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1. Introduction

Since the introduction of the concept of fuzzy sets by Zadeh [17] in 1965, many
authors have introduced the concept of fuzzy metric space in different ways
[2], [3], [4]-[6], [8], [9]. George and Veeramani [4], [5] modified the concept
of fuzzy metric space introduced by Kramosil and Michalek [9] and defined a
Hausdorff topology on this fuzzy metric space. They showed also that every
metric induces a fuzzy metric. Saadati and Vaezpour [14] define fuzzy norm
with the help of continuous t-norm, give the concept of fuzzy Banach spaces,
its quotients and prove some theorems.
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Park [12] using the idea of intuitionistic fuzzy sets, defined the notion of
intuitionistic fuzzy metric spaces with the help of continuous t-norm and con-
tinuous t-conorm as a generalization of fuzzy metric space due to George and
Veeramani [4], [5] and introduced the notion of Cauchy sequences in an in-
tuitionistic fuzzy metric space and proved the Baire’s Theorem and finding a
necessary and suffient condition for an intuitionistic fuzzy metric space to be
complete and shown that every separable intuitionistic fuzzy metric space is sec-
ond countable and that every subspace of an intuitionistic fuzzy metric space is
separable and proved the Uniform Limit Theorem for intuitionistic fuzzy met-
ric spaces. Alaca et al [1] defined the completions of intuitionistic fuzzy metric
spaces. A complete intuitionistic fuzzy metric space Y is said to be an intu-
itionistic fuzzy completion of a given intuitionistic fuzzy metric space X if X is
isometric to a dense subspace of Y . They gave an example of an intuitionistic
fuzzy metric space that does not admit any intuitionistic fuzzy metric com-
pletion. However, they proved that every standard intuitionistic fuzzy metric
space has an (up to isometry) unique intuitionistic fuzzy metric completion.
They also showed that for each intuitionistic fuzzy metric space there is an
(up to uniform isomorphism) unique complete intuitionistic fuzzy metric space
that contains a dense subspace uniformly isomorphic to it. Gregori et al [7],
Saadati and Park [14] studied the concept of intuitionistic fuzzy metric space
and its applications. One of the most important problems in fuzzy topology
is to obtain an appropriate concept of intuitionistic fuzzy metric spaces. This
problem has been investigated by Saadati and Park [15] defined precompact set
in intuitionistic fuzzy metric spaces and proved that any subset of an intuition-
istic fuzzy metric space is compact if and only if it is precompact and complete.
Also they defined topologically complete intuitionistic fuzzy metrizable spaces
and proved that any Gδ set in a complete intuitionistic fuzzy metric spaces is
a topologically complete intuitionistic fuzzy metrizable spaces and vice versa.
They defined intuitionistic fuzzy normed spaces and fuzzy boundedness for lin-
ear operators and so they proved that every finite dimensional intuitionistic
fuzzy normed space is complete.

In this paper we give the definition of intuitionistic fuzzy Banach space. We
give quotient spaces of intuitionistic fuzzy normed spaces. We also prove open
mapping theorem and closed graph theorem which will play important rules
developing of intuitionistic fuzzy Banach space theory.
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2. Intuitionistic Fuzzy Metric Spaces

Definition 1. (see [16]) A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is
continuous t-norm if ∗ satisfies the following conditions:

(i) ∗ is commutative and associative;

(ii) ∗ is continuous;
(iii) a ∗ 1 = a for all a ∈ [0, 1];

(iv) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].

Definition 2. (see [16]) A binary operation ♦ : [0, 1] × [0, 1] → [0, 1] is
continuous t-conorm if ♦ satisfies the following conditions:

(i) ♦ is commutative and associative;

(ii) ♦ is continuous;
(iii) a♦0 = a for all a ∈ [0, 1];

(iv) a♦b ≤ c♦d whenever a ≤ c and b ≤ d, and a, b, c, d ∈ [0, 1].
The following definition of intuitionistic fuzzy metric space and the funda-

mental properties of intuitionistic fuzzy metric space was given by Park [12].

