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Abstract: This paper deals with the problem of thermoelastic interactions
in a homogeneous isotropic unbounded medium due to the presence of peri-
odically varying heat sources in the context of the linear theory of generalized
thermoelasticity with energy dissipation (TEWED). The governing equations
are expressed in Laplace-Fourier transform domain. The inversion of Fourier
transform is carried out analytically while that of Laplace transform is done
numerically using a method based on Fourier series expansion technique. The
numerical estimates of the displacement, temperature, stress and strain are ob-
tained and presented graphically. A comparison has been made with the results
obtained earlier for thermoelasticity without energy dissipation (TEWOED).
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1. Introduction

Thermoelasticity theories which admit a finite speed for thermal signals (sec-
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ond sound) have arisen much interest in the last three decades. These theories,
known as generalized theories, involve hyperbolic type heat transport equation
in contrast to the classical coupled thermoelasticity theory involving parabolic
type (diffusion type) heat transport equation, which predicts infinite speed of
propagation of thermal signals. Among the generalized theories the extended
thermoelasticity theory (ETE) proposed by Lord and Shulman [19] and the
temperature rate dependent thermoelasticity (TRDTE) propsed by Green and
Lindsay [12] have been the subject of recent investigations. In view of ex-
perimental evidence in support [1, 2, 3, 16, 18] of the finiteness of the speed of
propagation of heat wave, generalized thermoelasticity theories are more accept-
able than the conventional thermoelasticity theories in dealing with practical
problems involving very short time intervals and high heat fluxes, like those
occuring in laser units, energy channels and nuclear reactor, etc.

Problems using CTE concerning an infinite isotropic thermoelastic solid
with distributed time-dependent heat sources have been investigated in [22].
The solutions derived in [22] consist of a wave part travelling with the speed
of modified dilatational wave and a part which is diffusive in nature. Later
Roychoudhuri et al [23, 24, 25] investigated the distribution of temperature,
displacement, stress and strain in an infinite isotropic solid having instanta-
neous and continuous heat sources in the context of the ETE and generalized
magneto-thermoelasticity respectively. In these works small time-solutions were
achieved. Das et al [11] solved a three dimensional problem for a transversely
isotropic infinite medium in presence of heat sources using several thermoelas-
ticity theories and applying eigenvalue approach of Das et al [10].

Green and Naghdi [13] developed three models for generalized thermoelas-
ticity of homogeneous isotropic materials which are labelled as model I, II and
III. The nature of these theories are such that when the respective theories are
linearized, Model I reduces to the classical heat conduction theory (based on
Fourier’s law). The linearized versions of model II and III permit propagation
of thermal waves at finite speed. Model II, in particular, exhibits a feature that
is not present in the other established thermoelastic models as it does not sus-
tain dissipation of thermal energy [15]. In this model the constitutive equations
are derived by starting with the reduced energy equation and by including the
thermal displacement gradient among other constitutive variables. The Green-
Naghdi’s third model admits the dissipation of energy. In this model the con-
stitutive equations are derived by starting with the reduced energy equation,
where the thermal displacement gradient in addition to temperature gradient,
are among the constitutive variables. Reference [15] includes the derivation of
complete set of governing equations of linearized version of the theory for homo-
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geneous and isotropic materials in terms of displacement and temperature fields
and a proof of the uniqueness of solution for the corresponding initial-boundary
value problem. In the context of linearized version of this theory [14, 15], theo-
rem on uniqueness of solutions has been established in [6, 7]. Chandrasekhara-
iah et al [8] studied the one dimensional thermal wave propagation in a half
space based on the GN model due to a sudden exposure of temperature to the
boundary, using the laplace transform method. Chandrasekharaiah et al [9]
studied the thermoelastic interaction caused by a continuous point heat source
in a homogeneous isotropic unbounded thermoelastic body by employing lin-
ear theory of thermoelasticity without energy dissipation (TEWOED). Mallik
et al [20, 21] have studied the thermoelastic interaction in an infinite rotating
elastic medium in presence of heat sources in generalized thermoelasticity. The
problems have been solved applying eigenvalue approach. Taheri et al [27] have
employed Green-Naghdi theories of type II and type III to study the thermal
and mechanical waves in an annulus domain. Roychoudhuri et al [26] stud-
ied thermoelastic interactions in an isotropic homogeneous thermoelastic solid
containing time-dependent distributed heat sources which vary periodically for
a finite time interval in the context of TEWOED. Bandyopadhyay et al [4]
have considered one dimensional wave propagation in a homogeneous isotropic
thermoelastic half space using Green-Naghdi model II under various boundary
conditions and obtained short time solutions for displacement, temperature and
stresses.

