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Abstract: Let R be a commutative ring with identity and M an R-module. In
this paper we prove the following theorem: Let M be an R-module Ny, ..., N, be
submodules of M, and N is a submodule of M such that N C Ny (N2 ... J N.
Assume at most two of the Ni’s are not primary submodule and\/(N; : M) €

V(N : M) for every j # k. Then N C Ny, for some k.
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1. Introduction

Throughout this paper, R denotes a commutative ring with identity and all
related modules are unitary R-modules. Let M be an R-module. A proper
submodule N of M is called primary if whenever rm € N, forr € Randm € M,
then m € N or r™ € (N : M) for some positive integer n, where (N : M) =
{re R:rM C N}. Let I be an ideal of the ring R. Recall that nill ideal of I,
designated by VI, is the set VI = {r € R:r" € I for some positive integer n}.
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Let N, Ny, ..., N, be submodules of M. We call a covering

Nc N UM UNn

efficient if no Ny is superfluous. We shall say that N = Ny |JN2UJ...lU N,
efficient union if none of the N, may be excluded. A covering of a submodule
by two submodules is never efficient. Here we prove the following theorem.

Theorem. Let M be an R-module N1, ..., N,, be submodules of M, and N
is a submodule of M such that N C Ny |JNao{J...\J N,. Assume at most two
of the N},’s are not primary submodule and\/(N; : M) € \/(Nj, : M) for every
j # k. Then N C Ny, for some k.

We recall the following Lemma (see [1, Lemma 2.1]).

Lemma 1. Let N = N;|JN2{J...UN,, be an efficient union of submod-
n

ules of R-module M for n > 1. Then (| N; = (| N; for all k.
itk i=1
Proposition 1. Let N C Ny |JNo ... Ny, be an efficient covering con-
sisting of submodules of an R-module M. If \/(N; : M) & \/(Ny, : M) for every
j # k, then no Ny is a primary submodule of M.

Proof. 1t is clear that N = (N N1)U N N2)U...UINNNy,) is effi-
cient union. Then there exists an element ey € N\ Ny, for every k € {1,2,...,n}.

By Lemma 1, () (NON;) € NAON,. If j # k, then /(N;: M)
ik

¢ /(Ni : M) by hypothesis. Now, suppose that N is a primary submod-

ule. Then /(Ny : M) is a prime ideal. Therefore

V(N1 : M)/ (Ng—1 : M)\/(Niy1 2 M)eo/ (N - M) € /(N = M).
There exists
s=]]si€ VNI : M)../ (No—1 : M)\/(Niqy = M)/ (N = M)
#k

but s ¢ /(N : M) where s; € /(N1 : M),...,8, € /(N : M). Then s €

(N1:M),...,sim € (N, : M) whereny,ng,...,n, € Z.Let m = max {ny, na,...,np}.
Then s™ € (N; : M) where j # k but s™ ¢ (Nj : M). Hence s™e, € N[ N;
for every j # k, but

s"ey ¢ NﬂNk (if s"ep € Ny then e, € Ny or s € /(N : M))

This is contradiction to () (N[ N;) € N[ Ny. O
ik
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Theorem 1. (The Primary Avoidance Theorem) Let M be an R-module
N1, ..., N, be submodules of M, and N is a submodule of M such that N C

N1 UN2U ... Ny Assume at most two of the Ny ’s are not primary submodule
andy/(Nj : M) € \/(Ny : M) for every j # k. Then N C Ny, for some k.

Proof. We may assume that the covering is efficient since the hypothesis
remains valid after reduction to an efficient covering. Then n # 2. Also n < 2
by Proposition 1. Hence n = 1. O

As we can see in the following Example 1, the condition that /(N; : M)
& /(N : M) if j # k in Theorem 1 is essential.

Example 1. Assume that R = Zy and M = R?® and let {x1, 22,23}
be standart basis of M. Then Ny = Rx1, Ny = Rxo and N3 = R (x1 + x2)
are 0-prime submodules of M (so 0-primary submodules of M), but we have
N = Rxy + Rzo € N1 UN2|J N3 and N g N; for every i = 1,2, 3.