Definition 3. (see [12]) A 5-tuple (X,M,N, ∗,♦) is said to be an intu-
itionistic fuzzy metric space if X is an arbitrary set, ∗ is a continuous t-norm,
♦ is a continuous t-conorm and M, N are fuzzy sets on X2 × (0,∞) satisfying
the following conditions: for all x, y, z ∈ X, s, t > 0,

(IFM-1) M(x, y, t) + N(x, y, t) ≤ 1;
(IFM-2) M(x, y, t) > 0;
(IFM-3) M(x, y, t) = 1 if and only if x = y;

(IFM-4) M(x, y, t) = M(y, x, t);
(IFM-5) M(x, y, t) ∗ M(y, z, s) ≤ M(x, z, t + s);

(IFM-6) M(x, y, .) : (0,∞) → [0, 1] is continuous;
(IFM-7) N(x, y, t) > 0;

(IFM-8) N(x, y, t) = 0 if and only if x = y;
(IFM-9) N(x, y, t) = N(y, x, t);

(IFM-10) N(x, y, t)♦N(y, z, s) ≥ N(x, z, t + s);
(IFM-11) N(x, y, .) : (0,∞) → [0, 1] is continuous.
Then (M,N) is called an intuitionistic fuzzy metric on X. The functions

M(x, y, t) and N(x, y, t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

Remark 1. Every fuzzy metric space (X,M, ∗) is an intuitionistic fuzzy
metric space of the form (X,M, 1 − M, ∗,♦) such that t-norm ∗ and t-conorm
♦ are assosiated, see [11], i.e. x♦y = 1− ((1− x) ∗ (1− y)) for any x, y ∈ [0, 1].
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Remark 2. In intuitionistic fuzzy metric space X, M(x, y, .) is non-
decreasing and N(x, y, .) is non-increasing for all x, y ∈ X.

Example 1. (Induced Intuitionistic Fuzzy Metric, see [12]) Let (X, d) be
a metric space. Denote a ∗ b = ab and a♦b = min{1, a + b} for all a, b ∈ [0, 1]
and let Md and Nd are fuzzy sets on X2 × (0,∞) defined as follows:

Md(x, y, t) =
htn

htn + md(x, y)
and Nd(x, y, t) =

d(x, y)

ktn + md(x, y)

for all h, k,m, n ∈ R
+. Then (X,Md, Nd, ∗,♦) is an intuitionistic fuzzy metric

space.

Remark 3. Note the above example holds even with the t-norm a ∗
b = min{a, b} and the t-conorm a♦b = max{a, b} and hence (M,N) is an
intuitionistic fuzzy metric with respect to any continuous t-norm and continuous
t-conorm. In the above example by taking h = k = m = n = 1, we get

Md(x, y, t) =
t

t + d(x, y)
and Nd(x, y, t) =

d(x, y)

t + d(x, y)
.

We call this intuitionistic fuzzy metric induced by a metric d the standard
intuitionistic fuzzy metric.

Example 2. Let X = N. Define a∗b = max{0, a+b−1} and a♦b = a+b−ab
for all a, b ∈ [0, 1] and let M and N be fuzzy sets on X2 × (0,∞) as follows:

M(x, y, t) =

{ x
y

if x ≤ y,
y
x

if y ≤ x,
and N(x, y, t) =

{ y−x
y

if x ≤ y,
x−y

x
if y ≤ x,

for all x, y ∈ X and t > 0. Then (X,M,N, ∗,♦) is an intuitionistic fuzzy metric
space.

Remark 4. Note that, in the above example, t-norm ∗ and t-conorm ♦

are not associated. And there exists no metric d on X satisfying

M(x, y, t) =
t

t + d(x, y)
and N(x, y, t) =

d(x, y)

t + d(x, y)
,

where M(x, y, t) and N(x, y, t) are as defined in above example. Also note the
above functions (M,N) is not an intuitionistic fuzzy metric with the t-norm
and t-conorm defined as a ∗ b = min{a, b} and a♦b = max{a, b}.

Definition 4. (see [12]) Let (X,M,N, ∗,♦) be an intuitionistic fuzzy
metric space and let r ∈ (0, 1), t > 0 and x ∈ X. The set

B(M,N)(x, r, t) = {y ∈ X : M(x, y, t) > 1 − r, N(x, y, t) < r}
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is called the open ball with center x and radius r with respect to t.

Theorem 1. (see [12]) Every open ball B(M,N)(x, r, t) is an open set.

Remark 5. Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space.
Define

τ(M,N) = {A ⊂ X : for each x ∈ X, there exist t > 0,

r ∈ (0, 1) such that B(M,N)(x, r, t) ⊂ A}.

Then τ(M,N) is a topology on X.

Remark 6. (i) Since {B(M,N)(x, 1
n
, 1

n
) : n = 1, 2, ...} is a local base at x,

the topology τ(M,N) is first countable.

(ii) Every intuitionistic fuzzy metric space is Hausdorff.

(iii) Let (X,M,N, ∗,♦) be an intuitionistic fuzzy metric space and τ(M,N)

be the topology on X induced by the fuzzy metric. Then for a sequence {xn}
in X, xn → x if and only if M(xn, x, t) → 1 and N(xn, x, t) → 0 as n → ∞.

