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Abstract: We study the existence, uniqueness and asymptotic behaviour of
the strong and weak solutions to a nonlinear boundary value problem associated
to the telegraph system, on the positive semi-axis of spatial variable. This
problem has applications in integrated circuits modelling. For the proof of our
theorems we use some results from the theory of monotone operators and of
nonlinear evolution equations of monotone type in Hilbert spaces.

AMS Subject Classification: 35L50, 35B40, 47J35, 47TH05
Key Words: hyperbolic system, boundary conditions, maximal monotone
operator, Cauchy problem, strong solution, weak solution

1. Introduction

We shall investigate the nonlinear hyperbolic system

ou ov . x
g(t’xwf@(m”a(%u)_f(t’ Y s 0w, (S)
o (@) + = (t2) + Blw,v) = g(t, ),

with the boundary condition
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(40 Yoo (g ) mon 0. o

and the initial data

{ u(0,2) = up(z), v(0,z) =vo(x), >0,
(IC)
w(0) = wo.
Here the unknown functions u, v and also the functions f, g are the vec-
torial ones depending on (¢,2) € IRy x IR, with values in IR", and the un-
known function w is a vectorial one depending on t € IR, with values in IR™.
The functions « and g are of the form a(z,u) = col(aq(z,u1),. .., an(z,uy,)),
B(xz,v) = col(Br(x,v1),...,0n(x,v,)), S is a positive diagonal matrix, G is
an operator in the space IR"™™ which satisfy some assumptions and B(t) =
col(by(t), ..., bpim(t)) € R™™™ Vit > 0.
This problem has applications in the theory of integrated circuits (see Mari-
nov et al [9], Morosanu [10], Morosanu et al [11], for further references). The
system (S) for z € (0,1) and ¢ > 0 with the boundary condition

u(t,0) v(t,0)
—u(t,1) ; € =G| v(t,1) | +B(t), t>0,
Sw(t) ) wit) )

and the initial data
uw(0,2) = up(z), v(0,2) =vo(z), = € (0,1), w(0) = wo,

has been investigated in Luca [4], Luca et al [8] for existence, uniqueness and
regularity of the solutions, and in Luca [5] for asymptotic behaviour of the
solutions. We also mention the papers Luca [6], Luca [7] where we studied a
nonlinear hyperbolic system of higher order PDEs.

In the present paper we shall prove the existence, uniqueness and asymptotic
behaviour of the strong and weak solutions for the problem (S) + (BC) + (IC) in
the cases B(t) = const. and B(t) # const. For the basic notations, concepts and
results in the theory of monotone operators and nonlinear evolution equations
of monotone type we refer the reader to Barbu [1], Brezis [2], Morosanu [10].

We introduce the assumptions that we shall use in the paper:

(Al) a) The functions * — ag(z,p) and x — Bi(x,p) are measurable on
R, for any fixed p € IR. Besides, the functions p — ay(z,p) and p — Bi(x,p)
are continuous and nondecreasing from IR into IR, for a.a. x € IR, k= 1,n.
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b) There exist aj > 0, by > 0, k = 1,n and the functions c;, ¢z € L*(IRy)
such that

low(2,p)| < axlpl + (@), |Be(z,p)| < bulp| + i (=),

foraa. x€ Ry, Vpe IR, k=1,n.
c¢) There exist x1 > 0, x2 > 0 such that

(ar(z,p1) — ar(z,p2))(p1 — p2) = x1(p1 — p2)?,

(Be(2,p1) — Be(@,p2))(p1 — p2) = x2(p1 — p2)?,

for a.a. x € IRy, Vp1, p2 € IR.
(A2) a) G : D(G) C R"™™™ — IR™™ is a maximal monotone operator

(possibly multivalued), D(G) # (). Moreover, G = < Gu G ) with
Ga1 Gao

G : D(Gn) CR"— Bn, Gia : D(Glg) CR"— Bn,

Go : D(Ggl) cCR"— Bm, Gog - D(GQQ) Cc R — IR™.
b) There exists ¢; > 0 such that Vz,y € D(G), = = col (z%,2%), y =
col (y%,y?) € IR™ x IR™ and Y w; € G(x), wy € G(y) we have

<wp — W2, T — Y >patm> C1||55‘b - Z/bH%Rm-

c¢) There exists (2 > 0 such that Vz,y € D(G) and Vw; € G(x), wy € G(y)
we have

<wyp — w2, & — Y >paim> Goflr — y||§Rn+m.
(A3) S = diag(s1,...,8m) with s; >0, j =1, m.

