T̄ n
j (t) =

Tj,[nt] − αj · [nt]

a(n)
, X̄n

j (t) =
x̂j,[nt] − αj · [nt]

(n)
,

S̄n
j (t) =

Sj,[nt] − αj · [nt]

a(n)
, j = 1, 2, . . . , k and 0 ≤ t ≤ 1.

Using a triangle inequality and (2), we see that, for each fixed ε > 0,

P
(

lim
n→∞

d(T̄ n
j , S̄n

j ) > ε
)

≤ P
(

lim
n→∞

d(T̄ n
j , X̄n

j ) >
ε

2

)

+P
(

lim
n→∞

d(X̄n
j , S̄n

j ) >
ε

2

)

≤ P
(

lim
n→∞

ρ(T̄ n
j , X̄n

j ) >
ε

2

)

+P
(

lim
n→∞

ρ(X̄n
j , S̄n

j ) >
ε

2

)

= P



 lim
n→∞

sup
0≤t≤1

|Tj,[nt] − x̂j,[nt]|

a(n)
>

ε

2





+P



 lim
n→∞

sup
0≤t≤1

|x̂j,[nt] − Sj,[nt]|

a(n)
>

ε

2



 , j = 1, 2, . . . , k.

(6)

It is proved (see Minkevičius [20]) that, if conditions (4) are fulfilled, then,
for each fixed ε > 0,

P



 lim
n→∞

sup
0≤t≤1

|Tj,[nt] − x̂j,[nt]|

a(n)
> ε



 = 0, j = 1, 2, . . . , k. (7)

Also we obtain (see again Minkevičius [20]) that for each fixed ε > 0,

P





sup
0≤t≤1

|x̂j,[nt] − Sj,[nt]|

a(n)
> ε



 ≤
k
∑

i=1

P





max
0≤l≤n

| max
0≤m≤l

Ŝi,m|

a(n)
>

ε

k



 , (8)

j = 1, 2, . . . , k.
Note (see, for example, Iglehart et al [9]) that for each fixed ε > 0,
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P



 lim
n→∞

max
0≤l≤n

Ŝj,l

a(n)
> ε



 = 0, j = 1, 2, . . . , k, (9)

if conditions (4) are fulfilled.

Using the theorem on continuous mapping (see Billinsley [1]) for | · | and
the maximum function, we also obtain that for each fixed ε > 0,

P



 lim
n→∞

max
0≤l≤n

| max
0≤m≤l

Ŝj,m|

a(n)
> ε



 = 0, j = 1, 2, . . . , k. (10)

Thus, we have that, for each fixed ε > 0,

P



 lim
n→∞

sup
0≤t≤1

|x̂j,[nt] − Sj,[nt]|

a(n)
> ε



 = 0, j = 1, 2, . . . , k. (11)

Besides, we get (see (7) and (11)) that, for each fixed ε > 0,

P



 lim
n→∞

sup
0≤t≤1

|Tj,[nt] − Sj,[nt]|

a(n)
> ε



 = 0, j = 1, 2, . . . , k. (12)

Using the theorem on the law of the iterated logarithm for random functions
S̄j,n(t), j = 1, 2, . . . , k (see, for example, Strassen [27]), we achieve that

P

(

lim
n→∞

Sj,n − αj · n
σ̃j · a(n)

= 1

)

= 1 and P

(

lim
n→∞

Sj,n − αj · n
σ̃j · a(n)

= −1

)

= 1, (13)

j = 1, 2, . . . , k. Thus, applying (13) and (1) we obtain

P

(

lim
n→∞

Tj,n − αj · n
σ̃j · a(n)

= 1

)

= 1 and P

(

lim
n→∞

Tj,n − αj · n
σ̃j · a(n)

= −1

)

= 1,

j = 1, 2, . . . , k.

The proof of Theorem 3.1 is complete.
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4. On the Model of Switching Facility

In this part of the paper, we will present an application of the proved theorem
– a mathematical model of message switching system.

As noted in the introduction, multiphase queueing systems are of special
interest both in theory and in practical applications. Such systems consist
of several service nodes, and each arriving customer is served at each of the
consecutively located node (frequently called phases). A typical example is
provided by queueing systems with identical service. Such systems are very
important in applications, especially to message switching systems. In fact, in
many comunication systems the transmission times of the customers do not
vary in the delivery process.

So, we investigate a message switching system which consists of k phases
and in which Sj

n = Sn, j = 1, 2, . . . , k (the service process is identical in phases
of the system).

Let

δn =

{

Sn−k − zn, if n ≥ k ,
0, if n < k.

Also, let us note α = Mδn, Dzn = σ2
0 , DSn = σ2, σ̃2 = σ2

0 + σ2, T̂j,n =
∑j

i=1(W
(i)
n + Sn).

We assume that the following conditions are fulfilled: there exists a constant
γ > 0 such that

sup
n≥1

M |Sn|4+j < ∞ (14)

and
α > 0. (15)

Similarly as in the proof of Theorem 3.1, we present the following theorem
on the law of the iterated logarithm for the sojourn time of a data packet in
message switching systems.

Theorem 4.1. If conditions (14) and (15) are fulfilled, then

P

(

lim
n→∞

T̂j,n − αj · n
σ̃ · a(n)

= 1

)

= P

(

lim
n→∞

T̂j,n − αj · n
σ̃ · a(n)

= −1

)

= 1,

j = 1, 2, . . . , k.

Corollary 4.2. If conditions (14) and (15) are fulfilled, then for fixed
ε > 0 there exists n(ε) such that for every n ≥ n(ε),

(1 − ε) · σ̃ · a(n) + α · n ≤ T̂j,n ≤ (1 + ε) · σ̃ · a(n) + α · n, j = 1, 2, . . . , k,
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with probability one.

We see that the waiting time of data packet in the first phase gives a ma-
jor contribution to the waiting time for the whole system (see, for example,
Karpelevich et al [13], p. 71).
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