Definition 5. (see [12]) Let (X,M,N, ∗,♦) be an intuitionistic fuzzy
metric space. Then,

(i) A sequence {xn} in X is said to be Cauchy if for each ε > 0 and each
t > 0, there exist n0 ∈ N such that M(xn, xm, t) > 1 − ε and N(xn, xm, t) < ε
for all n,m ≥ n0.

(ii) (X,M,N, ∗,♦) is called complete if every Cauchy sequence convergent
with respect to τ(M,N).

Lemma 1. (see [14]) If A is a subset of [0, 1] and supA = β then for
ε ∈ [0, β) there exists α0 in A such that ε ∗ β ≤ α0.

Lemma 2. If A is a subset of [0, 1] and inf A = α then for ε ∈ (α, 1] there
exists β0 in A such that δ♦α ≥ β0.

Proof. Since δ♦α > α, so it is enought to choose β0 ∈ [α, δ♦α] ∩ A.

3. Intuitionistic Fuzzy Banach Spaces

In this section, our basic references are [10] and [13] in functional analysis.

Definition 6. (see [15]) The 5-tuple (V, µ, ν, ∗,♦) is said to be an intu-
itionistic fuzzy normed space if V is a vector space, ∗ is a continuous t-norm,
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♦ is a continuous t-conorm, and µ, ν are fuzzy sets on V × (0,∞) satisfying the
following conditions for every x, y ∈ V and t, s > 0:

(i) µ(x, t) + ν(x, t) ≤ 1;
(ii) µ(x, t) > 0;
(iii) µ(x, t) = 1 if and only if x = 0;

(iv) µ(αx, t) = µ
(

x, t
|α|

)

for each α 6= 0;

(v) µ(x, t) ∗ µ(y, s) ≤ µ(x + y, t + s);
(vi) µ(x, ) : (0,∞) → [0, 1] continuous;
(vii) limt→∞ µ(x, t) = 1 and limt→0 µ(x, t) = 0;
(viii) ν(x, t) < 1;
(ix) ν(x, t) = 0 if and only if x = 0;

(x) ν(αx, t) = ν
(

x, t
|α|

)

for each α 6= 0;

(xi) ν(x, t)♦ν(y, s) ≥ ν(x + y, t + s);
(xii) ν(x, ) : (0,∞) → [0, 1] continuous;
(xiii) limt→∞ ν(x, t) = 0 and limt→0 ν(x, t) = 1.
In this case (µ, ν) is called an intuitionistic fuzzy norm.

Example 3. Let (V, ||.||) be a normed space. Denote a ∗ b = ab and
a♦b = min{1, a + b} for all a, b ∈ [0, 1] and let µ and ν are fuzzy sets on
V × (0,∞) defined as follows:

µ(x, t) =
htn

htn + m||x||
and ν(x, t) =

||x||

ktn + m||x||

for all h, k,m, n ∈ R
+. Then (V, µ, ν, ∗,♦) is an intuitionistic fuzzy normed

space. In particular if h = k = m = n = 1 we have

µ0(x, t) =
t

t + ||x||
and ν0(x, t) =

||x||

t + ||x||

for all t > 0. Then (V, µ0, ν0, ∗,♦) is called standard intuitionistic fuzzy normed
space.

Example 4. Let (V, ||.||) be a normed space. Denote a∗b = min{a, b} and
a♦b = max{a, b} for all a, b ∈ [0, 1] and let µ and ν are fuzzy sets on V × (0,∞)
defined as follows:

µ(x, t) =

(

exp
||x||

t

)−1

and ν(x, t) =

(

exp
||x||

t

)−1 (

exp
||x||

t
− 1

)

for all x ∈ V and t > 0. Then (V, µ, ν, ∗,♦) is an intuitionistic fuzzy normed
space.
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Definition 7. (see [15]) A sequence {xn} in an intuitionistic fuzzy normed
space (V, µ, ν, ∗,♦) is called a Cauchy sequence if for each ε > 0 and t > 0, there
exists n0 ∈ N such that

µ(xn − xm, t) > 1 − ε and ν(xn − xm, t) < ε

for each n,m ≥ n0. The sequence {xn} is said to be convergent to x ∈ V in

the intuitionistic fuzzy normed space (V, µ, ν, ∗,♦) and denoted by xn
(µ,ν)
−→ x if

µ(xn − x, t) → 1 and ν(xn − x, t) → 0 whenever n → ∞ for every t > 0.
An intuitionistic fuzzy normed space is said to be complete if and only if every
Cauchy sequence is convergent.