The above assumption (A2)a is a technical one and it is automatically
satisfied if G is a matrix.

2. The Case B(t) = by (a Constant Vector)

In this case we replace G by é, defined by Guw = Guw — by, which is also, under
the assumption (A2)a, a maximal monotone operator. So, we can suppose
without loss of generality that B(t) = 0.
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We shall express our problem as a Cauchy problem in a certain Hilbert
space. For, we consider the Hilbert spaces X = (L?(IR,;IR™))?, IR™ and Y =
X x IR™ with the following scalar products

(fra)x =< f1,01 >r2(romm) + < f2,92 >12(R0 RS

f - COl(flqu)a g = COl(gla.QQ) S X7

m

<1’7?/>s = Zsixiyh T,y S Rma
i=1

(L) (9 =trax+wnn (L), (4)er
We define the operator A: D(A) CY — Y,
D(A) = {y = col (u,0,w) € Y w, ve H(Ry; R"), col(v(0),w) € D(G),

u(0) € =G11(v(0)) — Gr2(w)},

/

Al v , = u’ ) Z (A)
w / S71G21(v(0)) + 571 Gaa(w) / w / -

and the operator B: D(B) CY — Y, D(B) = {y = col (u,v,w) €Y, B(y) €
Y},

Bl v =| B(,v) ;.
w) o)

Remark 1. Under the assumption (A2)a we have D(A) # () and D(A) =
X X D(G12) N D(G22). Indeed, because D(G) # 0 it follows that there exists
col(a,c) € D(G) and col(b,d) € G(col(a,c)), wherea, b € IR", ¢, d € IR™. Then
the functions u(z) = —be ™, v(z) = ae™®, x € (0,00) and w = ¢ satisfy the con-
ditions of D(.A). Moreover, if y = col(u,v,w) € D(A) and h, k € C§°(IRy; R"™)
then col(u + h,v + k,w) € D(A). Because C§°(Ry;IR") = L*(Ry; IR") we
deduce that D(A) = X x D(G12) N D(Ga2).

Remark 2. Under the assumptions (Al)ab we have D(B) = Y. Indeed,
for y = col(u,v,w) € Y we have

n S

1B =Y ( [ et utanpas +

k=1

\ﬁk<x,vk<m>>|2da:)
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<2 Z {/ (a3 |ug ()| + (c}())?]dx + /Ooo[bi\vk(@\? + (ci(a:))ﬂdx}

< Q.

Lemma 1. If the assumptions (A2)a and (A3) hold, then the operator A
is maximal monotone in the space Y.

Proof. We suppose without loss of the generality that the operator G is
single-valued. The operator A is monotone; indeed we have

< Aly) — A@),y — 7 >y= /000 <u(x) —u(z),v(z) =7 (z) >gr do

+ /000 <v(z) —v(x),d (z) =@ (z) > dz

+ < Go21(v(0)) — G21(7(0)) + Goz(w) — G (W), w — W > m
M
= — < u(0) = w(0),v(0) = v(0) >rr +M =< G11(v(0)) — G11(v(0)) + Glz( )

—Gu@xmm—mm>meW=<G<”$)> ( > ( )

_ < v(0) > > e 0,

w

Vy = col(u,v,w), § = col(u,v,w) € D(A)
(because u, v € HY(IR,; IR"), wh_}rgou(x) = lim v(z) = 0, u(0) = —G11(v(0))
—Gr(w), 7(0) = =G (V(0)) — Gr2(W)).

We shall prove in what follows that the operator A is maximal mono-
tone, that is we shall show, by Brezis [2, Proposition 2.2], that for any v =
col(p,q,r) € Y there exists y = col(u, v, w) € D(A) such that

y+ Aly) = (1)

Let v € Y be arbitrary, but fixed for the moment. The equation (1) is
equivalent to

u+v =p,
v4u =gq, @)
w+ ST1Go (v(0) + ST G (w) =7,

U(O) = —Gn(U(O)) — Glg(w).

