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Abstract: Considered here is the problem of learning nonlinear mappings
drawn from certain classes of functions with uncountable domain and range.
The learning model used is that of piecewise linear interpolation on random
samples from the domain. In more detail, a network learns a function by approx-
imating its value, typically within some small €, when presented an arbitrary
element of the domain. For reliable learning, the network should accurately
return the function’s value with high probability, typically higher than 1 —§ for
some small 4.
The primary results of this article are the derivations of bounds showing
that, given € and ¢ and arbitrary C2 function f : [0,1]* — R,
m > kOY2 . (A2 Engey+ Eml pmdy
€ 2 2 € )
samples from the uniform distribution on [0, 1]* are sufficient to reliably learn
f, and that i . .
k/2 k/2
m > (T) / '(E) / 'lng
samples are necessary for reliable learning.
Furthermore, given € and § and arbitrary Holder function f : [0,1]* — R,
k k ko1 1

m > (3C)F/ . kF2. (%)k/a (=@BC) + Sk + =In—+1n )

samples from the uniform distribution on [0, 1]¥ are sufficient to reliably learn
f, and
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1/a
m> (M)k . (l)k/a It

2 € 0

samples are necessary for reliable learning.
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1. Introduction

When studying neural networks, it is often important to analyze a system’s
ability to reliably learn functions. In this article we focus on a network’s abil-
ity to reliably learn nonlinear mappings having both uncountable domain and
range. Such mappings arise in applications involving robotics, machine vision,
speech processing, and graphics. For instance, a robot arm learning task can
be modeled using a function from the robot’s “kinematic space” into its *
space”, i.e., from a closed subset of R? into R® [4].

A network learns a function by approximating its value, typically within
some small €, when presented an arbitrary element of the domain [7]. For
reliable learning, the network should accurately return the function’s value with
high probability, typically higher than 1 — ¢, for some small §. The Probably
Approximately Correct (PAC) model of learning [1], [5] is a standard of analysis
utilized by learning theorists; part of the PAC model defines learning with the
aforementioned parameters € and §.

‘visual

Mathematical analysis of learning over uncountable domain and range is
necessarily restricted to consideration of particular classes of functions. At-
tempting to learn, by approximation, totally arbitrary functions would be fu-
tile since huge changes in function values could occur over tiny changes in the
domain. In this article, as in [2], we restrict our analysis to classes of functions
on which such changes in function values are constrained.

To “learn” a function f, we will construct an approximation f in a piece-
wise linear fashion over a set of random samples of the domain taken during a
“training” period. Though we employ random sampling, other researchers —
notably, Zabinsky et al [8] — seek to determine optimal locations for the train-
ing samples. In this article we restrict our function learning problem to compact
domains, in particular to the unit cube in R¥, in order to obtain meaningful
results. The approximation f is developed as a piecewise linear interpolation
over simplices of k + 1 points, determined by Delaunay triangulation of the
samples taken in the domain.
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Furthermore, our analysis considers functions into R, which lend themselves
more easily to analysis. The learning problem is essentially the same as for
functions into R!. For instance, we can learn a function f : R¥ — R! as
an approximation within e by approximating f within €/ V1 in each of the I
dimensions of the codomain.

2. Learning C? Functions

First, we consider C? function learning, in which consideration is restricted to
the class of functions with bounded second derivatives.

In particular, consider a real-valued function f € C2[0,1]*, the class of
continuous functions with continuous second derivatives on [0, 1]*. The partial
second derivatives are necessarily bounded on the compact domain, say by +2C.
Omohundro [6] discusses how f can be approximated by linearly interpolating
over a triangulation of sample points from [0, 1]* and shows that the Delaunay
triangulation always produces the approximation f which is best in worst-case
analysis.

For a simplex S in R* with circumsphere of radius R, he proves that for
the worst-case functions, the error on the linear interpolation is at most C'R?.
He proceeds to show that, when every Delaunay sphere over the sample points
has radius smaller than /e/C, the absolute error |f(z) — f(z)| < € for every
point x within the triangulation.