Lemma 3. (see [15]) Let (V, µ, ν, ∗,♦) is an intuitionistic fuzzy normed
space. If we define

M(x, y, t) = µ(x − y, t) and N(x, y, t) = ν(x − y, t)

then (M,N) is an intuitionistic fuzzy metric on V , which is induced by the
intuitionistic fuzzy norm (µ, ν).

Lemma 4. (see [15]) Let (µ, ν) be an intuitionistic fuzzy norm. Then, for
any t > 0, the following hold:

(i) µ(x, t) and ν(x, t) are nondecreasing and nonincreasing with respect to
t, respectively.

(ii) µ(x − y, t) = µ(y − x, t) and ν(x − y, t) = ν(y − x, t).

Lemma 5. An intuitionistic fuzzy metric (M,N) which is induced by an
intuitionistic fuzzy norm on an intuitionistic fuzzy normed space (V, µ, ν, ∗,♦)
has the following properties for all x, y, z ∈ V and every scalar α 6= 0:

(i) M(x + z, y + z, t) = M(x, y, t) and N(x + z, y + z, t) = N(x, y, t),

(ii) M(αx,αy, t) = M
(

x, y, t
|α|

)

and N(αx,αy, t) = N
(

x, y, t
|α|

)

.

Proof. Let x, y, z ∈ V and α 6= 0.

(i) M(x + z, y + z, t) = µ((x + z) − (y + z), t) = µ(x − y, t) = M(x, y, t),

N(x + z, y + z, t) = ν((x + z) − (y + z), t) = ν(x − y, t) = N(x, y, t).

(ii) M(αx,αy, t) = µ(αx − αy, t) = µ

(

x − y,
t

|α|

)

= M

(

x, y,
t

|α|

)

,

N(αx,αy, t) = ν(αx − αy, t) = ν

(

x − y,
t

|α|

)

= N

(

x, y,
t

|α|

)

. �
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Definition 8. (see [15]) Let (V, µ, ν, ∗,♦) is an intuitionistic fuzzy
normed space. For t > 0, we define open ball B(x, r, t) with center x ∈ V
and radius 0 < r < 1, as

B(x, r, t) = {y ∈ V : µ(x − y, t) > 1 − r, ν(x − y, t) < r}.

Also a subset A ⊆ V open if for each x ∈ A, there exist t > 0 and 0 < r < 1
such that B(x, r, t) ⊆ A. Let τ(µ,ν) denote the family of all open subset of V .
τ(µ,ν) is called the topology induced by intuitionistic fuzzy norm.

Note that this topology is same as the topology induced by intuitionistic
fuzzy metric sense Park (see, Remark 3.3 of [12]).

Definition 9. Let (V, µ, ν, ∗,♦) is an intuitionistic fuzzy normed space.
For t > 0, we define closed ball B[x, r, t] with center x ∈ V and radius 0 < r < 1,
as

B[x, r, t] = {y ∈ V : µ(x − y, t) ≥ 1 − r, ν(x − y, t) ≤ r}.

Lemma 6. If (V, µ, ν, ∗,♦) is an intuitionistic fuzzy normed space, then:
(i) The function (x, y) → x + y is continuous,
(ii) The function (α, x) → αx is continuous.

Proof. (i) If xn → x and yn → y, then as n → ∞,

µ((xn + yn) − (x + y), t) ≥ µ

(

xn − x,
t

2

)

∗ µ

(

yn − y,
t

2

)

→ 1

and

ν((xn + yn) − (x + y), t) ≤ ν

(

xn − x,
t

2

)

♦ν

(

yn − y,
t

2

)

→ 0 ,

which completes the proof.
(ii) If xn → x and αn → α and αn 6= 0 then

µ(αnxn − αx, t) = µ(αn(xn − x) + x(αn − α), t)

≥ µ

(

αn(xn − x),
t

2

)

∗ µ

(

x(αn − α),
t

2

)

= µ

(

xn − x,
t

2αn

)

∗ µ

(

x,
t

2(αn − α)

)

→ 1,

and

ν(αnxn − αx, t) = ν(αn(xn − x) + x(αn − α), t)
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≤ ν

(

αn(xn − x),
t

2

)

♦ν

(

x(αn − α),
t

2

)

= ν

(

xn − x,
t

2αn

)

♦ν

(

x,
t

2(αn − α)

)

→ 0

as n → ∞. This completes the proof.

