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Abstract: Support vector machine (SVM) is a widely used tool for classifi-
cation. In this paper, we present a new SVM model to calculate the optimal
value of cost parameter C for particular problems of linearity non-separability
of data. The new SVM model is formulated in the form of one of MPEC prob-
lems with an integer objective function. A lower bound, positive number, C0

is required to provide for avoiding choosing a candidate set of C. Numerical
experiments show that this model for choice of C is suitable for solving SVM
problems.
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1. Introduction

Consider a support vector machine (SVM) classifier for the binary classification
setting. Given a set of training data T = {x1, x2, . . . , xm} ∈ Rn along with
labels {y1, y2, . . . , ym} ∈ {1,−1}, we aim to find a linear function of the form
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f(x) = wTx+b, where w ∈ Rn and b ∈ R, such that a new data x is assigned to a
label +1 if f(x) > 0, and a label -1 otherwise. The SVM classifier is determined
by w and b which can be obtained by solving the following optimization problem:

min
w,b,ξ

1

2
‖w‖2

2 + C

m
∑

i=1

ξi

s. t. yi(w
Txi + b) ≥ 1 − ξi, ξi ≥ 0, i = 1, · · · ,m, (1.1)

where ξi ≥ 0, 1 ≤ i ≤ m are the slack variables to allow some classification
errors and C is the so-called cost parameter to control the balance between the
‘margin’ and classification error.

The performance of a SVM classifier depends on the selection of C, see [10].
The value of C is usually pre-defined, or determined by a tuning procedure,
see [4]. Recently, Schittkowski [9] has proposed a two-level approach to choose
optimal SVM parameters for support vector machines with L2-norm hinge loss
function.

In this paper, we consider an efficient two-level approach for optimizing
the cost parameter in the standard SVM model (1.1). At the first level, SVM
classifiers are constructed based on some training data. Due to the L1-norm
measurement of loss, we propose a new nonlinear programming technique to
minimize the classification error by choosing a cost parameter C at the second
level. In order to tackle the nonsmoothness in our model, we approximate
the objective function by a smoothing function. More important, numerical
experimental results show that the cost parameter C given by our approach
has significantly improved the accurancy of SVM classifiers, comparing to a
pre-assigned C in conventional method.

This paper is organized as follows. In Section 2, we state our SVM formula-
tion. In Section 3, we establish the existence of a solution to the formulation. In
Section 4, we report results of numerical experiments. In Section 5, we conclude
the paper with some remarks.

2. Mathematical Model

We choose two subsets, denoted by A and B, from a training data set T . Set A
is used for constructing a SVM classifier and set B for evaluating the classifier.
The goal is to find a SVM classifier such that the classification error based on
set B is minimized. Note that the accuracy of the classifier depends on the cost
parameter. Here, we treat it as a variable instead of a parameter.
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At the first level, the cost parameter C is fixed. Define A = {i |xi ∈ A}
and B = {i |xi ∈ B}. The SVM solutions based on set A determine a set of
classifiers, which is defined by

S(C) = arg min
w,b,ξ

{

1

2
‖w‖2

2 + C
∑

i∈A

ξi

∣

∣

∣
yi(w

Txi + b) ≥ 1 − ξi, ξi ≥ 0, i ∈ A

}

.

At the second level, an optimal C is chosen for minimizing the classification
error based on the set B. In this paper, the classification error is measured by
the number of data points being wrongly classified. If xk, k ∈ B, is correctly
classified, then −yk(w

Txk + b) < 0. If nonnegative variables zk are introduced,
the problem can be summarized as follows.

min
w,b,ξ,z,C

∑

k∈B

(zk)∗

s. t. (w, b) ∈ S(C),
zk ≥ −yk(w

Txk + b), k ∈ B,
zk ≥ 0, k ∈ B,
C ≥ C0,

(2.1)

where (zk)∗ is a step function, (zk)∗ = 1, if zk > 0, 0, otherwise.

Since (zk)∗ in (2.1) is not differentiable, gradient-based nonlinear program-
ming techniques cannot be used for solving problem (2.1). Instead of solving
(2.1) directly, we approximate function (zk)∗ by a differentiable function intro-
duced in [6] as t(x, β) := 1 − e−βx, where β > 0, x ≥ 0. Now, problem (2.1)
can be approximately solved by

min
w,b,ξ,z,C,α,µ

∑

k∈B

−e−βzk s. t. constraints in (2.1). (2.2)

3. Optimality Conditions

The model (2.2) is also called mathematical program with equilibrium con-
straints (MPECs), in which the essential constraint w ∈ S(C) is defined by a
parametric quadratic programming.