The main object of this paper is to study one dimensional thermoelastic
disturbances in a homogeneous isotropic infinite elastic solid in presence of pe-
riodically distributed heat sources over a plane by employing Green-Naghdi
model III (TEWED). The method of Laplace transform in time domain and
Fourier transform in space domain have been applied to the governing equa-
tions and the resulting equation have been solved in Laplace-Fourier transform
domain. Inversion of Fourier transform has been obtained analytically and fi-
nally Laplace inversion has been carried out numerically. The results obtained
are compare with that obtained in [26] by making damping coefficient equal to
zero.

2. Formulation of the Problem

We consider a homogeneous isotropic infinitely extended thermoelastic body
at a uniform reference temperature θ0 in presence of periodically varying heat
sources distributed over a plane area. The governing field equations for the dy-
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namic coupled generalized thermoelasticity based on the Green-Naghdi model
III (TEWED) are written as [5]

µ∇2~u + (λ + µ)grad div~u − γgradθ = ρ~̈u, (2.1)

ρcθ̈ + γθ0div~̈u = K⋆∇2θ + K∇2θ̇ + ρQ̇, (2.2)

where ~u is the displacement vector θ is the temperature increase with respect
to the uniform reference temperature θ0, ρ is the density, c is the specific heat,
λ and µ are Lame’s constant, γ = (3λ + 2µ)αt, αt is the coefficient of linear
thermal expansion, K⋆ is a material constant characteristic of the theory, K is
the coefficient of thermal conductivity, and dot denotes derivatives with respect
to time, Q is the rate of internal heat generation per unit mass. The strain and
stress tensors E and T associated with ~u and θ are given by the following
geometrical and constitutive relations respectively as

E =
1

2

(

∇~u + ∇~uT
)

, (2.3)

T = λ(div~u)I + µ
(

∇~u + ∇~uT
)

− γθI, (2.4)

where I is a (3× 3) unit matrix and the superscript T stands for the transpose
of a matrix. The constants appearing in these equations satisfy the following
inequalities

µ > 0, λ + µ > 0, ρ > 0, θ0 > 0, c > 0, γ > 0, K⋆ > 0, K > 0.

We now introduce the following non dimensional variables

x
′

i =
xi

l
, t

′

=
vt

l
, θ

′

=
θ

θ0

, u
′

i =
(λ + 2µ)ui

lγθ0

, τ
′

ij =
τij

γθ0

, (2.5)

where l is a standard length and v is a standard speed. The equations of
(2.1)-(2.4) can be written in non-dimensional form after omitting the primes as
follows

C2
S∇2~u + (C2

P − C2
S)grad div~u − C2

P gradθ = ~̈u, (2.6)

θ̈ + ǫdiv~̈u = C2
T∇2θ + C2

K∇2θ̇ + Q0, (2.7)

E =
γθ0

(λ + 2µ)
(∇~u + ∇~uT ), (2.8)

T =
(

1 − 2C2
S

C2
P

)

(div~u)I +
C2

S

C2
P

(

∇~u + ∇~uT
)

− θI, (2.9)
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where

CP =
1

v

√

λ + 2µ

ρ
, CS =

1

v

√

µ

ρ
, CT =

1

v

√

K⋆

ρc
,

CK =

√

K

ρclv
, Q0 =

Q̇l

cθ0v
, ǫ =

γ2θ0

ρc(λ + 2µ)
. (2.10)

In the last expressions CP , CS , CT represent non dimensional dilatational, shear
and thermal wave velocities respectively and CK is the damping co-efficient for
GN model III (TEWED) and ǫ is the thermoelastic coupling constant.

Now we consider one dimensional disturbance of the medium so that the
displacement vector ~u can be taken in the following form

~u = (u(x, t), 0, 0),
θ = θ(x, t).

(2.11)

Also we assume that the medium is initially at rest and undisturbed and
maintained at a uniform reference temperature. Then we have

u(x, 0) = u̇(x, 0) = θ(x, 0) = θ̇(x, 0) = 0. (2.12)

In the present case equations (2.6)-(2.9) reduce to

C2
P

(∂2u

∂x2
− ∂θ

∂x

)

=
∂2u

∂t2
, (2.13)

∂2θ

∂t2
+ ǫ

∂3u

∂t2∂x
= C2

T

∂2θ

∂x2
+ C2

K

∂3θ

∂t∂x2
+ Q0, (2.14)

exx =
γθ0

λ + 2µ

∂u

∂x
= M1

∂u

∂x
, (2.15)

τxx =
∂u

∂x
− θ, (2.16)

where M1 = γθ0

λ+2µ
.