Proposition 2. Let N, K be submodules of R-module M with K C N.N
is a primary submodule of M if and only if N/K is a primary submodule of

Proof. Let r(m+ K) € N/K with m+ K ¢ N/K, where r € R,m € M.
Hence rm € N with m ¢ N; hence N primary gives r*M C N for some k. It
follows 7¥ (M/K) C N/K. Thus N/K is primary. The remaining implication
is similar. O

Theorem 2. Let M be an R-module and N a submodule of M. If Primary
Avoidance Theorem holds for M, then the Primary Avoidance Theorem holds
for M/N.

Proof. This follows from Proposition 2. U

Let N be a proper submodule of a non-zero R-module M. Then the M-
radical of N, denoted by rad(NN), is defined to be the intersection of all prime
submodules of M containing N (see [2]).

An R-module M is called a multiplication module if for each submodule N
of M, N = IM for some ideal I of R.

Theorem 3. Let M be a multiplication module and Ny, ..., N,, be sub-
modules of M, and N is a submodule of M such that N C N1 |JN2UJ ... Ny.

Assume at most two of the Ni’s are not primary submodule and rad (N;) £
rad (Ng) (j # k). Then N C Ny, for some k.
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Proof. If rad (N;) € rad (Ni) (j # k), then \/(N; : M) € \/(Nj : M). In-
deed, if \/(IN; : M) C \/(Ny, : M), thenrad (N;) = /(N; : M)M C /(Ny : M)M =
rad (Vi) [see, 2, Theorem 2.12]. Then N C Ny for some k by Theorem 1. O

We call a covering L C (L1 4+ a1) U (Lo + a2) U... U (Ly, + ay,) efficient if no
coset is superfluous. Let ap = a for k = 1,2,...,n. We can then equivalently
write L —a C L1 U Ly U ... U L, and this is a coset efficiently covered by a
union of submodules of M. Let n = 1. Then L C Ly 4+ a. Then a € Libecause
otherwise 0 ¢ L1 + a.

Proposition 3. Let M be an R-module and N a proper submodule of M.
Then N is primary if and only if IL. C N implies that L C N or I C /(N : M)
for every ideal I of R and submodule N of M.

Proof. (=) Suppose IL C N and L € N. Let a € I. Then, there exists

x € L\N, so ax € N, hence a € \/(N : M). Therefore, I C /(N : M).
(<) Let ax € N and = ¢ N where a € R,x € M. Therefore, (a) () C N

and (z) € N. Hence (a) C /(N : M) and so a € \/(N : M). O
The following Lemma is known (see [1, Lemma 2.4]).
Lemma 2. Let L C (L1 +a1)U (Ly +as)U...U (L, + a,) be an efficient

covering of L by cosets, where n > 2. Then LN [ ) Lj> C L, but L g Ly,
J#k

for all k.

Proposition 4. Let M be an R-module. Let L+ a C L1 ULy U...U L,
be an efficient covering withn > 2.If \/(L; : M) € \/(Ly, : M) for every j # k,
then no Ly is primary submodule of M.

Proof. By Lemma 2, L N <ﬂ Lj> C Ly, but L € Ly for all k. Put I =
j#k

(ﬂ Lj: M> Then IL C LN (ﬂ Lj> C Li. Let Ly be primary. Then I =
j#k J#k

(ﬂ Lj: M> =) (Lj : M) C /(L : M) by Proposition 3. Since \/(Ly : M)
ik itk

is prime ideal, \/(L; : M) C \/(Ly : M) (j # k). This is a contradiction. O

Theorem 4. Let M be an R-module. Let L+a C L1 ULy U...UL, be a
covering such that at least n — 1 of the submodules L1, Lo, ..., L, are primary
and \/(Lj : M) € \/(Ly, : M) for every j # k. Then L+ Ra C Ly, for some k.
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Proof. If we reduce the covering to an efficient one it is immediate from
Proposition 4 that only one term will remain, say L +a C L, and hence
L+ Ra C L. O
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