We can now offer the following extension, stating and proving a sufficient
number of samples for reliable function learning in this case.

Theorem 1. Let f € C?[0,1]%; denote by 2C a bound on the partial
second derivatives of f. Given e and 0 (¢ >0,0<d < 1), if

1 k ko1 1
m > (kC)*/?. (E)W (G I(kC) + 5= +1n5)

or more samples are taken from the uniform distribution on |0, 1]¥, then PJ|f —
fl < €] >1—246, where f, defined on the convex hull of the sample points, is

the piecewise linear approximation over simplices constructed by the Delaunay
triangulation method.

Proof. Tesselate [0,1]F by cubes of side s = /e/(kC); let n = (1)k, the
number of small cubes in the tesselation. Choose m samples from the uniform
distribution on [0, 1]*. If each small cube contains at least one sample point,
then any Delaunay sphere will have radius R < 4/¢/C and piecewise linear
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interpolation over Delaunay simplices will guarantee approximation error |f —
fISCR?<C(/&)? =e

Denote by E the event that, after m samples, at least one cube is empty,
and denote by FE; the event that a specific cube i is empty. Then

PIE) <Y PIE] =n- P[Ey] =n(1 - %)m < n(e~Ymm.
=1

Here, let us write m = nlnn + nb, where b € R. Now
P[E] < n(efl/n)m _ n(efl/n)nlnnJrnb _ efb‘

We have e ? < § whenever —b < In 6, that is, whenever b > In %. So the
probability that some cube is unsampled after m samples of the unit cube is
small — P[E] < § — whenever b > In 3.

The probability that the Delaunay method yields a “bad” approximation
is at most the probability that some cube is unsampled, so P[|f — f| > ¢ <
P[E] < § (and equivalently P[|f — f| < ¢] > 1 — §) whenever b > In %, namely
whenever the number of samples is

1 1 1
m=nlon+nb=n(lnn+b) > (;)k(ln(g)k +1In 5)

~ /2 aa E s

= (kC)F/?. (1)’6/2 : (5 In(kC) + K

1
€ 2 2

5. O

1
In-+1In

€

A similar result exists for functions over the more general cube [0, p]* as
follows.

Corollary 2. Let f € C?[0,1]%. Denote by 2C a bound on the partial
second derivatives of f. If
1

m = (WEC) - (D)2 . (kIn(pv/KC) + )

1
—In—+1
€ 2 e i
samples are taken from the uniform distribution on [0, p]¥, then P[|f — f| <

€l >1-4.

The proof of the corollary follows the proof of the theorem, except here we
need n = (p/s)¥ small cubes to tesselate our new domain.
Here, as with Lipschitz functions, learning is efficient since

m=0(C)* - (In~ +In3)),
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polynomial in 1/e and 1/6.

3. Learning Holder Functions

Having examined Lipschitz function learning in [2], it makes sense to attempt
to extend the previous results to learning on the class of Holder functions.

A function f : RF — R! satisfies the Holder condition with Hélder constant
C > 0 and order o, 0 < a < 1, if for every x,y € R¥ | f(x)— f(y)| < C-|x — y|~.
Holder functions and Lipschitz functions are interrelated as follows. A Lipschitz
function satisfies the Holder condition with & = 1. On the other hand, a Holder
function under a metric d satisfies the Lipschitz condition under the metric d%,
see [3].

3.1. Worst-Case Holder Functions

As before, we wish to learn a function f by means of a piecewise linear ap-
proximation f. We again restrict our consideration to real-valued functions
f : RF — R to simplify the analysis, though the results can be extended to
apply to functions into R’

Let us denote by S some closed simplex having vertices sg, ..., sk € R*. It
happens that the graph over S of any Hélder function f must lie entirely within
an intersection of the spaces bounded by k + 1 surfaces in RF*1 = RF x R!
governed by the following: for x € S, f must satisfy

[f(x) = fs5)] < C - [x — 557,

for j = 0,...,k. We establish this below by showing the lower and upper
boundaries of this region to be worst-case functions.