Now let us assume that heat sources are distributed over the plane x = 0
in the following form

Q0 =







Q⋆
0δ(x) sin(

πt

τ
) , for 0 ≤ t ≤ τ ,

0 , for t > τ .
(2.17)
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We now define Laplace-Fourier double integral transform of a function
f(x, t) by

f̄(x, p) =

∫ ∞

0

e−ptf(x, t)dt, Re (p) > 0

and ˆ̄f(ξ, p) =
1√
2π

∫ ∞

−∞

eiξxf̄(x, p)dx.

(2.18)

Now taking Laplace and Fourier transform of the equations (2.13)-(2.16) con-
secutively and using equation (2.12) we obtain

ˆ̄u(ξ, p) =
iξC2

P

C2
P ξ2 + p2

ˆ̄θ(ξ, p), (2.19)

(p2 + C2
T ξ2 + pC2

Kξ2)ˆ̄θ(ξ, p) − iǫp2ξ ˆ̄u(ξ, p) =
Q∗

0πτ(1 + e−pτ )√
2π(π2 + p2τ2)

, (2.20)

ˆ̄exx = −iξM1
ˆ̄u, (2.21)

ˆ̄τxx = −iξ ˆ̄u − ˆ̄θ. (2.22)

Solving equations (2.19) and (2.20) for ˆ̄u and ˆ̄θ we obtain

ˆ̄u =
iξC2

P Q∗
0πτ(1 + e−pτ )√

2π(π2 + p2τ2)M⋆
, (2.23)

ˆ̄θ =
Q∗

0πτ(1 + e−pτ )(ξ2C2
P + p2)√

2π(π2 + p2τ2)M⋆
, (2.24)

where

M⋆ = C2
P (pC2

K + C2
T )ξ4 + [pC2

K + C2
T + (1 + ǫ)C2

P ]p2ξ2 + p4

= C2
P (pC2

K + C2
T )(ξ2 − k2

1)(ξ
2 − k2

2)
(2.25)

and k2
1 , k2

2 are the roots of the equation

ξ4 +
[pC2

K + C2
T + (1 + ǫ)C2

P ]p2

C2
P (pC2

K + C2
T )

ξ2 +
p4

C2
P (pC2

K + C2
T )

= 0. (2.26)

Using (2.23) and (2.24) in equations (2.21) and (2.22) we get

ˆ̄exx =
ξ2M1C

2
P πτ(1 + e−pτ )√

2π(π2 + p2τ2)M⋆
, (2.27)
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ˆ̄τxx =
−Q⋆

0πτ(1 + e−pτ )p2

√
2π(π2 + p2τ2)M⋆

. (2.28)

Now inverse Fourier transforms of the equations (2.23), (2.24), (2.27), (2.28)
give the following solutions for displacement, temperature, strain and stress in
Laplace transform domain as follows

ū = −
C2

P Q⋆
0πτ(1 + e−pτ )

(

eik1x − eik2x
)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)
, for x ≥ 0 , (2.29)

θ̄ =
iQ⋆

0πτ(1 + e−pτ )
[(

k1C
2
P +

p2

k1

)

eik1x −
(

k2C
2
P +

p2

k2

)

eik2x
]

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)

,

for x ≥ 0 , (2.30)

ēxx =
iQ⋆

0πτM1(1 + e−pτ )
(

k1e
ik1x − k2e

ik2x
)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)

, for x ≥ 0 , (2.31)

τ̄xx =
iQ⋆

0πτp2(1 + e−pτ )
(eik1x

k1

− eik2x

k2

)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)
, for x ≥ 0 , (2.32)

where Im(k1) > 0 and Im(k2) > 0.