Definition 10. The intuitionistic fuzzy normed space (V, µ, ν, ∗,♦) is said
to be an intuitionistic fuzzy Banach space whenever V is complete with respect
to the intuitionistic fuzzy metric induced by intuitionistic fuzzy norm.

4. Quotient Spaces

Definition 11. Let (V, µ, ν, ∗,♦) be an intuitionistic fuzzy normed
space, K be a linear manifold in V and let Q : X → X/ K be the natural
map, Qx = x + K. We define

µ (x + K, t) = sup {µ(x + y, t) : y ∈ K} and

ν (x + K, t) = inf {ν(x + y, t) : y ∈ K} , t > 0.

Theorem 2. If K is a closed subspace of intuitionistic fuzzy normed space
V , µ (x + K, t) and ν (x + K, t) are defined as above then:

(a) (µ, ν) is an intuitionistic fuzzy norm on X/ K.

(b) µ(Qx, t) ≥ µ(x, t) and ν(Qx, t) ≤ ν(x, t).

(c) If (V, µ, ν, ∗,♦) is an intuitionistic fuzzy Banach space, then so is (X/K,µ, ν, ∗,♦).

Proof. (a) Let (V, µ, ν, ∗,♦) be an intuitionistic fuzzy normed space and K
is a closed subspace of V . Let m,n ∈ K and x, y ∈ V .

(i) It is clear that µ (x + K, t) + ν (x + K, t) ≤ 1.

(ii) Clearly, µ (x + K, t) > 0.

(iii) Let µ (x + K, t) = 1. By definition there exist a sequence {xn} in K
such that µ (x + xn, t) converges to 1. So x + xn converges to 0 or equivalently
xn converges to (−x) and since K is closed so x ∈ K and x + K = K, the zero
element of X/K.

(iv) Let α 6= 0. Then,

µ (α(x + K), t) = µ (αx + K, t) = sup {µ(αx + αy, t) : y ∈ K}

= sup

{

µ

(

x + y,
t

|α|

)

: y ∈ K

}

= µ

(

x + K,
t

|α|

)

.
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(v) Let m,n ∈ K and x, y ∈ V . Then,

µ ((x + K) + (y + K), t) = µ ((x + y) + K, t)

≥ µ((x + m) + (y + n), t) ≥ µ(x + m, t1) ∗ µ(y + n, t2)

for t1 + t2 = t. Taking sup on both sides, we have,

µ ((x + K) + (y + K), t) ≥ µ (x + K, t1) ∗ µ (y + K, t2) .

(vi) Clearly, µ (x + K, ) : (0,∞) → [0, 1] continuous.
(vii) Also, limt→∞ µ (x + K, t) = 1 and limt→0 µ (x + K, t) = 0 are holds.
(viii) Clearly, ν (x + K, t) < 1.
(ix) Let ν (x + K, t) = 0. By definition there exist a sequence {xn} in K

such that ν (x + xn, t) converges to 0. So x + xn converges to 0 or equivalently
xn converges to (−x) and since K is closed so x ∈ K and x + K = K, the zero
element of X/K.

(x) Let α 6= 0. Then,

ν (α(x + K), t) = ν (αx + K, t) = inf {ν(αx + αy, t) : y ∈ K}

= inf

{

ν

(

x + y,
t

|α|

)

: y ∈ K

}

= ν

(

x + K,
t

|α|

)

.

(xi) Let m,n ∈ K and x, y ∈ V . Then,

ν ((x + K) + (y + K), t) = ν ((x + y) + K, t)

≤ ν((x + m) + (y + n), t) ≤ ν(x + m, t1)♦ν(y + n, t2)

for t1 + t2 = t. Taking inf on both sides, we have,

ν ((x + K) + (y + K), t) ≤ ν (x + K, t1)♦ν (y + K, t2) .

(xii) ν (x + K, ) : (0,∞) → [0, 1] continuous.
(xiii) Also limt→∞ ν (x + K, t) = 0 and limt→0 ν (x + K, t) = 1 are holds.

Therefore (X/K,µ, ν, ∗,♦) is an intuitionistic fuzzy normed space.
(b) µ(Qx, t) = µ(x+K, t) = sup {µ(x + y, t) : y ∈ K} ≥ µ(x, t) and ν(Qx, t) =

ν(x + K, t) = inf {ν(x + y, t) : y ∈ K} ≤ ν(x, t).
(c) Let {xn + K} be a Cauchy sequence in X/K. Then there exists εn > 0

such that εn converges to 0 and,

µ ((xn + K) − (xn+1 + K), t) ≥ 1 − εn and

ν ((xn + K) − (xn+1 + K), t) ≤ εn.