By the equations (2);,2 we obtain

—

(u+v)+(u+v) =p+q (u—v)—(u—v) =p—q.

—~
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We denote by h = u+ v and k = u — v; then u = %, v = % Therefore the
above equations become

h+h =p+q, k—k=p—q,

with the solutions

W) = e (01 + [ e + qm)df) ,

k(z) = e (cg + /O " e=m(g(r) - p(T))dT) L Ch, Gy ™.

Because lim k(z) =0, (k € H'(IRy; R™)) we deduce

r—00

ba) = [T e o) - a()ar

It is easily to show that h, k € H' (IR, ; IR").
We shall determine C; € IR" and w € IR™ such that the relations (2)3 4 be
satisfied, that is

{ Gn(v(O)) + Glg(w) = —U(O)
Ggl(U(O)) + Ggg(w) = S(T — ’LU)

We have

and

The relation (3) becomes

C1 — k(0) C1 + k(0)
G\ 2 = 2

w o)
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o7 -G
GO o) e

Because G is a maximal monotone operator and the matrix operator

I 0. " . o .
< 0 S ) is positive defined, continuous (so it is coercive and monotone), we

deduce by Barbu [1, Corollary 1.3, Chapter II] that G + ( é ‘(5), > is maximal

wles (] 0))=mm

Therefore there exists col(z,w) such that

I 0 =\ [ —k(0)
(o ) ) =05 )
Then w and Cy = 2z + k(0) verify (4). It follows that u = col (2FE, B2k ) €
D(A) is the (unique) solution of the equation (1). O
Lemma 2. If the assumptions (A1)ab hold, then the operator B is maximal

monotone in Y.
Proof. The operator B is monotone; indeed

monotone and

<B(y) - B@),y -7 >y

— ; /Ooo[ak(x,uk(x)) — (2, Tg(2))] [ug (x) — T, ()] da

+3° [ et @) - il Tl ono) — il > 0
k=1"0
Vy = col(u,v,w), g = col(u,v,w) € D(B) =Y.

To prove that B is maximal monotone we shall show that for any v =
col(p,q,r) € Y there exists y = col(u,v,w) € Y such that y + B(y) = v or
equivalently

ug + o, u) = pr
ve + B(ok) =q, k=1,n, (5)
w=r.
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After some considerations involving the assumptions (Al)ab (see also [6,
Lemma 2]) we deduce that the functions

up(r) = (I + ag(z, ) " pr(z) = I (2, pr()),

vp(x) = (I + Be(x, ) Lar(@) = J)* (z,q1(2)), @€ Ry, k=T,n,

verify (5)12, where J{' is the resolvent of A (J{! = (I + AA)™!). The above
functions ug, vy, k = 1,n belong to L?(IRy) and together with w = r are the
unique solution of the system (5). O

Using the operators A and B our problem (S)+(BC)+(IC) can be equiva-
lently expressed as the following Cauchy problem in the space Y

{ %(a +(A+B)(y(t) > F(¢,-), ¢>0, (P)
y(0) = yo,

where y(t) = col(u(t),v(t),w(t)), F(t,-) = col(f(t,),g(t,-),0), yo = col(ug,
Vo, 'U)O)-

We shall say that y = col(u, v, w) is a strong (weak) solution of the problem
(S)+(BC)+ (IC) if y is a strong (respectively weak) solution of the problem (P)
(see Barbu [1, Chapter III, Section 2]).

Theorem 1. Assume the assumptions (Al)ab, (A2)a and (A3) hold. If
f, g € WHY0,T; L?(IR; IR™)) (T > 0 fixed), ug, vo € H'(IR; IR"™), col(vg(0),
wp) € D(G), up(0) € —=G11(vo(0)) — Gi2(wo), then the problem (P)«(S)+(BC)
+(IC) has a unique strong solution y = col(u,v,w) € W1>°(0,T;Y). Moreover

u, v € L0, T; H' (IRy; IR™)). (6)

