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Abstract: In this paper, the numerical solution of an incompressible, viscous,
electrically conducting, fluid stream past an oscillating plane wall, is being
compared with the analytical solutions presented by Poria et al [6]. In the
beginning the basic equation, governing the motion of such a flow is expressed
in non-dimensional form. Then we attempt to find possible analytical solutions
for the velocity field and compute them separately with appropriate boundary
and initial conditions. It is shown that this equation admits of two solutions
that satisfy the respective sets of boundary and initial conditions. Then we try
to solve the same equation expressed in non-dimensional form numerically.
The numerical calculations have been performed by a finite difference method
using the well-known Crank-Nicholson implicit scheme. The results, showing
the development of the velocity field in time for different values of a magnetic
parameter, are presented graphically and discussed.
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1. Introduction

The unsteady flow of a viscous fluid, which sets up from rest when a plane wall
oscillates with a prescribed velocity, was first studied by Stokes according to
Bansal [1] and is termed as Stokes’s second problem (Schlichting [7]). In the
literature either it is called Stoke’s first problem (Zeng and Weinbaum [11]) or
simply Rayleigh’s problem (Bansal [1]).
Kerczek and Davis [9] performed the linear stability analysis of the Stoke’s
layers on the oscillating surface.
The transient solution for the flow due to the oscillating plate has been
given by Panton [5]. He has assumed that for large times steady-state flow
is set-up with the same frequency as the velocity of the plane boundary. In
order to obtain the starting solution, since the problem is linear, a transient
solution must be added to the steady-state solution. Panton [5] has presented
a closed-form solution to the transient component of Stoke’s problem using the
steady state component as the initial profile; however, he has not given the
expression for the starting velocity field and the expression of the transient
solution for the cosine oscillation of the plane boundary. Recently, Erdogan
[2] obtained an analytical solution describing the flow at small and large times
after the start of the boundary by the Laplace transform method. He has
considered the flow of a viscous fluid produced by a plane boundary moving in
its own plane with a sinusoidal variation of velocity. He obtained the steady
solution and also the transient solution by subtracting the steady state solution
from the starting solution. Mamaloukas [3] has reported some effects of a
transverse magnetic field on the flow of a viscous conducting fluid, produced
by a plane wall, oscillating harmonically in its own plane. Finally, Poria et
al [6] studied the unsteady undirectional motion of an incompressible viscous
fluid, produced by sinusoidal oscillation of a rigid plane wall and subjected to a
uniform magnetic field acting perpendicularly to the flow direction. There was
found two analytical solutions of this motion which satisfy the respective sets
of boundary and initial solutions.
The problem of harmonically oscillating stream flow of a viscous fluid over
an oscillating plate is not only of fundamental theoretical interest but also
of practical importance as it occurs in many applied problems. It arises in
acoustic streaming around an oscillating body. Another example is an unsteady
boundary layer with fluctuation in the free-stream velocity [8].
In the present analysis, our aim is first to determine the analytic solutions
of the problem and to compare them with the numerical calculations that have
been performed by a finite difference method, using the well-known Crank-
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Nicholson implicit scheme.

2. Formulation of the Problem
Let us consider the flow of an incompressible viscous fluid produced by the
oscillation of a rigid plane wall (y = 0) and subjected to a uniform transverse
magnetic field B0 . In the second Stokes problem, such a velocity field satisfies the boundary and initial conditions u (0, t) = U0 cos (ωt) , u (∞, t) = 0 or
u (0, t) = U0 sin (ωt) , u (∞, t) = 0. Choosing the x-axis as the plane of the wall
and assuming that the fluid stays in the region y ≥ 0, the momentum equation
governing the motion of the fluid can be written as (White [10])
∂ 2 u σB02
∂u
=ν 2 −
u,
∂t
∂y
ρ

(2.1)

where σ is the electrical conductivity and B0 is the applied magnetic field
perpendicular to the flow direction.
We non-dimensionalize the coordinate y, time t and velocity u as
u=

u
,
U0

τ = ωt,

η=y

ω1
2

ν

(2.2)

.

In view of (2) the equation (1) is transformed to
∂u
∂2u
= ν 2 − Mu ,
∂τ
∂η

(2.3)

σB 2

where M = ρω0 is the magnetic parameter, σ is the electrical conductivity and
B0 is the strength of the applied magnetic field.
The two sets of boundary and initial conditions now are transformed respectively to
u (0, τ ) = cos τ,

u (∞, t) = 0 ,

or

u (0, τ ) = sin τ,

u (∞, τ ) = 0 .

(2.4)

3. Analytical Solution
To solve equation (3) analytically, we assume (Poria et al [6]) the form of u as
u = f (η) eiτ .

(3.1)
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Figure 1: Variation of velocity with distance from the wall with time
increments π3 for the cosine oscillation of the plane wall and M = 0,
obtained by analytical solution and numerical solution
Substituting (5) in (3), we obtain
f ´´(η) − α2 f (η) = 0;

α2 = i + M ,

(3.2)

2

where f ´´= ∂∂ηf2 .
We now put α2 = X1 +iY1 and especially X1 = M, Y1 = 1 and α = X2 +iY2 .
It can be easily found that


X2 = ± 

and

1

X1 ±

X12
2

Y1 = 2X2 Y2 .

