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Abstract: Unsteady hydromagnetic flow in a rotating channel in the presence
of a uniform magnetic field which is inclined at an angle § with axis of rotation,
under the influence of periodic pressure gradient has been analyzed. An exact
solution of the governing equations is obtained. For large values of Coriolis
parameter and frequency parameter, there arise a thin double-decker boundary
layers near the walls of the channel. The thicknesses of these layers increase
with increase in the angle of inclination of the magnetic field.
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1. Introduction

The problem of hydromagnetic flow in a rotating channel in the presence of an
uniform transverse magnetic field have been studied in recent past by Nanda
and Mohanti [3], Mazumder [2], Datta and Jana [1], Seth and Jana [5], Seth,
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Jana and Maiti [4]. The unsteady hydromagnetic flow in a rotating channel, due
to the oscillation of the pressure gradient, in the presence of an uniform mag-
netic field inclined with axis of rotation has not received much attention. The
study of such problem has considerable bearing on the problem of geophysical,
astrophysical and fluid engineering.

In the present study we consider the unsteady flow of an electrically con-
ducting incompressible viscous fluid between two infinite long parallel plates
rotating with an angular velocity §2 about an axis perpendicular to the plates
under the action of oscillating pressure gradient and of an uniform magnetic
field inclined at an angle 8 with the positive direction of the axis of rotation.
An exact solution of the governing equations is obtained. Asymptotic solutions
for large values of Coriolis parameter K2, frequency parameter w and Hart-
mann number M? show the existence of multiple boundary layers adjacent to
the plates. It is found that the shear stress due to the primary flow at the plate
n = 1 decreases with increase in w when 0° < 6 < 75° while it is oscillatory
in nature when 75° < # < 90°. On the other hand, shear stress due to the
secondary flow at the plate n = 1 is of oscillatory in nature when 0° < 6 < 30°
but it decreases with increase in w when 30° < 6 < 90°.

2. List of Symbols

B magnetic induction vector

E electric field vector

f current density vector

K? Coriolis parameter (L2 /v)

2L distance between the plates

M? Hartmann number (o B L?/pv)

N? defined in equation (12)

D dimensionless modified fluid pressure including
the centrifugal force (p* L?/pv)

q velocity vector

t time

(u, v) dimensionless velocities (1;/1% , i};)

(z, y, 2) Cartesian coordinates

a1, (1, o, B defined in equation (12)

n dimensionless variable (z/L)

0 inclination of the magnetic field with the axis
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of rotation

kinematic viscosity
dimensionless variable (z/L)
conductivity of the fluid
fluid density

dimensionless time (vt/L?)
angular velocity

€ D3 Q vy R

dimensionless frequency (w’ L/v)

3. Mathematical Formulation and its Solution

Consider the unsteady hydromagnetic flow in a parallel plate rotating channel
in the presence of a uniform magnetic field By which is inclined at an angle
0 with the positive direction of the axis of rotation. The whole system was
rotating about an axis normal to the plates with uniform angular velocity (2.
The motion is under the action of a periodic pressure gradient. Choosing origin
at the centre of the channel, z-axis is in the direction of the periodic pressure
gradient and the z-axis along the axis of rotation. Since the plates are infinite
long along = and y directions, all physical quantities, except pressure will be
functions of z and ¢ only. It may be easily shown that the following assumptions
are compartable with basic equations of magnetohydrodynamics

7= (u v o) , B=(By+ Bosind, By, Bycosb) ,

E=(Ey, By E. , J=lu Jy J2) - (1)

We shall assume that the induced magnetic field produced by the motion of
conducting fluid is negligible in comparison with the imposed magnetic field
because the magnetic Reynolds number is very small for metallic liquids or
partially ionized fluids so that we can take B = (Bysin6, 0, Bycos). In the
present problem it is also assumed that no applied or polarization voltage exist,
ie. E = 0. This then corresponds to the case where no energy is added or
extracted from the fluid by electric means. In the special case when 6 = 0, the
external magnetic field is applied transversely to the flow in which case Ohm’s
law gives j, = 0.
Under the above assumptions, the magnetohydrodynamic equations in a
rotating frame of reference, in non-dimensional form, become
* 2
%—2[(2@:—%]2 —I-g—nz—MQucosQ@, (2)
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ov 2

E—FQKQ —W—M%, (3)
* 1

0:—85:7 —|—§M2usin29. (4)

The boundary conditions are

u=v=0 at n= £I1. (5)
Assuming
8]9* _ WwT _ wT _ wWT
_OC - Re{e }7 U_Re{ul(n)e }7 U_Re{vl(n)e }7 (6)

equations (2) and (3) become

. 2 d*uy 2 2
2wu1—2Kv1:1—|—W—Mulcos 0, (7)
n
d2
iwvy + 2Ky = d:; — M3y, (8)

where ‘Re’ in equations (6) stands for real part.
The boundary conditions(5) become

uy=v;=0 at n==+1. (9)

The equations (7) and (8) subject to the boundary conditions (9) can be easily
solved and on using (6) the velocity fields can be written as

1
iN?