Proof. By Lemma 1 and Lemma 2 the operators A and B are maximal
monotone in Y and D(B) = Y. Using Rockafellar’s Theorem (see Barbu
[1, Theorem 1.7, Chapter II]) it follows that A + B is also maximal mono-
tone operator. By Barbu [1, Theorem 2.2, Corollary 2.1, Chapter III] we de-
duce that for yo = col(ug, v, wg) € D(A) and F € WHY(0,T;Y) the prob-
lem (P)<(S)+(BC)+(IC) has a unique strong solution y = col(u,v,w) €
Whee(0,T;Y), y(t) € D(A), Vt € [0,T). By extending correspondingly the
functions f and ¢ in the interval [0, T + ¢] with € > 0, we obtain y(7) € D(A).
The solution y is everywhere differentiable from right and

dty

— () = (F(t) = Aly®) - By(®)’, vte0,T).
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In addition we have

dty 0 HdF

T30 <10) ~ Atwo) ~Bo)lly + [ || (s)| ds, vie o1,
Y o |l as Y

Using the equations of (S) and (Al)ab we obtain (6). O

Remark 3. For all ¢t € [0,T") the above functions u(t,-), v(t,-) satisfy the
system (S) for a.a. t € IRy (with 0tu/dt, 0T v /0t instead of du/dt, dv/dt) and
together with w(t) verify the boundary condition (BC) (with d™w/dt instead
of dw/dt) and the initial data (IC).

Using now Barbu [1, Corollary 2.2, Chapter III] we obtain

Theorem 2. Assume the assumptions (Al)ab, (A2)a and (A3) hold.
If f,g € LY0,T; L*(IR; IR™)) (T > 0 fixed), ug, vo € L*(IRy;IR™), wy €
D(G12) N D(G92), then the problem (S)+(BC)+(IC) has a unique weak solu-
tion y = col(u,v,w) € C([0,T];Y).

In what follows we shall present an existence result for the stationary prob-
lem associated to (P).

Theorem 3. If the assumptions (Al)abc, (A2)ab and (A3) hold, then the
stationary problem

A(y) + B(y) 30 (7)

has a unique solution y = col(u,v,w) € D(A).
Proof. By the assumptions of the theorem, the operator A + B is strongly
monotone. Indeed, for all y = col(u,v,w), ¥ = col(u,v,w) € D(A) we have

<A(y) +B(y) — A@) — B@),y —J >v
<o (") (") (0-T0Y

n
k=1

=30 [T o) — il Tl o) — Tl >
k=170

n n
Gllw =0l Fm + > xallus =l 2.y + D xellor =Bkl 72(m, ) = xolly = 3lF
k=1 k=1

where X0 = min{Xla X2, Cl/siv 1= 17m}

Therefore this operator is coercive and then R(A+ B) =Y. So we deduce that
the equation (7) has a unique solution y = col(u,v,w) € D(A). O
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Now using Theorem 3 and Brezis [2, Theoreme 3.9] we deduce
Theorem 4. Assume that (Al)abc, (A2)ab and (A3) hold, f, g € L}, .(IR4;
L?(IR,; IR")) verify the conditions tlim ft) = f°, tlim g(t) = ¢°, strongly in
—00 — 00
L*(IRy; IR™), and v = col(p,q,r) is the unique solution of the equation (7).
Then tlim y(t) ==, strongly in'Y', where y(t) = col(u(t),v(t),w(t)), t > 0 is an
— 00

arbitrary weak solution of the equation (P)i. More precisely

t
ly(t) = ~lly < e™ly(0) =y +/ XTI (s) — FOlyds, ¢ >0,
0

where F° = col(f°,¢°,0).
If 4 € LY(IR;;Y) and y(0) € D(A)
inY and

I

+
dd—ty(t)HY = 0 strongly

d*y
—(t
o (t)

dt < L ((A+B)((0)— F(0))° HY* H
v X0

3. The Case B(t) # const.

In this case we make a change of functions ug = uy + 5k, where ik(t,w) =
1350k(t), k = T,n. Then the problem (S)+(BC)+(IC) can be written as

gt g; (t, ) + alz, @+ u(t,z)) = f(t,z), 8
n (t,x) + a—(t x) + B(x,v) = g(t, ),

t >0, >0, with the boundary condition

()= )+ (o) o0 o0

and the initial data

where
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~ 1
ﬁk(t,x) = gk(t7$) + mbk(t), xTr > O, t > 07 k = l,n,

tpo(2) = ugo(r) — 7 br(0), >0, k=1mn,
By(t) = col(bpt1(t), .-, bugm(t)).