Lemma 3. Let S be a simplex in R¥, and let the values f(sg),..., f(sk)
be known at the simplex vertices for Hélder function f. Then f is bounded
entirely on S—below and above, respectively—Dby the worst-case functions

F.(0) = max(f(sy) = €'~ pe— 55

and
fi(x) = mjin(f(Sj) +C - |x —s5%).

Proof. Without loss of generality, we consider f,. To establish f, as a
worst-case Holder function, we need to establish (i) that f, indeed satisfies the
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Hélder condition, and (ii) that f cannot assume any value below the surface of
f+, lest the Holder condition be violated.
Let x,y € S. Assume, w.l.o.g., that f.(x) > fi«(y). Then:

11260 = £u(y)l= max(F(sg) = € x = 55|%) = max(f(sy) = C -y = 55/°)

< (f(s40) = C - Ix = 85o|*) = (F(sjo) = C - [y —850[7)
[for some jo € {0,...,k}]
= C - (ly = sjol™ =[x = 550|") < C- ((ly = x| + [x = 850])" = |x = 55|")

<C( ‘y—X‘+‘X—Sj0| o ‘X_Sjo‘ )
- (ly =x|+ [x =sjo )7 (ly —x[+[x—sj )17
ly — x| ly — x|
=C. <C - ——=C-|x—-y|*
(ly — x|+ [x —sj[)1 7 ly — x[1—«

Hence, f. indeed satisfies the Holder condition.
For the second part of the proof, assume Ixg € S such that f(xg) < f«(x0).
Then, for at least one jo € {0,...,k}, f(x0) < f(Sjo)—C"|x0 — sj,|*- Therefore,

[f(x0) = f(8jo)| = F(sjo) = [(x0) > C - [x0 = sjp|*,

violating the Holder condition. O
3.2. A Worst-Case Error Bound on a Simplex

Next, we establish a bound on the error that can result from linearly interpo-
lating over a simplex.

Lemma 4. Let S be a simplex in R¥, and let the values f(so), .., f(sk)
be known at the simplex vertices for Hélder function f. Let f : R¥ — R be the
affine function whose graph is the hyperplane through the points (so, f(s0)), - - -, (Sk, f(sk))-
Then Vx € S, B
|[f«(x) = f(x)| < 3CR"
and, similarly, 3
/(%) = f(x)] < 3CR?,
where C' is the Hblder constant, « is the order, and R is the radius of the sphere

in R* through so, . .., sk.

Proof. Since relabeling and translation of our simplex will not change the
essence of this problem, let us assume that f(sg) < f(s;), for j =1,...,k, and

that (so, f(so)) = (0,0).
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Consider first our linear interpolation f . For x € §, the farthest x can be
from sg is the diameter 2R of the circumsphere of S. Thus:

fx) < m]ax(f(sj)) = f(sjo) [for some jo] < C - [s5,|* < C - (2R)“.

Now consider worst-case function f,. For x € §, x must lie within radius
R of at least one of the vertices of S. Thus:

Fo(x) = max(f(sj) = O [x = 5j|%) = flsjo) = €+ BT [where [x —sj,[ < R]
>0—-C-R*=-C- R~
Consequently,
|fe(x) = f(x)| < C-(2R)* +C-R* = (1+2%) -CR® < 3CR"
A similar proof shows that |f*(x) — f(x)| < 3CR®. O

3.3. Sufficient Samples for Reliable Holder Function Learning

Suppose we wish a system to have the ability to learn, by piecewise linear in-
terpolation, an arbitrary Holder function f : [0, 1]k — R. We need to determine
a number m of random sample points from the uniform distribution on [0, 1]¥
such that, with high probability, approximation error is small.

Theorem 5. Let f be a Holder function with Holder constant C' and
order v, f :[0,1]¥ = R. Given e and § (¢ >0,0< 6 < 1), if

1 k k ko1
—ﬁmm—m@m+§mk+—m—+m
€

€ (6] (6

1
m > (3C)F/e . kR ( 5)
samples are taken from the uniform distribution on [0, 1]¥, then P[|f —f| < ] >
1 -9, where f, defined on the convex hull of the sample points, is the piecewise
linear approximation over simplices constructed by the Delaunay triangulation
method.