A general MPEC problem can be stated below, see [3]:

min
y

{F (x, y) |x ∈ Ψ(y), y ∈ Y }, (3.1)
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where, F : Rn ×Rm → R, Y ⊆ Rm, is a closed set, Ψ(y) is defined as follows:

Ψ(y) = Argmin
x

{f(x, y) | g(x, y) ≤ 0, h(x, y) = 0}, (3.2)

where, f : Rn × Rm → R, g : Rn × Rm → Rp, h : Rn × Rm → Rq,
g(x, y) = (g1(x, y), · · · , gp(x, y))

T , h(x, y) = (h1(x, y), · · · , hq(x, y))
T are suf-

ficiently smooth (vector valued functions).
The following assumptions are used in this paper:
(A1) The set {(x, y) ∈ Rn × Rm | g(x, y) ≤ 0, h(x, y) = 0} is non-empty

and compact.
(A2) (MFCQ) We say that (MFCQ) is satisfied at (x0, y0) if there exists

a direction d ∈ Rn satisfying

▽xgi(x
0, y0)d < 0, for each i ∈ I(x0, y0) := {j | gj(x

0, y0) = 0},
▽xhj(x

0, y0)d = 0, for each j = 1, · · · , q,

and the gradients {▽xhj(x
0, y0) | j = 1, · · · , q} are linearly independent.

Now we give the optimality conditions of problem (2.2).

Proposition 3.1. Let (x0, y0) be a local optimal solution of problem
(2.2). Let (A1) and (A2) be satisfied for the lower level problem at all points
x ∈ Ψ(y0). Then, there exist k0 ≥ 0, rj ≥ 0, µi ≥ 0, λi ≥ 0, ϕk ≥ 0, ψk ≥ 0, σ ≥
0, such that

k0 +
∑

j∈A

rj +
∑

i∈A

(λi + µi) +
∑

k∈B

(ϕk + ψk) + σ = 1,

and there exist ξj ∈ S(C), j = 1, · · · ,m, such that

rC − µi − λi = 0, ∀i ∈ A ,

k0βz
∗
k exp(−βz∗k) − ϕk − ψk = 0, ∀k ∈ B ,

rw0 −
∑

i

µixiyi −
∑

k

ϕkxkyk = 0, ∀i ∈ A,∀k ∈ B ,
∑

i∈A
µiyi +

∑

k∈B

ϕkyk = 0, ∀i ∈ A,∀k ∈ B ,
∑

j∈A
(
∑

i∈A
)ξi −

∑

i∈A
ξj) = σ, ∀i ∈ A,

r =
∑

i∈A

ri.

Proof. Let q = (w, b, ξ, z, C),

v(C) = min
w,b,ξ

{1
2w

Tw + C
∑

i∈A
ξi | yi(w

Txi + b) ≥ 1 − ξi, ξi ≥ 0, i ∈ A},

L(q) = 1
2w

Tw + C
∑

i∈A
ξi +

∑

i∈A
li(−yi(w

Txi + b) + 1 − ξi) −
∑

i∈A
miξi.
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We have

inf
(w,b,ξ)∈S(C)

inf
l,m

Dz,CL(w, b, ξ, z∗, C∗)(d, h)

≤ V ′
−(z∗, C∗, d, h) ≤ V ′

+(z∗, C∗, d, h)

≤ inf
(w,b,ξ)∈S(C)

sup
(l,m)

Dz,CL(w, b, ξ, z∗, C∗)(d, h) ,

i.e.
V ′(z∗, C∗, d, h) = inf

(w,b,ξ)∈S(C)

∑

i∈A

ξid = inf
ξ∈S(C)

∑

i∈A

ξid .

Problem (2.1) is equivalent to

min
q

∑

k∈B

exp(−βzk)

s. t. 1
2w

Tw + C
∑

i∈A
ξi − V (z,C) ≤ 0,

yi(w
Txi + b) ≥ 1 − ξi,

ξi ≥ 0,
zk + yk(w

Txk + b) ≥ 0, k ∈ B,
zk ≥ 0, k ∈ B,
C ≥ C0.