Using once again the operators A and B, the problem (S)+(BC)+(IC) can
be equivalently formulated as a time dependent Cauchy problem in the space
Y

AT » U s i+ u(t) fg ;
— v v v = , )
i\ o ) w ) o ) \shn ) ®)
0
v = Vo )
\ w(0) } Wo }

where f = col(f1,..., fn), g =col(g1,...,gn), up = col(ug, ..., Uno)-

Theorem 5. Assume the assumptions (Al)ab, (A2)ac, (A3) hold, f, g €
W0, T; L2(Ry; IR™)) (T > 0 fixed), by, € WU2(0,T), k = 1,1 +m, o, vo €
HY(IRy; R™), wy € IR™, col(vg(0),wp) € D(G) and B1(0) € up(0)+G11(vo(0))+
Gia(wp). Then the problem (P) <(S)+(BC)+(IC) has a unique strong solution
y = col(u,v,w) € Wh(0,T;Y). Moreover u, v € L>®(0,T; H (IR, ; IR")).

Proof. We suppose again that G is single-valued. We shall use some similar
arguments as that used in Luca et al [8], Luca [7]. In a first stage we assume
that f, g € Wh(0,T; L2(Re; R)), k = Ton, b, € W22(0,T), k = 1,n,
bj € WH>(0,T), j = n+ 1,n+m, and the functions ay(z,-), k = 1,n are
Lipschitz continuous with Lipschitz constant L independent of x. We consider
the operator L(t), t € [0,T], defined by D(L(t)) = D(A) and

L(t) . A . B ) o)
v = v o+ v - t,- )
w) \w) v )\t )
Z/ € D(A), t>0.

By Lemma 2 we deduce that the operators L(t), t € [0,7] are maximal mono-
tone in Y. Using the above assumptions we have
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v (2, Ty, + U (t, ) — ag(@, Ty + Up(s, @) < Llug(t, z) — tp(s, z))|
L
- 1+
= ok (. i + () — kT + ks, ) |32, ) < L210R(E) = bir(s)],
Vt, s €[0,7]. (8)

|br(t) — bi(s)], Vt, s €[0,T], fora.a. >0, k=1,n

Also we get

i(t,2) = (s, 2)| S ult, ) = fuls, )| + = Ib(0) = Bh(o)],
Vt, s € [0, T], x>0

> 1Felt) = s, M2y < 28t ) = Fils 22, + 21 (8) = ()12,
Vit, se€[0,T], (9)

and

(t:2) = (5, 2)] <l (1.2) = g 2)] + gz () = (o)

Vt, s € [0, T], x>0

~ ~ 2
= gk (t, ) = au(s, Miegmyy < 2llar(ts ) = guls, Miegmy) + 31k (t) = b (s)|%,

Vt, s €[0,7]. (10)

Therefore by (8)-(10) and our assumptions we obtain that there exists L; > 0
such that

L) (Y) = L(s)W)lly < Lalt —s|, Vi, s €[0,T], Vye D(A)

(y = col(u,v,w)).

In this way, the operator family {£(¢); ¢ € [0,T]} verifies the conditions of
Kato’s Theorem (see Kato [3]). By the assumptions of our theorem we deduce
that Jo = col(To, vo, wo) € D(A). Therefore it follows that the problem (P) has
a unique strong solution § = col(u, v,w) € Wh*(0,T;Y), col(u(t), v(t),w(t)) €
D(A), Vt € [0,T]. Moreover y is everywhere differentiable from right on [0,7)
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Hence y(t) = col(u(t),v(t), w(t)) verifies the problem
dTy .
T0) + Al(t) + Bly() = Rt ), 0<t<T, in ¥,

where F(t,-) = col(f(t,),g(t,-), S~ Ba(t)). So y = col(u,v,w) is a solution of
the problem (S)+(BC)+(IC).