(a1 +if1)* — (M? + iw) {1 _cosh (o —i—iﬁl)n}
(a1 +ifr)? cos h (a1 +if1)

_(ag :l:z'ﬁQ)2 _ (M2 —i—iw) {1 B cos h (a :I:zﬂg)n}] ei"”] (10)

u(n) = Re

(g £ iﬁg)Q cos h (ag +1i39)

L [2iK? 1 cosh(oy izﬂz)n}
v(n) = Re |: N2 |:(042 + iﬁ2)2 {1 cos h (e +1i(32)

1 cosh(a; +if1)n ior
(o +1i81)° {1_ cosh (a1 +1if31) H ‘ ] » (1)
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where
1 4 2 )2 22\ /2 2 2 12
041,5125 {M (1 + cos®6) —|—(2w+N)} + M? (1 + cos” 6) ,
2
N? = (16K* — M*sin*0)"/?. (12)

1/2
oo, o = + [{M4 (1 +cos20)” + (2w — 1\12)2}1/2 + M2 (1 + cos? 9)} ,

In the above equations (10) and (11), the positive sign for 2w > N? and negative
sign for 2w < N2. The above expressions for v and v reduce to the result of
Seth and Jana [5] when 6 = 0.

We now discuss the following special cases.

Case (i) When K2 < 1, M? < 1 and w < 1. Neglecting square and higher
powers of K2, M? and w equations (10) and (11) become

u:%(l—T]Q) COSWT+%{MQCOSQQCOSWT—wStiT} (7]2—5) +
(13)

K 2\ (12
vzﬁcosuﬂ(l—n)(n —5) 4. (14)

The above equations (13) and (14) show that for slowly rotating system, when
frequency of the oscillation is small and magnetic field is weak, the primary ve-
locity wu is unaffected by the rotation of the system for all values of . Moreover,
the secondary velocity v also is unaffected by the magnetic field and the angle
of inclination # of the magnetic field.

Case (ii) When K2 > 1, M? < 1 and w < 1. In this case, we expect a
boundary layer type flow near the plates. For the boundary layer near the plate
n =1, writing £ = 1 — n, we get, from equations (10) and (11)

1
U= 65 [QM2 sin? § cos w
— {M?sin® 0 cos (wr — B1€) + 4K sin (wT — £1€) } gnt
— {M?sin® 0 cos (wr + (o) — 4K sin (wT + B2€) } €2 5] , (15)
1
Vo= gE [—2 coswt + &41¢ cos (wr — B1€) +e2¢ cos (wT +ﬁgf):| , (16)
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where
w M? (1+0052 9)
aq, ﬂl—K 1+4K2:i: 8K2 5
w M? (1+0052 9)
=K |[1- + . 1
a9, ﬂ? [ 4K2 8K2 ( 7)

The above equations (15) and (16) show the existence of double-decker bound-
ary layers of thicknesses of the orders O(1/a1) and O(1/a2) near the plate
17 = 1, where a1 and ay are given by (17). The exponential terms in the above
equations damp out quickly as & > 1/a; and we have

u= %MZ sin?@ coswr, v= 2—11(2 cos(m + wT). (18)
It is interesting to note from the above result (18) that in the central region,
given by & > 1/ay, about the axis of the channel both the primary and the
secondary velocities persist. It is seen from (18) that the primary velocity u
depends on magnetic field, rotation and oscillation for all values of 6, except
0 = nm. Since a1 and ao decreases with increase in 6, therefore, the boundary
layers thicknesses increase with increase in the angle of inclination 6 of the
magnetic field.
Case (iii) When M? > 1, K? < 1 and w < 1. In this case, the equations
(10) and (11) become, on taking £ =1 —1n

1

U NI 4 eog) 2N oS
+ {M?sin? @ [sin (wT — B1€) — sin (wr — B28)]
— N?[cos (wT — (1€) + cos (wT — 525)]}} e, (19)
2
U= N2M24(§(—|- cos ) [sin (w7 — (2§) —sin (wT — B1€)] e ¢ J (20)
where

B 2w + N?
2¢/2M2 (1 4 cos26) ’

a:\/%MQ(l—I-cos?H), b1

B 2w — N?
2¢/2M2 (1 + cos?26)

(21)

G2
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provided sinf < %.

It is seen from (19) and (20) that there exists a single-deck boundary layer
of thickness of the order O(1/«) where « is given by (21). This boundary layer
thickness is independent of rotation as well as the frequency of the oscillation
of the flow field. Further, the thickness of this boundary layer increases with
increase in 0. In the central core region given by £ > 1/a, equations (19) and
(20) become

_ 2coswTt
~ M?2(1+cos?0)’

U =0. (22)
Equation (22) shows that in the central core region the primary velocity persists
only in the direction of the applied pressure gradient.