The corresponding solutions in Laplace transform domain for displacement,
temperature, strain and stress for the region x < 0 are given as follows

ū =
C2

P Q⋆
0πτ(1 + e−pτ )

(

e−ik1x − e−ik2x
)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)
, for x < 0 , (2.33)

θ̄ =
iQ⋆

0πτ(1 + e−pτ )
[(

k1C
2
P +

p2

k1

)

e−ik1x −
(

k2C
2
P +

p2

k2

)

e−ik2x
]

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)

,

for x < 0 , (2.34)

ēxx =
iQ⋆

0πτM1(1 + e−pτ )
(

k1e
−ik1x − k2e

−ik2x
)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)

, for x < 0 , (2.35)
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Figure 1: Variation of displacement U with distance x for t = 0.4

τ̄xx =
iQ⋆

0πτp2(1 + e−pτ )
(e−ik1x

k1

− e−ik2x

k2

)

2C2
P (π2 + p2τ2)(C2

T + pC2
K)(k2

1
− k2

2
)
, for x < 0 , (2.36)

where Im(k1) > 0 and Im(k2) > 0.

3. Inversion of Laplace Transform

In order to invert the Laplace transform we adopt a numerical method based
on a Fourier series expansion, see [17].

By this method the inverse f(t) of the Laplace transform f̄(s) is approxi-
mated by

f(t) =
edt

t1

[1

2
f̄(d) + Re

N
∑

k=1

f̄(d +
ikπ

t1
e

ikπt

t1 )
]

, 0 < t1 < 2t , (3.1)

where N is a sufficiently large positive integer representing the number of terms
in the truncated Fourier series, chosen such that

edtRe
[

f̄(d +
iNπ

t1
e

iNπt

t1 )
]

≤ ǫ1 , (3.2)

where ǫ1 is a prescribed small positive number that corresponds to the degree
of accuracy required. The parameter d is a positive free parameter that must
be greater than the real part of all the singularities of f̄(s). The optimal choice
of d was obtained according to the criterion described in [17].
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Figure 2: Variation of displacement U with distance t for x = 0.3

Figure 3: Variation of temperature θ with x for t = 0.4

4. Numerical Results and Discussions

To get the solution for thermal displacement, temperature, stress and strain
in the space time domain we have to apply Laplace inversion formula to the
equations (2.29)-(2.32) respectively, which have been done numerically using
the method based on Fourier series expansion technique mentioned above (in
the previous article). To get the roots of the polynomial equation (2.26) in
complex domain we have used Laguerre’s method. The numerical code has
been prepared using Fortran 77 programming language. For computational
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Figure 4: Variation of temperature θ with t for x = 0.3

Figure 5: Variation of strass τxx with x for t = 0.4

purpose copper like material has been taken into consideration. The value of
the material constants are taken as follows, see [26]

ǫ = 0.0168, λ = 1.387 × 1012dynes/cm2,

µ = 0.448 × 1012dynes/cm2, αt = 1.67 × 10−8/0c

Also we have taken Q⋆
0 = 1, τ = 1, θ0 = 1, CP = 1, CT = 2, so the faster wave is

the thermal wave. We now present our results in the form of graphs (Figures 1-
8) to compare the thermal displacement, temperature, thermal stress and strain
in the case of TEWOED and TEWED models. Figure 1 depicts variation of
thermal displacement versus distance x for time t = 0.4 and damping coefficient
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Figure 6: Variation of strass τxx with t for x = 0.4

Figure 7: Variation of strain exx with x for t = 0.4

CK = 0, 0.6, 1.2 (in the figure CK is written as CK). It is observed that as value
of the damping coefficient is increased the peak of the thermal displacement
decreases and the rate of decay becomes slow. Figure 2 shows the variation of
thermal displacement versus time for x = 0.3 and CK = 0, 0.6, 1.2. It is seen
that with the increase of the value of CK , the time to reach steady state also
increases which supports the physical fact.

Figure 3 is plotted to show the variation of temperature θ with distance
x for t = 0.4. It is seen from this figure that by increasing CK damping of
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Figure 8: Variation of strain exx with t for x = 0.3

temperature also increases and ultimately θ approaches to zero value (this is
because heat source varies periodically with the time for short duration). Figure
4 is for temperature versus time for x = 0.3. It is seen from this figure that
by increasing CK damping of temperature is also increasing, until θ reaches a
constant value.

Figure 5 and Figure 6 are for thermal stress versus x and t respectively.
Here the stress shows negative values. The same is seen in [9].

Figure 7 and Figure 8 are for variation of thermal strain against distance
x and time t respectively. Figure 7 shows that the strain takes positive values
in the range 0 ≤ x ≤ 0.2, then negative value and then finally diminishes to
zero. This is also in conformity with the fact that strain should decreases with
increasing distance x from the plane x = 0, where heat source is active for a
very short duration.

In all figures when the damping coefficient CK = 0 the results tally in
magnitude with the corresponding results of S.K. Roychaudhuri [26].
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