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*

By a real curve we mean a complex curve with a fixed real structure. Let
X be a smooth real curve of genus g. We will use the Euclidean topology
on X(C). Set a(X) := 0 if X(C)\X(R) is not connected (i.e. it has exactly
2 irreducible components) and a(X) = 1 if X(C)\X(R) is connected. Let
n(X) be the number of the connected components of X(R). It is now that
0 ≤ n(X) ≤ g + 1, n(X) ≤ g if a(X) = 1, while 1 ≤ n(X) ≤ g + 1 and n(X) ≡
g + 1 (mod 2) if a(X) = 0. The topological type of the pair (X(C),X(R))
is uniquely determined by the pair of integers (n(X), a(X)). For all triple of
integers (g, n, a) such that g ≥ 2, a ∈ {0, 1}, 0 ≤ n ≤ g + 1, n ≤ g if a = 1,
1 ≤ n ≤ g + 1 and n ≡ g + 1 (mod 2) let U(g, n, a) denote the set of all real
smooth genus g curve X such that (n(X), a(X)) = (n, a). It is known that
U(g, n, a) is a non-empty (3g − 3)-real analitic space with as a real smooth
normalization a connected (3g − 3)-dimensional manifold. Here we will only
consider the case n = 0 and hence a = 1.
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Theorem 1. Fix integers g, r, d such that r ≥ 2, g ≥ 0 and d is even.

(i) Assume r = 2 and g ≤ (d− 1)(d− 2)/2. Then there exist X ∈ U(g, 0, 1),
a real L ∈ Picd(X), and a linear subspace V ⊆ H0(X,L) defined over R such
that dim(V ) = 3 and |V | induces a morphism φL,V : X ⊂ P2 birational onto its
image and with as image a nodal curve. The set of all such curves X contains
an euclidean open subset of U(g, 0, 1).

(ii) Assume r odd and g ≤ 1 + r⌊(d − r − 1)/(r − 1)⌋. Then there ex-
ist X ∈ U(g, 0, 1), a real L ∈ Picd(X), and a linear subspace V ⊆ H0(X,L)
defined over R such that dim(V ) = 4 and |V | induces an embedding φL,V :
X ⊂ Pr + 1, the Hilbert scheme Hilb(P3 of P3 is smooth at φL,V (X) and
h1(φL,V (X), NφL,V (X)) = 0, where NφL,V (X) denotes the normal bundle of

φL,V (X) in P3. The set of all such curves X contains an euclidean open subset
of U(g, 0, 1).

(iii) Assume r even, r ≥ 4 and (r + 1)d ≥ rg + r(r + 1). Then there
exist X ∈ U(g, 0, 1), a real L ∈ Picd(X), and a linear subspace V ⊆ H0(X,L)
defined over R such that dim(V ) = r + 1 and |V | induces an embedding φL,V :
X ⊂ Pr + 1, the Hilbert scheme Hilb(P3 of P3 is smooth at φL,V (X) and
h1(φL,V (X), NφL,V (X)) = 0. The set of all such curves X contains an euclidean
open subset of U(g, 0, 1).

For the case r = 1 of Theorem 1, see [1], Theorem 3.

Remark 1. For all integers g, r, d set ρ(g, r, d) := (r + 1)d− rg− r(r + 1).
Notice that the part (ii) of the statement of Theorem 1 covers all triples (g, r, d)
such that ρ(g, r, d) ≥ 0, r even and d even.

Proof of Theorem 1 for r = 2. The case d = 2 is true: take the smooth conic
{x2 + y2 + z2 = 0}. Hence we may assume d ≥ 4 and that the result is true for
all even integers d′ ≤ d−2. We will also assume that there is such a solution C ′

which is a partial smoothing (in an integral smooth family defined over R) in
which an element is a real nodal curve Y ′ with d′/2 irreducible components, each
of them a real smooth conic without real points. Set z := (d− 2)/(d− 1)/2− g
and z′ := min{z, (d − 4)(d − 3)/2}. By the inductive assumption there is a
real integral nodal curve C with degree d − 2, exactly z′ nodes and with as
normalization an element of U((d − 4)(d − 3)/2 − z′, 0, 1). Call C ′ the union
of d/2 real conics associated to C. We may find a smooth real conic D such
that D(R) = 0 and D intersects transversally C and C ′. Set Y := C ∪ D and
Y ′ := C ′ ∩ D. Fix z − z′ of the points of Y ∩ D and call it assigned node (see
[6]). Similarly partial smoothing of C ′ which gives C is induced choosing z′ of
the singular points of C ′ and calling them assigned nodes. By [6], Proposition
2.11, we may get an integral degree d curve smoothing the unassigned noodes
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of Y ′. Since the family deforming C ′ to C is smooth, we may also deform Y to
an integral degree d curve with exactly z nodes.

