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Abstract: We consider scalar conservation laws with dissipation. The Cauchy
problem generates a semi-group that satisfies comparison principles, L!-contraction
property and preserves the total mass. By assuming that the mass of the initial
disturbance with respect to the fixed constant is zero, we prove the L!-stability

of constant states.
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1. Introduction

The present paper is concerned with the study of scalar conservation laws in
the form:

Oru + aa:(f(u)) = 8$(B(u)8$u), (1'1)

where the unknown u(x,t) depends on the time ¢ > 0 and on the space variable
r € R. The flux function f: R — R, is a given C''-function, which satisfies
the assumption f(0) = 0; the real function B represents the dissipation process
in physical problems that can be described by means of the equation (1.1). We
assume that B is a strictly positive regular function of the unknown wu.
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The Cauchy problem for the viscous equation (1.1) with initial value in the
space L'(R) turns out to be well-posed and the corresponding semi-group of
solutions satisfies a maximum principle, the contraction property with respect
to the L!-distance and preserves the total mass (see reference [6] for a detailed
description of the properties of scalar conservation laws).

In this paper we address the issue of the L'-stability of constant states for
conservation laws in the class (1.1).

As far as the viscous diffusion B(u) = 1 is concerned, H. Freistiihler and D.
Serre proved in [2] that due to the L!-contractivity of the associated semi-group,
the scalar shock waves are stable with respect to the L!-distance. After proving
the Ll-stability of constant states through a dynamical system approach, the
authors found that the stability of constants with respect to the L'-distance
implies the Ll-stability of shock profiles (see references [2] and [5]). A similar
study for a model of radiating gases has been carried out in [5] by D. Serre:
under a zero-mass initial disturbance, the L!-stability of constant states has
been established for the model and the L'-stability of shock profiles has been
proved as a consequence of this property.

Let us consider the Cauchy problem for the equation (1.1), with initial value
ug. Let w be a real constant and assume that ug — w € L'(R) and that the
mass of the initial disturbance is equal zero, i.e.: [g(ug(z) — w)dz = 0. The
constant state w is said to be Ll-stable if the solution u of (1.1) with initial
value g satisfies the following limit condition: lim; .4 [[u(,t) —wl|/L1w) = 0.

This paper deals with the study of the L!-stability of the constant zero:
under the assumption that wug is integrable and has zero mass, we shall prove
that the [u(-,t)[|L1(r) decays to zero as t — +oo. Due to the presence of the
viscosity term B, our investigation will be carried out by means of techniques
that are different with respect to the approach adopted in [2], where the function
B=1.

The result is achieved by proving a decay estimate for the solution u in
the space W2(R) ; this estimate allows us to identify a suitable subsequence
(u(-,tx))t,, that tends to zero in L*°-norm as t; — +00. As a consequence of
this result and of the L'-contraction property of the associated semi-group, we
establish the L'-stability of constant solutions, which by following the strategy
adopted in [5], turns out to be the main tool to study the L!-stability of shock
profiles of the viscous conservation law (1.1).
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2. L'-Stability of Constant States

We shall prove below in Proposition 2.1 an L?-decay estimate for the derivatives
of dyu(x,t) of the solution of the initial value problem (1.1).

We fix the initial value ug € L'(R) with zero mass, i.e. [guo(z)dz = 0.
The Cauchy problem (1.1) turns out to be well-posed and the solution u(-,t) €
WLH2(R), with ¢t > 0. We assume moreover that f(0) = 0. Under the previous
assumptions, we prove the following result.

Proposition 2.1. If u is the solution of the Cauchy problem with initial
value ug € L'(R), then there exists a sequence (t3,)reN, With t), — +00, such
that limtk_>+oo Hu(, tk)HLoo(R) = 0.

Proof. Let us define the function g : R? — R, as follows

g(u,z) = —=B(uw)uz + f(u)u — /Ou f(s)ds. (2.1)

The following identity holds true:

U2
Oy (7) + 02 (g(u, Opu)) = —B(u)(dpu)?.

By integrating, we have

w2
%/R?dx—i-/Rax(g(u,ﬁxu))da: = —/RB(U)(&BU)QCZJ:. (2.2)

Hence, due to the regularity of the solution, we get

U2
% /R = /R B(u) (9yu)de. (2.3)

Since B is positive, the function ¢ — ||u(-,)[/z2(r), is monotone decreasing.
Moreover, the function ¢ — [ B(u)(0yu)*dz, turns out to be integrable
on the interval (0, c0).
Thus there exists a sequence (t;)renN, With ¢ — 400, such that

lim (Opu(x, ty))?dx = 0.

Due to the previous estimates, we deduce that the sequence (u(z,ty))s, is
bounded in W12(R) and there exists a function v, such that

li =
L (@, te) = (),
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a.e. x € R. Thanks to a Sobolev-Gagliardo-Nirenberg inequality, we have

[y ti) 2o ) < Allul, i)l o2 @y 10 (ul- tr) 172 () (2.4)
(R)

Hence limg, o0 Ju(-, tx)|[Lo(m) = 0. Moreover, we obtain that the function
v=0ae z€R.

Remark 2.1. By defining the function ¢ in a suitable way and under
regularity assumption on the solution wu, it is possible to prove that

d [l

— dx:—/ B(u)0yudy (|ulPtsgn u)dx, 2.5
o[ [ B0l s (25)

for every p > 2.

We establish now the main result about the L!-stability of constant states
for the viscous scalar equation (1.1) under the assumptions listed at the begin-
ning of this section.

As explained in Introduction, we shall suppose that the mass of the initial
disturbance with respect to the constant state is null: fR uo(x)dz = 0. Since
the mass of the solution of (1.1) is preserved, the previous assumption turns
out to be a necessary condition for having stability in L!-norm. O

Let us state the main theorem.

Theorem 2.1. Let u be the solution of the Cauchy problem (1.1) with
initial value ug € L'(R). If [ ug(x)dx = 0, then the following limit relation
holds true: limg—, yoo [|u(:,t)||L1®) = 0.

Proof. Let (tx)ren, be the sequence found in the proof of previous propo-
sition.

Thanks to the L'-contraction property satisfied by the semi-group of the
solutions of the Cauchy problem (1.1), the following relations are satisfied

[u(z, i)l m) < lluo(@)lLr(w)

(2.6)
u(® +y,te) —ul@, te)llprw) < lluo(z +y) —uo(@)| L1 (R) »

for every y € R.

Thus the sequence of functions (u(-,tx)):, enjoys the assumptions of the
Riesz-Fréchet-Kolmogorov Theorem and turns out to be relatively compact in
LY(R). Therefore there exists a function w € L'(R) such that limy, 4o u(-, ;) =
w, in L*(R). Due to the result of Proposition 2.1, the function w coincides with
the null function a.e. in R and

tkl—lg—loo Hu(> tk)HLl(R) =0.
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By means of the L'-contraction property, we obtain the result of the
theorem. 0

Remark 2.2. As a consequence of the L'-stability of constant states,
we may prove the L'-stability of shock profiles of the viscous conservation law
(1.1), by means of the procedure described in [5] for the model of radiating
gases.
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