ON INTUITIONISTIC FUZZY BANACH SPACES 355

Let y1 = 0. We choose y2 ∈ K such that,

µ(x1 − (x2 − y2), t) ≥ µ ((x1 − x2) + K, t) ∗ (1 − ε1) and

ν(x1 − (x2 − y2), t) ≤ ν ((x1 − x2) + K, t) ♦ε1.

But
µ ((x1 − x2) + K, t) ≥ 1 − ε1 and ν ((x1 − x2) + K, t) ≤ ε1.

Therefore,

µ(x1 − (x2 − y2), t) ≥ (1 − ε1) ∗ (1 − ε1) and ν(x1 − (x2 − y2), t) ≤ ε1♦ε1.

Now suppose yn−1 has been chosen, yn ∈ K can be chosen such that

µ((xn−1 + yn−1) − (xn + yn), t) ≥ µ ((xn−1 − xn) + K, t) ∗ (1 − εn−1) and

ν((xn−1 + yn−1) − (xn + yn), t) ≤ ν ((xn−1 − xn) + K, t) ♦εn−1,

and therefore,

µ((xn−1 + yn−1) − (xn + yn), t) ≥ (1 − εn−1) ∗ (1 − εn−1) and

ν((xn−1 + yn−1) − (xn + yn), t) ≤ εn−1♦εn−1.

Thus, {xn + yn} is a Cauchy sequence in V . Since V is complete, there is an
x0 in V such that xn + yn → x0 in V . On the other hand,

xn + K = Q(xn + yn) → Q(x0) = x0 + K.

Therefore every Cauchy sequence {xn + K} is convergent in X/K and so X/K
is complete and (X/K,µ, ν, ∗,♦) is an intuitionistic fuzzy Banach space.

Theorem 3. Let K be a closed subspace of intuitionistic fuzzy normed
space (V, µ, ν, ∗,♦). If x ∈ V , ε ∈ [0, µ(x + K, t)) and δ ∈ (ν(x + K, t), 1], then
there exist an x′ in V such that, x′ + K = x + K, µ(x′, t) > µ(x + K, t) ∗ ε and
ν(x′, t) < ν(x + K, t)♦δ.

Proof. By Lemma 1 and Lemma 2 there always exists y ∈ K such that,

µ(x + y, t) > µ(x + K, t) ∗ ε and ν(x + y, t) < ν(x + K, t)♦δ.

Now it is enought to put x′ = x + y.

Theorem 4. Let K be a closed subspace of intuitionistic fuzzy normed
space (V, µ, ν, ∗,♦). If a couple of the spaces V , K, V/K are complete, so is
third one.
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Proof. If V is an intuitionistic fuzzy Banach space, so are V/K and K.
Therefore all that needs to be checked is that V is complete whenever both K
and V/K are complete. Suppose K and V/K are intuitionistic fuzzy Banach
spaces and let {xn} be a Cauchy sequence in V . Since

µ((xn − xm) + K, t) ≥ µ(xn − xm, t) and

ν((xn − xm) + K, t) ≤ ν(xn − xm, t),

whenever m,n ∈ N, the sequence {xn +K} is Cauchy in V/K and so converges
to y + K for some y ∈ V . So there exist a sequence {εn} such that εn → 0 and

µ((xn − y) + K, t) > 1 − εn and ν((xn − y) + K, t) < εn

for each t > 0. Now by Theorem 3 there exists a sequence {yn} in V such that
yn + K = (xn − y) + K and

µ(yn, t) > µ((xn − y) + K, t) ∗ (1 − εn) and

ν(yn, t) < ν((xn − y) + K, t)♦εn.

So limn µ(yn, t) ≥ 1, limn ν(yn, t) ≤ 0 and limn yn = 0. Therefore {xn − yn − y}
is a Cauchy sequence in K and thus is convergent to a point z ∈ K and this
implies that {xn} converges to z + y and V is complete.

Theorem 5. (Open Mapping Theorem) If T is a continuous linear oper-
ator from the intuitionistic fuzzy Banach space (V, µ1, ν1, ∗,♦) onto the intu-
itionistic fuzzy Banach space (W,µ2, ν2, ∗,♦), then T is an open mapping.

Proof. The theorem will be proved in several steps.
Step 1. Let E be a neigborhood of 0 in V . We show that 0 ∈ (T (E))o. Let

D be a balanced neigborhood of 0 such that D + D ⊂ E. Since T (V ) = W
and D absorbing, it follows that W = ∩nT (nD). So by Theorem 3.17 in [4],
there exists a positive integer n0 ∈ N such that T (n0D) has nonempty interior.
Therefore, 0 ∈ (T (D))o − (T (D))o. On the other hand,

(T (D))o − (T (D))o ⊂ (T (D)) − (T (D)) = (T (D) − T (D)) ⊂ T (E).