Proof. Tesselate [0,1]* by cubes of side s = (%)1/0‘ . Lk; let n = (1)*, the
number of small cubes in the tesselation. Choose m samples from the uniform
distribution on [0, 1]*. If each small cube contains at least one sample point,
then any Delaunay sphere will have radius R < (¢/3C)"/* and, by Lemma 4,
piecewise linear interpolation over Delaunay simplices will guarantee approxi-

mation error |f — f] < 3CR™ < 30((%)1/0‘)0‘ =e.
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Denote by E the event that, after m = nlnn 4+ nb samples, at least one
cube is empty. By the same analysis of Theorem 1, we have P[E] < e~°.

We have e~? < § whenever —b < In¢, that is, whenever b > In %. So the
probability that some cube is unsampled after m samples of the unit cube is
small—P|[E] < 6—whenever b > In §.

The probability that the interpolation over our chosen simplices is a “bad”
approximation is at most the probability that some cube is unsampled, so P[|f—
f] > €] < P[E] < § (and equivalently P[|f — f] < €] > 1 —§) whenever b > In 1,
namely whenever the number of samples is

() + 10 )

m=nlnn+nb=n(lnn+b) > ( 5

3C 3C 1
= (Y VR (=) *VE) +In )
— eyl Ao Eyaoyy Enrs Enlinl) o
€ « 2 a € 1)

A similar result exists for functions over the more general cube [0, p]* as
follows.

Corollary 6. Let f be Holder with constant C and order ., f : [0,1]* — R.

If
k k k.1

e (Zn(3p0) + =k +~In= +1In
o 2 o €

1
€

1
5)
samples are taken from the uniform distribution on [0, p]*, then P[|f — f] <
€l >1-4.

The proof of the corollary follows the proof of the theorem, except here we

need n = (p/s)¥ small cubes to tesselate our new domain.
In this case,

m > (3pC)* K2 (

1 1 1
m=O((=)"*- (In - +1n-)),

€ € 0
so learning is still polynomial in 1/e and 1/6. However, the number of samples

becomes troublesome when the order of the Holder function is near zero.

4. Necessary Samples for Reliable C? Function Learning

Theorem 1 establishes an upper bound on the number of random samples with
which we can reliably learn any C? function f : [0,1]¥ — R by piecewise linear
interpolation. We now seek to establish a lower bound on the number of random
samples required to reliably learn any such function.
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Lemma 7. Consider a set of sample points from [0,1]¥. Suppose Ixg €
[0, 1]¥ such that, for every sample s, |xg —s| > \/¢/C (¢,C > 0). Then, for the
C? function defined by f(x) = C - [x — xo|%, whose graph is a paraboloid, we
have | f(x0) — f(x0)| = €.

Proof. Denote by sg the sample point nearest to xg. Because f is piecewise

linear and f increases with distance from xg, f(x0) > f(so), so

|f(x0) — f(x0)| = [0 — f(x0)| = f(x0) > f(s0)

—Clso—%2>C (/=) =c O

It remains to show that with too few random samples from [0,1]* such a
point xqo will exist with probability ¢ or greater.

Theorem 8. Consider a set of m sample points taken from the uniform
distribution on [0, 1]*. Given C > 0 and given e and 6 (0 < e < C/4,0 < § < 1),
if

~Zr (2 n =
then there exists f € C2[0,1]* with a bound of 2C on its partial second deriva-
tives which cannot be reliably learned in [\/&,1 — \/&|" by any piecewise

linear approximation f over simplices on the sample points because, for some

xo € [v/&. 1~ /&5, Pllf(x0) — F(x0)| = d > 6.