In a second stage we suppose that ay(z,-), k = 1,n are not Lipschitz con-
tinuous and we replace the functions aj(x,-) by the Yosida approximations
aﬁ(ac, ), k = 1,n, A > 0. By the above reasoning we deduce that the prob-
lem (ﬁ) with aﬁ instead of oy, has a unique strong solution col(u’, v, w?) €
W10, T;Y). Then y* = col(u?,v*, w?) verifies the following problem

(11)

with
u col(ag (-, u1), ..., o (-, up))
B)\ v / = COl(ﬂl(’,’Ul),...7ﬂn(’,’l)n)) } ’ A>0.

w 0

We write the relation (11); for ¢ + h and ¢, we substract the equations and
we multiply the obtained relation by y*(t4h)—*(t) in the space Y. We obtain

1d*
EE”yA(t + h’) - yA(t)”%/_ < UA(t + h,O) - ’U,)\(t,O),U)\(t + h,O) - ’UA(taO) >R

+ < Go1 (VM (t+ 1, 0)) — G21(v*(¢,0)) 4+ Goo(w(t + b)) — Gao(w(t)), w (t + h)
- w)\(t) >Rrm << f(t +h, ) - f(tv -),UA(t + h) - u)\(t) >L2(Ry;R™) T < g(t + h, )
— g(t, ) (E+ ) = 0N (E) > Lagm, ) + < Ba(t+h) = Bo(t), w Mt + h) — w () >gen
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%Elly (t+h) =y O3+ < Gu (Mt +h,0)) — G11(v7(t,0))

+ Gra(w(t 4 h)) — Gra(w (1)), v (t + h,0) — v (t,0) >Rrn — < By(t +h)
— Bi(t), vt + h,0) — v (,0) >Re + < Go1 (vt + h,0)) — Go1 (v (t,0))
+ Goa (W (t+ h)) = Gaa(w (1)), w (t + h) —w(t) > << f(t+h,-)
— f@t, ), urt+ h) —uMt) > 2y me) + < g(t+ by ) — g(t, ), 0 Nt + h)

— M) > 2w, mn) + < Ba(t + h) — Ba(t),wr(t + h) — w(t) >pm .

)
)

We obtain

1d+
S+ b — O

o) o2 (" ) e
— < By(t+h) — Bi(t),0*(t + h,0) — v (t,0) >pn
S<f(tthy) = f(t) ul(t+ D)

—uMt) >r2(pymey) + < gt +hy) = gt ), 0Nt + h) —0ME) > 2Ry R
+ < By(t + h) — Ba(t),w(t + h) —w™(t) >gm .

y (A2)c the above inequality gives us

3 dt IIy (t+h) =y O + Gllv*(t +h,0) = vt 0) | Fr + Gollw (¢ + )
—w(O)|Fm < C%IIBl(t +h) = Bi(t)|[Fn + Collo*(t + h, 0) — v (8, 0) e

+ %HBN +h) = Ba(t)l[Fem + Gollw(t + h) — w () [Fem + | Fo(t + R, )

— Fo(t,)lx Iyt +h) =y @)l
0<t<t+h<T, AX>0, where Fy(t,-) = col(f(¢,-), g(t,"))-

We choose 0 < {p < (2; then we obtain

1
3 dt Hy (t+h) =y @I < o IBl+h) = B(t)|[gnem + | Fo(t + b, )
— Folt,)Ixlly E+h) = Oy, 0<t<t+h<T, A>0.

Integrating the above inequality over [0,¢] we deduce

1
Sl +h) =y 0I5
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1

< Iy ) — O + / 1B(s + h) = B(3)][3gnsnds

/|\Fos+h Fos, ) x s + 1) = (3) s
T
- 1|yk<t+h>—yk<t>|%<§(nywh)—mn%?/ 185 +h)
0 Jo

()IIRn+mds> /I\Fos+h) Fo(s, )l xly™ (s + h) = v (s)llv ds,
0<t<t+h<T, X>0.

Using a variant of Gronwal’s Lemma we obtain

T
I+ B) = Ol < 90 = O)lly + \/Cz ([ 156+m

1/2 t
—B(s)||§%n+mds> n /0 |Fo(s + b, ) — Fo(s, ) xds,
0<t<t+h<T, X>0.

Therefore we get

dB

1/2
dt A 2
i —(s) ds)
Rn+m

dt

d+ y/\
dt

(t)

(0)

ds

dg
ds

@(/

ds+/ 95
L2(Ry5 ) o llds
0<t<T, A>0.