So the set T (E) includes the neigborhood (T (D))o − (T (D))o of 0.
Step 2. It is shown 0 ∈ (T (E))o. Since 0 ∈ E and E is an open set, then

there exist 0 < α < 1 and t0 ∈ (0,∞) such that B(0, α, t0) ⊂ E. But for
0 < α < 1, a sequence can be found such that εn → 0 and

1 − α < lim
n

[(1 − ε1) ∗ · · · ∗ (1 − εn)] and α > lim
n

(ε1♦ · · · ♦εn).
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On the other hand 0 ∈ T (B(0, εn, t′n)), where t′n = 1
2n

t0, so by Step 1, there

exist σn ∈ (0, 1) and tn > 0 such that B(0, σn, tn) ⊂ T (B(0, εn, t′n)). Since the
set {B(0, 1

n
, 1

n
) : n = 1, 2, ...} is a countable base at zero and t′n → 0 as n → ∞,

so tn and σn can be chosen such that tn , σn → 0 as n → ∞.
Now it is shown that B(0, σ1, t1) ⊂ (T (E))o. Suppose y0 ∈ B(0, σ1, t1).

Then y0 ∈ T (B(0, ε1, t′)) and so for σ2 > 0 and t2 > 0 the ball B(y0, σ2, t2)
intersects T (B(0, ε1, t

′)). Therefore there exists x1 ∈ B(0, ε1, t
′) such that

Tx1 ∈ B(y0, σ2, t2), i.e.,

µ2(y0 − Tx1, t2) > 1 − σ2 and ν2(y0 − Tx1, t2) < σ2

or equivalently y0 − Tx1 ∈ B(0, σ2, t2) ⊂ T (B(0, ε1, t′)) and by the similar
argument there exist x2 in B(0, ε2, t

′) such that

µ2(y0 − (Tx1 + Tx2), t3) = µ2((y0 − Tx1) − Tx2, t3) > 1 − σ3 and

ν2(y0 − (Tx1 + Tx2), t3) = ν2((y0 − Tx1) − Tx2, t3) < σ3 .

If this process is continued, it leads to a sequence {xn} such that xn ∈ B(0, εn, t′n)
and

µ2



y0 −

n−1
∑

j=1

Txj, tn



 > 1 − σn and ν2



y0 −

n−1
∑

j=1

Txj, tn



 < σn.

Now if n ∈ N and {pn} is a positive and increasing sequence, then

µ1





n
∑

j=1

xj −

n+pn
∑

j=1

xj , t



 = µ1





n+pn
∑

j=n+1

xj, t





≥ µ1(xn+1, t1) ∗ · · · ∗ µ1(xn+pn
, tpn

)

and

ν1





n
∑

j=1

xj −

n+pn
∑

j=1

xj , t



 = ν1





n+pn
∑

j=n+1

xj , t





≤ ν1(xn+1, t1)♦ · · · ♦ν1(xn+pn
, tpn

) ,

where t1 + t2 + ... + tpn
= t. By putting t0 = min{t1, t2, ..., tpn

}, since
t′n → 0 so there exists n0 ∈ N such that 0 < t′n ≤ t0 for n > n0. There-
fore,
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µ1(xn+1, t0) ∗ · · · ∗ µ1(xn+pn
, tpn

) ≥ µ1(xn+1, t
′
n+1) ∗ · · · ∗ µ1(xn+pn

, t′n+pn

)

≥ (1 − εn+1) ∗ · · · ∗ (1 − εn+pn
)

and

ν1(xn+1, t0)♦ · · · ♦ν1(xn+pn
, tpn

) ≤ ν1(xn+1, t
′
n+1)♦ · · · ♦ν1(xn+pn

, t′n+pn

)

≤ εn+1♦ · · · ♦εn+pn
.

Hence,

lim
n→∞

µ1





n+pn
∑

j=n+1

xj, t



 ≥ lim
n→∞

[(1 − εn+1) ∗ · · · ∗ (1 − εn+pn
)] = 1 and

lim
n→∞

ν1





n+pn
∑

j=n+1

xj, t



 ≤ lim
n→∞

(εn+1♦ · · · ♦εn+pn
) = 0,

that is,

lim
n→∞

µ1





n+pn
∑

j=n+1

xj , t



 → 1 and lim
n→∞

ν1





n+pn
∑

j=n+1

xj , t



 → 0

for all t > 0. So the sequence
{

∑n
j=1 xj

}

is a Cauchy sequence and consequently

the series
{

∑∞
j=1 xj

}

converges to some point x0 ∈ V , because V is complete
space.

