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Abstract: We consider a complete metric space of Lipschitz mappings, acting
on a bounded, closed and convex subset of a Banach space, which share a
common convex Lyapunov function f. We show that the iterates of a generic
element taken from this space converge (at an exponential rate) to the point
where f attains its minimum.
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1. Introduction

The study of minimization methods for convex functions is an important topic
in optimization theory. In this note, we are given a convex, Lipschitz function
f, defined on a bounded, closed and convex subset K of a Banach space X,
which possesses a sharp minimum. A minimization algorithm is a self-mapping
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A : K — K such that f(Az) < f(z) for all x € K. We show that for most of
these algorithms A, the sequences {A"x}22; tend to the point where f attains
its sharp minimum (at an exponential rate) for all initial values x € K.

When we say here that most of the elements of a complete metric space Y
enjoy a certain property, we mean that the set of points which have this property
contains an open, everywhere dense subset of Y. In particular, this property
holds generically. Such an approach, when a certain property is investigated
for the whole space Y and not just for a single point in Y, has already been
successfully applied in many areas of analysis. Specifically, this approach has
already been applied to the minimization of convex functions in [2, 6-9]. In
those papers we established the existence of Gs everywhere dense subsets of
certain complete metric spaces of algorithms such that for any algorithm A
in these subsets, the sequences {f(A"x)}22; tend to the infimum of f for all
initial values « € K. In the present paper we improve upon these results when
the function f is Lipschitz and has a sharp minimum. As we have already
mentioned, in this case we show (see the theorem below) that the sequences
{A"x}2° | themselves tend to the point where f attains its sharp minimum, at
an exponential rate, for all values x € K.

Let K C X be a nonempty, bounded, closed and convex subset of a Banach
space X. For each A : K — X, set

Lip(A) = sup{||Az — Ay||/||x — y|| : =,y € K such that x # y}. (1.1)

Assume that f : K — R! is a convex, Lipschitz function such that Lip(f) >
0. We have
[f(z) = f(y)| < Lip(f)llz — yl| for all z,y € K.

Assume further that there exist a point z, € K and a number ¢g > 0 such that

inf(f) :=inf{f(z): v € K} = f(z,)

and
f(x) > f(zs) + col|x — x| for all z € K. (1.2)

In other words, we assume that the function f possesses a sharp minimum (cf.
[1, 5]).
Denote by A the set of all self-mappings A : K — K such that Lip(A4) < oo
and
f(Az) < f(z) for all x € K. (1.3)

From the point of view of the theory of dynamical systems, each element of
A describes a stationary dynamical system with a Lyapunov function f. Also,
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some optimization procedures in Hilbert and Banach spaces can be represented
by elements of A (see the first example in [9, Section 3] and [3, 4]).
We equip the set A with the uniformity determined by the base

Ee)={(A4,B)e Ax A: ||Az — Bz|| <€ for all x € K and Lip(A — B) < €},

where € > 0. Clearly, the uniform space A is metrizable and complete.
Theorem. There exists an open, everywhere dense subset B C A such that

for each B € B there exist an open neighborhood U of B in A and a number

Ao € (0,1) such that for each C € U, each x € K, and each natural number n,

1C"x — .|| < cg ' A" (f(2) = f(2))-

2. Proof of Theorem

Let v € (0,1) and A € A. Set

A =(1—v)Az +7z,, 7€ K. (2.1)
Clearly, for all z € K,
f(Ayz) < (1= 7)f(Az) + 7 () (2.2)
and
A, € A (2.3)

Next, we prove the following lemma.
Lemma. Let A€ A, v € (0,1) and B € A. Then for each x € K,

f(Bz) — f(z:) < [(1 =) + Lip(f)Lip(B — A;)c; 1(f(z) — f(24)).

Proof. Let x € K. By (2.2), the relations Ayz, = Bz, = z, and (1.2),

f(Bx) = f(z:) = f(Ayz) — f(22) + f(Br) — f(Ayx)

< (1 =7)(f(x) = f(xs)) + Lip(f )I\Bﬂﬁ—A ]

< (A =7)(f(@) = f(2s)) + Lip(f)Lip(B — A,z — 2.|]

< (1 =) (f(2) = f(zx)) + Lip(f)Lip(B — Ay)eg (f () — f(z))
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< [(1 =) + Lip(f)Lip(B — A,)cy '1(f (z) = f(z)).

The lemma, is proved. O

Completion of Proof of Theorem. Let A € A and v € (0,1). Choose
r(7) > 0 such that

Ay i= (1= ) + Lip(f)r(n)eg ! < 1. (2.4)
Denote by U(A,~) an open neighborhood of A, in A such that
UA,y) c{BeA: (A, B) € £(r(7))}- (2.5)

Set
B=U{U(A~): Ac A ve€(0,1)}. (2.6)

Clearly, we have for each A € A,
Ay — Aasy— ot.

Therefore B is an everywhere dense, open subset of A. Let B € A. There are
A€ Aand e (0,1) such that

B e U(A, ). (2.7)

Assume that
CelU(A,v) and z € K. (2.8)

By the lemma, (2.8), (2.5) and (2.4),
f(Cx) = f(a.) < [(1 =)+ Lip(f)Lip(C — A,)eg |(f () = f(2))
< M (f(2) = fl2a).
This implies that for each x € K and each natural number n,
F(Cx) — flaw) < NJ(f(x) — fzs)).

When combined with (1.2), this last inequality implies, in its turn, that for each
x € K and each integer n > 1,

1C"z — 2| < g (F(C™) — f(a)) < cg ' Ny(f(z) = f(z))-

This completes the proof of Theorem. O
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