Y‘
df
ds(

Ve

ds +
L2(R4;IR™)

ds =
L2(1R+-1R")

1/2
ds)
Bn+m

ds,
L2(R4;R™)

_l’_

dtoy?
o (1)

o)

Because sup { ‘

d—f—)\

|

Y_'
df

(12)
25 (5)

d+)\

y
)

independent of \), by the assumptions of the theorem, the inequality (12) gives

us A\
dy

—(t

sup{H e

PA> O} < const. (const. is a positive constant
Y

;o A> 0, 0<t<T}<const.
Y
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and then sup{[|y*(®)|ly; A >0, 0<t<T} < const.
Therefore

{u*; X >0}, {v}; A >0} are bounded in L*(0,T; L*(IRy; IR")),

{w’\; A >0} is bounded in L*°(0,T; R™),

and using the assumption (A1)b we deduce that
{Bx(y*(t)); X >0} is bounded in L>®(0,T;Y). (13)
By (11); we have

L2 0 -y O} < - < B 1) - Bu(y* (1)), v (t) — y(t) >v,

2dt
0<t<T, A>0. (14)
Using now the relations (13) and (14) we get
[y () — y*(t)|ly < const.(A+ @)Y, 0<t<T; A p>0.

Therefore we deduce that the sequence {y*; A > 0} converges to some
y = col(u,v,w) in C([0,T];Y) as A — 0.

By Lebesque’s Dominated Convergence Theorem we obtain

By(y*) — B(y), as A — 0, strongly in L2(0,T;Y).

By letting A — 0 in (11), A and G being demi-continuous operators, we
obtain that y is a strong solution of the problem (S)+(BC)+(IC).

In the third stage (the general case) we approximate f, g € W11(0,T;
L*(Ry; R™) by {f7}j>1, {¢’}j>1 € WH>(0,T; L*(IRy; R™)) in the space
WhY0,T; L? (IR, ; IR")), and by, € W12(0,T) by {bi}jzl C W2>(0,T), k =
1,n, b € WH2(0,7) by {bl};>1 C WH>(0,T), i = n+ 1,n + m, in the space
W12(0,T). Fixing yo = col(ug,vo,wp) € Y with o = col(p, vo, wp) € D(A)
we deduce after some considerations (see also Luca et al [8], Luca [7]) that the
sequence of the corresponding strong solutions {y/ = col(u/,v?,w’)};>1 con-
verges uniformly as j — 0o to y = col(u, v, w) which is a strong solution of our
problem. Then by (S) and (A2)b we obtain

u, v € L®(0,T; H* (IR, ; IR")). O

Theorem 6. Assume the assumptions (Al)ab, (A2)ac and (A3) hold.
If f,g € LY0,T; L?>(IRy; IR™)) (T > 0 fixed), by € L*(0,T), k = T,n +m,
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up, vo € L2(IR4). wo € D(G12) N D(Gaz), then the problem (S)+(BC)+(IC)
has a unique weak solution y = col(u,v,w) € C([0,T];Y).
Proof. By the assumptions of the theorem it follows that

yo = col(ug, vp,wp) € D(A).

We consider {yé}j21 C Y such that ﬂé € D(A) and yé — 1o, as J — 00, in
Y. Also let the sequences {f/};>1, {¢’};>1 € WHL(0,T; L2(IR1; IR™)) be such
that fl = f, ¢ — g, as j — oo, in Ll(O,T; L?(IR;IR")) and the sequences
{b]}i>1 € WH2(0,T) be such that b), — by, as j — oo, in L*(0,T), k =
1,n+m.

Then the corresponding strong solutions

y' = col(uw!, v, w!) e WhH(0,T;Y)
of the problem (S)+(BC)+(IC) satisfy the inequality

' ) D) T ' 1/2
/) = Ol < I =l + /= ( JRECE B%)H?R,Mds)
0 0

t .
4 / |Ed(s,) — Fi(s, Yll%ds, 0<t<T, ¥j, 1€,
0

Theorem 7. Assume that (Al)abc, (A2)ac and (A3) hold. If f, g
L} (Ri;L*(Ry; IR™), by € L*(IRy), k = 1,n+m such that tlggof(t)

1o, tlirn g(t) = ¢°, strongly in L?>(IR,;IR") and ~ = col(p, q,r) is the unique
— 00

where Fg = col(f?,¢7), j > 1, which leads us to the conclusion. O
S

solution of the equation (7). Then tlim y(t) = v, strongly in Y, where y(t) =
—00

col(u(t), v(t),w(t)), t > 0 is an arbitrary weak solution of the equation (P);.