+

Y12

1 2
2
 ,



Y2 = ± 

Now, since X2 , Y2 are real, X12 + Y12

1
2

1

−X1 ±

X12
2

+

Y12

1 2
2
 ,

(3.3)

> X1 , Y1 = 2X2 Y2 > 0 and the
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Figure 2: Variation of velocity with distance from the wall with time
increments π3 for the cosine oscillation of the plane wall and M = 0.2,
obtained by analytical solution and numerical solution
solution should vanish as y → ∞, we take
1
1


1 2
1 2
−X1 + X12 + Y12 2
X1 + X12 + Y12 2
 , Y2 = 
 ,
X2 = 
2
2
or



M + 1 + M2
X2 = 
2

1
1

1 2
1 2
2
−M + 1 + M 2 2
 , Y2 = 
 .
2

(3.4)

We choose the form for f (η) as f (η) = e−αη . Accordingly,

u = e−αη eiτ = e−(X2 +iY2 )η (cos τ + i sin τ ) ,
or
u = e−X2 η [cos (τ − Y2 η) + i sin (τ − Y2 η)] .

(3.5)
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Figure 3: Variation of velocity with distance from the wall with time
increments π3 for the cosine oscillation of the plane wall and M = 0.5,
obtained by analytical solution and numerical solution
Thus, (9) is the general solution of equation (3). From (9), taking (8) into
account, we obtain two particular solutions for the velocity field corresponding,
respectively to the boundary and initial conditions (4) as
2

−4

1
M + 1+M 2 2

(

)

2

u1 = e

31
2

5 η

1 
1

2
−M + 1 + M 2 2




η
cos τ −
2

(3.6)


1
1 2
2
 η
.

(3.7)





and
2

−4

u1 = e

1
M + 1+M 2 2

(

)

2

31

2

5 η





−M + 1 +

sin τ − 
2

M2
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Figure 4: Variation of velocity with distance from the wall with time
increments π3 for the sine oscillation of the plane wall and M = 0,
obtained by analytical solution and numerical solution
We now proceed to the numerical solution.

4. Numerical Computations
The equation (3) with boundary and initial conditions, given by (4) are solved
separately by a finite difference technique.
We use Crank-Nicholson implicit scheme as appropriate for the parabolic
type of equation (3). In this scheme, the time derivative term ∂u
∂τ is represented
by forward - differences as given by
ui,j+1 − ui,j
∂u
= uτ |i,j =
+ 0 (R)
∂τ
k

(4.1)
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Figure 5: Variation of velocity with distance from the wall with time
increments π3 for the sine oscillation of the plane wall and M = 0.2,
obtained by analytical solution and numerical solution
while the space double derivative is represented by the average central differences at the present and new time step (Niyogi [5], Mamaloukas [3]) is given
by:
1
∂2u
= uηη |i,j =
2
∂η
2


ui+1,j+1 − 2ui,j+1 + ui−1,j+1 ui+1,j − 2ui,j + ui−1,j
+
+ 02 (R) . (4.2)
×
h2
h2
Accordingly, we write equation (3) in the form:


1 ui+1,j+1 − 2ui,j+1 + ui−1,j+1 + ui+1,j − 2ui,j + ui−1,j
ui,j+1 − ui,j
=
∆τ
2
(∆η)2
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Figure 6: Variation of velocity with distance from the wall with time
increments π3 for the sine oscillation of the plane wall and M = 0.5,
obtained by analytical solution and numerical solution
−

M
(ui,j+1 − ui,j ) , (4.3)
2

or,
− rui−1,j+1 + (1 + 2r + M rP ) ui,j+1 − rui+1,j+1
= r (ui−1,j − ui+1,j ) + (1 − M rP − 2r) ui,j , (4.4)
where
r=

∆τ
,
2 (∆η)2

P = (∆η)2 .

(4.5)

The system of algebraic equations in tri-diagonal form that follows from
(15) is solved by Thomas algorithm for each time level. In this problem 25×25
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grid-points have been considered for numerical computation is obtained at each
grid-points at each time level.

5. Results and Discussions
Solutions for the velocity u (η, τ ) as obtained by analytical solution (10) and
(11) and by solving the finite-difference equation (15) with the specified sets of
initial and boundary conditions (4) and for various values of times τ and the
magnetic parameter M are represented by graphs over a cycle, respectively in
Figures 1, 2, 3 and 4, 5, 6.
Figures 1, 2, 3 exhibit the time developments of the velocity field due to
cosine oscillation (10) at η = 0 of the infinite plate and the variations of the
velocity profiles in time with the cosine oscillation, taking the values of M
as M = 0, 0.2 and M = 0.5. It is seen that the harmonic waves created
over a cycle, in the fluid lag behind in phase and damp out as η increases.
Furthermore it is clear from these figures that the velocity field is suppressed
with the imposition of magnetic field. Such suppression increases with the
increase of the value of M .
Similar features are noticed in Figures 4, 5, 6 for the case with sine oscillation (11) for the same set of values of M as M = 0, 0.2 and M = 0.5. It is
observed that the unsteady behavior of the velocity field of the sine oscillations
differs much from the same with the cosine oscillations. The reason may be
attributed to the fact that in the case of the sine oscillations the fluid is at rest
at time τ = 0.
Comparing the velocity profiles obtained by the analytical and the numerical
solution we see that the more magnetic parameter M increases the less the
matching results are satisfactory in the near field while the matching results in
the far field are satisfactory in any case.
The effects of the magnetic field on the velocity field, for the case of sine
oscillation in both the right and left half cycles are qualitatively similar to that
of with cosine oscillation. Only, the amount of suppression of the velocity field
in the right half cycle and the amount of enhancement of the velocity field in the
left half cycle are both large in the case with sine oscillation. Such enhancement
of the velocity field is found to increase with the increase of M .
It is to be mentioned that in the present treatment the values of the magnetic parameter is chosen to be small enough so that the induced magnetic field
may be negligible.
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