By fixing t > 0, there exists n0 ∈ N such that t > tn for n > n0, because
tn → 0. So it follows:

µ2



y0 − T





n−1
∑

j=1

xj



 , t



 ≥ µ2



y0 − T





n−1
∑

j=1

xj



 , tn



 ≥ 1 − σn,

ν2



y0 − T





n−1
∑

j=1

xj



 , t



 ≤ ν2



y0 − T





n−1
∑

j=1

xj



 , tn



 ≤ σn

and thus

µ2



y0 − T





n−1
∑

j=1

xj



 , t



 → 1 and ν2



y0 − T





n−1
∑

j=1

xj



 , t



 → 0.
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Therefore,

y0 = lim
n

T





n−1
∑

j=1

xj



 = Tx0.

But

µ1(x0, t0) ≥ lim sup
n

µ1





n
∑

j=1

xj, t0



 ≥ lim sup
n

[µ1(x1, t
′
1) ∗ · · · ∗ µ1(xn, t′n)]

≥ lim sup
n

[(1 − ε1) ∗ · · · ∗ (1 − εn)] = 1 − α

and

ν1(x0, t0) ≤ lim inf
n

ν1





n
∑

j=1

xj, t0



 ≤ lim inf
n

[ν1(x1, t
′
1)♦ · · · ♦ν1(xn, t′n)]

≤ lim inf
n

(ε1♦ · · · ♦εn) = α.

Hence x0 ∈ B(0, α, t0).
Step 3. Let G be an open subset of V and x ∈ G. Then,

T (G) = Tx + T (−x + G) ⊃ Tx + (T (−x + G))o.

Hence T (G) would be open, because it includes a neigborhood of each of its
point.

Theorem 6. (Closed Graph Theorem) Let T be a linear operator from
the intuitionistic fuzzy Banach space (V, µ1, ν1, ∗,♦) into the intuitionistic fuzzy
Banach space (W,µ2, ν2, ∗,♦). Suppose for every sequence {xn} in V such that
xn → x and Txn → y for some elements x ∈ V and y ∈ W it follows Tx = y.
Then T is continuous.

Proof. At first it is proved that the intuitionistic fuzzy norm (µ, ν) which
is defined on V × W by,

µ((x, y), t) = µ1(x, t) ∗ µ2(y, t) and ν((x, y), t) = ν1(x, t)♦ν2(y, t) ,

is a complete intuitionistic fuzzy norm. For each x, z ∈ V , y, u ∈ W and t, s > 0
it follows:

µ((x, y), t) ∗ µ((z, u), s) = [µ1(x, t) ∗ µ2(y, t)] ∗ [µ1(z, s) ∗ µ2(u, s)]
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= [µ1(x, t) ∗ µ1(z, s)] ∗ [µ2(y, t) ∗ µ2(u, s)]

≤ µ1(x + z, t + s) ∗ µ2(y + u, t + s)

= µ((x + z, y + u), t + s)

and

ν((x, y), t)♦ν((z, u), s) = [ν1(x, t)♦ν2(y, t)]♦[ν1(z, s)♦ν2(u, s)]

= [ν1(x, t)♦ν1(z, s)]♦[ν2(y, t)♦ν2(u, s)]

≥ ν1(x + z, t + s)♦ν2(y + u, t + s)

= ν((x + z, y + u), t + s).

Now if {(xn, yn)} is a Cauchy sequence in V × W , then for every ε > 0 and
t > 0 there exists n0 ∈ N such that for m,n > n0,

µ((xn, yn) − (xm, ym), t) > 1 − ε and ν((xn, yn) − (xm, ym), t) < ε.

So for m,n > n0,

µ1(xn − xm, t) ∗ µ2(yn − ym, t) = µ((xn − xm, yn − ym), t)

= µ((xn, yn) − (xm, ym), t)

> 1 − ε

and

ν1(xn − xm, t)♦ν2(yn − ym, t) = ν((xn − xm, yn − ym), t)

= ν((xn, yn) − (xm, ym), t)

< ε.

Therefore {xn} and {yn} are Cauchy sequences in V and W respectively and
there exist x ∈ X and y ∈ Y such that xn → x and yn → y and consequently
(xn, yn) → (x, y). Hence (V × W,µ, ν, ∗,♦) is a complete intuitionistic fuzzy
normed space.
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