Proof. By Theorem 3 the operator A + B is strongly monotone and the
equation (7) has a unique solution v = col(p,q,r) € D(A). We define for any
[ € IN the function

B(t), for 0<t<I
l _ ) ~b >0,
B(t)_{ 0, for ¢t >1.

Let yo = col(ug,vo,wp) € D(A); we denote by y(t), y'(t), t > 0 the weak
solutions of the problem (S)+(BC)+(IC) corresponding to data {B, f, g, yo},
respectively {B', f, g, yo}. Then we have

oo 1/2
||yl<t>—y<t>uy<const.(/l ||B<s>||§,%n+mds) sl
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Because for t > [, y' is the weak solution corresponding to B(t) = 0, by
Theorem 4 we deduce that
y'(t) — 7, as t — oo, in Y (I € IN). (15)
Therefore this last conclusion with (15) and the inequality
ly() = Ally < lly(®) = ' @Ol + 1y (&) = lly

give us that y(t) — v, ast — oo, in Y. O

4. Some Considerations in the Case =z € IR

If the spatial variable = belongs to IR, then from the boundary condition (BC)
it only remains

S(w'(t)) € —=Gog(w(t)) + Ba(t) < w'(t) € =S 'Gaa(w(t)) + S By(t).

This equation with the initial date w(0) = wy give by integration the function
w(t).
For u and v we obtain the problem

8’0

t ,u) = f(t,x), _
gt L -
)+ a—gg(t r)+ Bl v) = (1, 2).
with the initial data
u(O,m) = UO(x)v v(O,m) = UO(£)) r € IR, (E)

under the assumptions (ﬁ)abc which are (Al)abc with IR instead of IR.
We consider here the space Z = (L?(IR;IR"))? with the standard scalar
product and the operators

C:D(C)C Z— Z, D(C) = (H'(R;R"))? c( ; > — ( v )

D:D(D)C Z — Z, D<Z‘>:<‘§Ez‘§>

Lemma 3. The operator C is maximal monotone in Z.
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For the proof of Lemma 3 see Moroganu [10].
Lemma 4. If the assumptions (Il)ab hold, then the operator D is every-
where defined and maximal monotone.

The proof of Lemma 4 is similar to that of Lemma 2 with IR instead of IR
Now using the operators C and D our problem (S)+(IC) can be written as

d —
{ (1) + Cl2(t) + D(2(t) = F(t,), t>0, in Z, P
where z(t) = col(u(t),v(t)), zo = col(ug, vg)-

Using similar arguments as in the case x € IR we obtain for the problem
(P) the results

Theorem 8. a) Assume that (Aml)ab hold. If f, g € 11/1’1(0,_T; LQ(LR;
R™)) (T > 0 fixed), ug, vo € H*(IR; IR"™), then the problem (P) < (S) + (IC)
has a unique strong solution z = col(u,v) € W1>°(0,T; Z). Moreover u, v €
L>®(0,T; H(IR; IR™)).

b) Assume that (Al)ab hold. If f, g € LY(0,T; L2(IR; R™)) (T > 0 fixed),
then the problem (S)+(IC) has a unique weak solution z = col(u,v) € C([0,T); Z).

Theorem 9. Assume that (ﬁ)abc hold. Then the operator C + D is
strongly monotone and the equation

C(z)+D(2)>0 (16)

has a unique solution z = col(u,v) € Z.
Theorem 10. Assume that (Al)abe hold and f, g € L} (IR, ; L*(IR; IR"))

loc

verify the conditions tlim ft) = f9 tlim g(t) = ¢°, strongly in L?(IR; IR") and
—00 —00
7 is the unique solution of the equation (16). Then tlim z(t) =7, strongly in Z,
— 00

where z(t) = col(u(t),v(t)), t > 0 is an arbitrary weak solution of the equation
(P)1.
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