Case (iv) When w > 1, M? < 1 and K? < 1. In this case, the flow is also
boundary layer type and from equations (10) and (11), we have, on putting
§=1-1n

1

U= o [2]\72 cos(wr — 7/2)
— {M?sin® @ cos (wr — $1€) + N?sin (w7 — 1€) } e ¢
+ {M2 sin? 6 cos (wr — (&) — N?sin (wr — ﬁ2f)} e é} , (23)
v = zLNZ [éal € cos (wr — B1€) — @2 cos (wT — 525)] ; (24)

where

w\ 1/2 N2 M2(1—|-00520)
v = ()" 1 w200

(25)

az, B2 = (5

1/2 N2 M2 (1+cos?6
) [1————i ( )|
Above equations (23) and (24) show the existence of the double-decker bound-
ary layers of thicknesses of the orders O(1/aq) and O(1/a3), where o and aq
are given by (25), near the plate n = 1. These boundary layers are known as
modified hydromagnetic-Stokes boundary layers. The exponential terms in the
equations (23) and (24) damp out quickly as £ increases and when £ > 1/aq
then above equations become
cos(wt — 7/2)

u=———"""2> and v=0. (26)
w
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Figure 1: Geometry of the problem

It is seen from (26) that in the central region given by £ > 1/a;, the velocity
persists only in the direction of the applied pressure gradient and oscillates with
frequency w as that of the applied pressure gradient but has a phase lag 7/2
over it. This velocity unaffected by the magnetic field and rotation for all values
of 6.

4. Results and Discussion

The numerically computed values for all expressions of velocity components
have been displayed in Figures 2-5 for M? = 5.0, wr = 7/2 and for various
values of 6, taking K? and w fixed. It is seen from Figures 2 and 3 that both
the primary and secondary velocities are parabolic in nature and the maximum
value occurs at the central region (n = 0) of the channel. It is also seen that the
magnitude of the primary velocity increases with increase in angle of inclination
6 of the magnetic field whether w > 2K? or w < 2K?2. It is observed that the
secondary velocity increases with increase in # when w > 2K? and for w < 2K2,
it decreases near the channel wall for all values of § whereas at the central region
of the channel, it increases for # < 45° and decreases for 6 > 45°. It is observed
from Figures 4 and 5 that for large values of K? and w, the maximum values
of the velocity components occur near the channel walls. It is also observed
that for w < 2K?, the primary velocity decreases while the secondary velocity
increases with increase in 8 when 6 < 45° and starts decreasing when 6 > 45°.
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Figure 2: Velocity profiles 10xu, ..ot 10 x v when w > 2K?
for M? = 5.0, wr = 7/2 and for w = 6.0, K2 = 2.0

On the other hand, it is seen from Figure 5 that for w < 2K?, both the primary
and the secondary velocity decreases with increase in 6. It is interesting to note
that the secondary velocity v is always positive whether K2 or w small or large,
at least for those values we have considered here.

The non-dimensional shear stresses due to the primary and secondary flow
at the plate n = +1 are given by

d d
Te = <_u> and 71, = <—U> . (27)
dn /-1 dn ) 11

The numerical values of 7, and 7, are shown in Figures 6 and 7 for small values
of K? and w and for M? = 4.0, wr = 7/2 against 6. It is observed from
Figure 6 that for fixed values of K2, § and for w > 2K?, the magnitude of 7,
at the plate n = 1 decreases with increase in w when 0° < 0 < 75° while it is
oscillatory in nature when 75° < 6 < 90°. It is also observed that 7, due to the
secondary flow at the plate n = 1 is of oscillatory character when 0° < 6 < 30°
but it decreases with increase in w when 30° < 6 < 90°. It is seen that the
magnitudes of 7, decreases while 7, increases with increase in ¢ when K 2 and w
are fixed. Figure 7 shows that for fixed w and ¢ both 7, and 7, decreases with
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Figure 3: Velocity profiles ......... 10 X u, 10 x v when w < 2K?

for M? = 5.0, wr = 7/2 and for K? = 6.0, w = 2.0.

increase in K2 when 2K? > w. It also shows that 7, first increases, reaches a
maximum and then decreases while 7, increases only with increase in 6.

The values of 7, and 7, are tabulated in Table 1 and Table 2 for M 2 =4.0,
wr =7/2, K? = 81.0 and different values of § and w. It is observed from Table
1 that for w < 2K? both 7, and T, decreases with increase in either 6 or w. It is
seen from Table 2 that for w > 2K?, the magnitude of 7, and 7, decrease with
increase in w when 6 is fixed. On the otherhand, for fixed w, the magnitude of
7, increases while 7, decrease with increase in 6.
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Figure 4: Velocity profiles

102 x u,
2K? for M? = 5.0, wr = 7/2 and for K? = 81.0, w = 225.0.

102 x v when w >

389

w

107,

107,

0

100

125

150

100

125

150

00
30°
45°
60°
90°

0.282701
0.279078
0.275372
0.271586
0.267718

0.475784
0.467432
0.458657
0.449465
0.439862

1.167819
1.161294
1.146937
1.124098
1.092288

0.245471
0.243744
0.241992
0.240213
0.238407

0.405781
0.402182
0.398458
0.394611
0.390644

0.952943
0.944776
0.933915
0.920182
0.903440

Table 1: Shear stresses at n = 1. For K? = 81 (w < 2K?), M? = 4.0
and wr = 7/2
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