Proof. Let R = [\/&,1 — y/&J*. For an arbitrary x € R, the probability
that none of the samples lie within /¢/C of x is (1 — V(S \/g))m When
C

X,
this probability is § or more, we can show (by Lemma 7) the existence of a C?
function with partial second derivatives at most 2C for which P[|f— f| > €] > 4.
Solving for m establishes a lower bound:

_ )" > — )" > i
(1 Vk(SX’\/g)) >dIn(1 Vk(SX’\/g)) >1nd [okay, since € < C/4]
Ind
-In(1 — =)) > Indm <
m-In(l = Vi(Sy g)) 2 In m—ln(1—v,€(sxﬁ))m
’ C
< Ind m < Ind
In(1—(2y/77)") In(1 — (gp)*?)’

where (2/27)" in inequality (1) is the volume of a cube inscribed in S Ve
’ [

(1)

Now,
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) ) In Ck 1 1

i s = I (11/2 = (=R (22 Inz,

In(1 — (25)*?) —(2%) (z%) 4 € 0
establishing (%)k/ 2. (%)k/ 2.1In} as a lower bound on the number of samples
necessary to learn arbitrary C? functions over our domain. U

As for Lipschitz functions [2], the number of samples which are necessary
for reliable C? function learning is polynomial in 1/e and 1/4:

1 1
m=Q((=)*? 1n 5)

€

5. Necessary Samples for Reliable Holder Function Learning

Theorem 5 establishes an upper bound on the number of random samples with
which we can reliably learn any Hélder function f : [0,1]¥ — R by piecewise
linear interpolation. We now seek to establish a lower bound on the number of
random samples required to reliably learn any such function.

Lemma 9. Consider a set of sample points from [0,1]¥. Suppose Ixg €
[0,1]% such that, for every sample s, |xo —s| > (¢/C)V/* (,C > 0,0 < a <
1). Then, for the Hélder function defined by f(x) = C - |x — x¢|%, we have

|f(x0) — f(x0)| > €.

Proof. Denote by sg the sample point nearest to xg. Because f is piecewise

linear and f increases with distance from xq, f(xo) > f(so), so

|f(x0) = f(x0)| = 0 = f(x0)| = f(x0) > f(s0) = C - |so — xo|"
>C- (7)) =e O
It remains to show that with too few random samples from [0, 1]¥ such a
point xqg will exist with probability § or greater.

Theorem 10. Consider a set of m sample points taken from the uniform
distribution on [0,1]%. Given C > 0 and o (0 < a < 1), and given € and §
OD<e<C/2%0<d<1),if

CYVE g 1ie o 1

= VYPEVE (2 n =

m < (S O
then there exists a Holder function f with Hoélder constant C' and order «
which cannot be reliably learned in [(%)1/0‘, 1— (%)l/o‘]k by any piecewise linear
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approximation f over simplices on the sample points because, for some xo €
(&)Y 1= (&Y%, Pl f(x0) = f(x0)| > ¢ > 6.

Proof. Let R = [(%)1/0‘, 1-— (%)1/0‘]’“. For an arbitrary x € R, the proba-
bility that none of the samples lie within (e/C)"* of x is (1 — Vi(Sx,(gy17a))™
When this probability is § or more, we can show (by Lemma 9) the existence

of a Holder function for which P[|f — f| > €] > 4. Solving for m establishes a
lower bound:

(1= V(S (gyra)™
> 6In(1 — Vi(Sx (£y1/0))™ = Iné [ okay, since e < C'/2°]

c
Ind
m-In(1 — Vi(S, (cyi/a)) > Indm < m
( k( X,(C)l/ )) ln(l _Vk(S}g(%)l/a))
- Ind - Ind @)
€/C)1/a m _ (2\k(£\k/a)’
In(1— (RL2)ky Il = (Fp)H(2)*)
where (%)k in inequality 2 is the volume of a cube inscribed in Sx,(g)l Jo-
Now,
Ind Ino ln%

(L — (2R~ (2@ (2 (&)

cVevk . 1 1
= (VR 2
()" ()" Iny,

establishing (% ). (%)k’/ ®.In § as a lower bound on the number of samples

necessary to learn arbitrary Hélder functions over our domain. U

The number of samples which are necessary for reliable Holder function
learning is polynomial in 1/€ and 1/0:

1 1
Z)k/e

m =9 )

This bound becomes problematic when the order of the Holder function is near
Zero.
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