(3.3)

Let

ϕ(q) = max{−
∑

k∈B

exp(−βzk) +
∑

k∈B

exp(−βz∗k), 1 − ξi − yi(w
Txi + b),

− ξi,−zk − yk(w
Txk + b), − zk, α0 − α,

1

2
wTw + C

∑

i∈A

ξi − V (z,C)}.

Obviously, ϕ ≥ 0, and the optimal solution of (1.1) q∗ ∈ arg minϕ. Thus,
the original problem transformed into minϕ(q), satisfy ϕ′(q∗)(S) ≥ 0, ∀S ∈
Rn+1+|A|+|B|+1 at local optimal point. Let f(q) = −

∑

k∈B

exp(−βzk), f1(q) =

1 − ξi − yi(w
Txi + b), f2(q) = −ξi, f3(q) = −zk − yk(w

Txk + b), f4(q) = −zk,
f5(q) = α0 − α, f6(q) = 1

2w
Tw + C

∑

i∈A
ξi − V (z,C). Then we have

0 ≤ max{Df(q∗)S,Df1(q
∗)S,Df2(q

∗)S,Df3(q
∗)S,

Df4(q
∗)S,Df5(q

∗)S,Df6(q
∗)S} ≤ σ(S,Φ),

where,

Φ = conv{Df(q∗),Df1(q
∗),Df2(q

∗),Df3(q
∗),Df4(q

∗),Df5(q
∗),Df6(q

∗)}.
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Datasets size C TTRC(%) TTEC(%) C TTRC(%) TTEC(%)

WPBC(24m) 1.0 82.87 80.09 0.7 82.87 80.75
WPBC(60m) 1.0 75.83 63.64 4.232395 76.06 66.37
Ionosphere 1.0 92.66 86.02 0.128388 89.84 87.73
Cleveland 1.0 85.48 83.18 0.133076 85.78 84.53
Wine 1.0 98.04 96.92 0.107698 98.29 97.69
BUPA Liver 1.0 69.79 68.12 13.121832 71.30 70.15
Tic-tac-toe 1.0 66.24 65.45 2.161537 72.29 70.69
Sonar 1.0 83.71 77.43 2.014522 85.31 80.29

Table 1: Numerical results. TTRC: Tenfold cross validation training
correctness. TTEC: Tenfold cross validation testing correctness

By σ(S,Φ) ≥ 0, we get 0 ∈ Φ, and by Carathéodory’s Theorem [8], we get the
result.

4. Numerical Experiments

In this section, we modify a method proposed in [5] to solve problem (2.2). We
demonstrate now the effectiveness of this approach by comparing it numerically
with the model that C takes the default value 1.0. All our experiments are run
on the Intel(R) AT/AT Compatible with CPU 3.0G and 2GM RAM. We ran
all tests on eight publicly available datasets: the Wisconsin Prognostic Breast
Cancer Database and six datasets, Ionosphere, Cleveland Heart Problem, Wine,
Bupa Liver, Tic-tac-toe and Sonar from the Irvine Machine Learning Database
Repository. For wine data set, we select class 1 and class 2 for our numerical
experiment. We randomly extract 10% points from the training set as a sur-
rogate of the testing set, and the rest as the training set. We assign 0.1 to C0

and use our model to get the optimal cost parameter C. We performed tenfold
cross-validation on each dataset and use tenfold training correctness and ten-
fold testing correctness to evaluate how well the cost parameter C generalizes
to future data. We randomly divide the every data set into ten fold data sets
firstly, and then do numerical experiment with C taking the default value 1.0
and use the value got by our model respectively. We summarize all these results
in Table 1.

It is obvious that our testing correctness is higher for any datasets and our
training correctness is higher for any one among the eight datasets with the
exception of the third dataset listed in Table 1. For example, for Tic-tac-toe
dataset, its testing correctness is 70.69 when C takes 2.161537, and its testing
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correctness is 65.45 when C takes the default value 1.0, which is 5 percent
higher than the one obtained when C takes 1.0. At the same time, there are
three datasets whose testing correctness are over 2.0 percent higher than the
ones calculated when C takes the default value.

5. Final Remarks

In this paper we have proposed an approach to predetermine optimal cost pa-
rameter of a support vector machine. Numerical experiments have shown that
this method is efficient for support vector machine. Future work includes the
improvement of our algorithm as well as choosing the kernel parameters us-
ing this method in nonlinear support vector machine, which seems to be more
efficient and promising.
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