Proof of Theorem 1 for r odd. For any nodal curve A ⊂ Pr let NA denote
the normal bundle of Y in Pr. Let C be any smooth and projective real curve
such that C(R) = ∅. For every P ∈ C(R) the line bundle OC(P + P̄ ) is defined
over R. Since all line bundles of degree ≥ 2g + 1 are very ample, for every
even integer d ≥ max{2g + 1, g + r} there is a linearly normal real embedding
C → Pd−g. Taking a general real linear projection (if g < d + r) we cover all
cases of part (ii) of the statement of Theorem 1 with d ≥ max{2g + 1, g + s}
and d even. Hence all cases with g ≤ r − 1 are true. In particular the cases
(d, g) = (r + 1 + 2e, b + 2e with b ∈ {0, 1} and 0 ≤ e ≤ (r − 1)/2. Fix any
such pair (b, e) Now we will do all cases such that there is an integer t > 0,
d = r + 1 + 2e + (r − 1)t and g = b + 2e + rt. We also want a solution W
such that h1(W,NW ) = 0. We will use induction on the integer t, starting from
the known case t = 0. Set d′ := d − r + 1 and g′ := g − r. Take a solution
E for the pair (d′, g′). Hence h1(E,NE) = 0. There is a real hyperplane plane
H intersecting transversally E. Since E(R) = ∅, E ∩ H is formed by pairs of
complex conjugate points. We fix (r + 1)/2 such pairr and call D ⊂ H a real
rational curve of H containing them and with D(R) = ∅. Set Y := E ∪ D.
Hence deg(Y ) = d, pa(Y ) = g, Y is real and with no real point. The vector
bundle NY |D is (as a complex vector bundle) isomorphic a direct sum of r − 1
line bundles of degree ≥ r (see [2], Section 1, for r = 3, [3] for r ≥ 5). Hence a
Mayer-Vietoris exact sequence gives h1(Y,NY ) = 0. Y is a flat limit of smooth
curve and we may find a nearby real smooth curve W . By semicontinuity
we also have h1(W,NW ) = 0. Now we take any (d, g) not covered by the
previous construction. Write g = b+ 2e+ rt with (b, e) as above and t > 0. Set
d′ := r+1+2e+(r−1)t. Take a solution A for the pair (d′, g). Hence d−d′ > 0
and d − d′ is even. Fix P ∈ A(C) and let P̄ be the conjugate curve. Let B
any smooth rational curve of degree (d − d′)/2 intersecting quasi-transversally
A and with A ∩ B = {P}. Let B̄ denote the complex conjugate curve of B.
Hence B̄ intersects quasi-transversally A and B̄∩A = {P̄}. Set T := A∪B∪B̄.
Notice that deg(T ) = d and pa(T ) = g. T is a real curve without real points.
T is smoothable, h1(T,NT ) = 0 and Hilb(P3) is smooth at T ([2], [3], or [5],
Section 1).

Proof of Theorem 1 for an even r ≥ 4. As in the case r odd we cover all
pairs (d, g) such that d ≥ max{2g + 1, g + r} and d is even. Hence we cover all
cases with r ≤ d ≤ 2r, except the case d = 2r and g = r. If d = 2r and g = r,
then use that the canonical line bundle of a real curve is defined over R and that
the canonical map of a non-hyperelliptic curve is an embedding. Hence we may
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assume d ≥ 2r + 2. We checked al cases (d, g) = (r + 2e, b + 2e with b ∈ {0, 1}
and 0 ≤ e ≤ (r − 1)/2. Fix any such pair (b, e). Now we will do all cases such
that there is an integer t > 0, d = r + 2e + rt and g = b + 2e + (r + 1)t. We
also want a solution W such that h1(W,NW ) = 0. We will use induction on the
integer t, starting from the known case t = 0. Set d′ := d−r and g′ := g−r−1.
Take a solution E for the pair (d′, g′). Hence h1(E,NE) = 0. Since r is even,
there is a real rational normal curve D ⊂ Pr with no real points. We may find
such a curve D intersectly quasi-transversally E at eactly (r + 2)/2 pairs of
complex conjugate points. Set Y := E ∪D. Notice that NY |D is (as a complex
vector bundle) isomorphic to a direct sum of (r − 1) line bundles of degree at
least r + 1. From now on we copy verbatim the proof of the case r odd.
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