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Abstract: In the studies done till now, situations, where mixture experiments
have a response with a normal distribution, have been taken into account. In
case of having a response with a normal distribution, it would be sufficient
to use Scheffé canonical polynomials and other mixture model forms for the
analysis of the mixture experiments. However, as in many applications, there
are situations when mixture experiments do not have a response with a normal
distribution. In this paper, Generalized Linear Models (GLMs), which with a
help of a link function takes advantage of natural distribution of the response,
were used for the analysis of mixture experiments with a Gamma distribution.
As a linear predictor, not only Scheffé models without a constant term were
used but also mixture models with inverse terms were taken into account. The
best subset models were obtained by using Gamma distribution together with
canonical and non-canonical link functions. Then the proposed approach was
examined on one example in literature.
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1. Introduction

In mixture experiments, the measured response is assumed to depend only on
the proportions of the ingredients present in the mixture, not on the amount
of the mixture. For example, the response might be the tensile strength of
stainless steel, which is a mixture of iron, nickel, copper and chromium, or the
octane rating of a blend of gasolines. The purpose of mixture experiments is
to build an appropriate model that will relate the response(s) to the mixture
components. The resulting models can be used to understand how the responses
depend on the mixture components.
In a q-components mixture in which xi represents the proportion of the i-th
components present in mixture,
0 ≤ xi ≤ 1 ,

i = 1, 2, ..., q ,

q
X

xi = 1 .

(1)

i=1

The composition space of the q components takes the form of a regular (q − 1) −
dimensional simplex. In modeling of mixture experiments, apart from using
Scheffé canonical polynomials, mixture models with inverse terms, Becker homogenous mixture models and also models with slack variables are widely used
(Cornell, [2]).
Mixture model forms, most commonly, used in fitting data are the canonical
polynomials introduced by Scheffé [11] in the form,
E (Y ) = η =

q
X

βi xi +

q X
q
X

βij xi xj +

i≤j

i=1

q
q
q
X
X
X

βijk xi xj xk .

(2)

i≤j≤k

For modeling well-behaved systems, generally the Scheffé polynomials are
sufficient. For some situations, however, there are better modeling forms than
Scheffé polynomials. For example, as an alternative to Scheffé mixture models,
models with inverse term are used in order to model an extreme change in the
response behavior as the value of one or more components tends to a boundary
of the simplex region. The following, special cubic model including an inverse
term was proposed by Draper and St. John [3],
E (Y ) =

q
X
i=1

βi xi +

q X
q
X

βij xi xj

i≤j

+

q
q
q
X
X
X
i≤j≤k

βijk xi xj xk +

q
X
i=1

β−i x−1
i . (3)
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The concerned response η, can be given as a function of xi mixture components in the form,
η = f (x1 , x2 , ..., xq ) .
(4)
Therefore when the i-th experiment is performed,
yi = ηi + εi .

(5)


In equation (5), if the values of εi ∼ N ID 0, σ 2 and yi are assumed to be
the realization of a random variable, Yi , then for the models (2) and (3), it is
Yi ∼ N µi , σ 2 .
As usual we can represent the Scheffé canonical polynomial models and
models with inverse term in a matrix form by
Y = Xβ + ε ,

(6)

where Y is n×1 vector of observations on the response variable, X is n×p (≥ q)
matrix, where p is number of the terms in the model, β is vector of parameters
to be estimated and ε is n × 1 vector of errors. It was assumed the errors have
the property
E (ε) = 0, E (εε´) = σ 2 In ,
(7)
where In is the identity matrix and σ 2 is the error variance. Hence E (Y) = µ =
Xβ, where µ is column vector of all expected responses. The expression Xβ is
called the linear predictor and includes many special cases of the interest. The
least squares estimator for β is b = (X´X) X´y and variance-covariance matrix
of b is var(b) = (X´X)−1 σ 2 . A comprehensive reference on the design and
analysis of the mixture data is given by Cornell [2].
In recent years, most of the interest has been focused on model building
technology for situations in which model errors are nonnormal (Myers and
Montgomery [8], Hamada and Nelder [4]). Applications with a nonnormal
response like count of defects, proportions defective or times to failure have
been taken into account in many experimental designs. These responses may
follow Poisson, binomial and Gamma distributions, respectively. In each case,
the variance is not a constant, but rather a function of the mean. For example,
variance in Gamma distribution is the square of the mean. If the fitted linear
model is correct, the least squares estimators will still be unbiased, but they
will no longer possess the minimum variance property. This is because the optimality properties related with the least squares depend on the assumption of
normality and homogenous variance. In this case, for the responses with binomial, Poisson and Gamma distribution, different methods from the least squares
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method should be used. One of these methods is the weighted least squares approach. The weighted least squares approach in mixture experiments was given
by Cornell [1]. However, it is usually hard to decide the weights except from
in some special situations. So, instead of determining the weights, a method
which would iteratively determine them would be much more favorable. For
this reason, Generalized Linear Models (GLMs) can be used in mixture experiments in order to obtain the parameter estimations with the help of iteratively
reweighted least squares.
In this paper, mixture experiments with Gamma distribution will be examined. The purpose is to derive alternative models that can be used to explain
the mixture system with different linear predictors and different link functions.
Model control graphs and mixture surfaces will be drawn for the models that
will be obtained. Interpretation of the mixture system will be done by using
GLMs.
2. The Generalized Linear Models
GLMs offer a powerful alternative to data transformation (Lewis et al [5], [6]).
Myers and Montgomery [8] and Hamada and Nelder [4] gave a comprehensive
study on GLMs by the problems about the data transformation in response
surface methods. Lewis et al [5] analyzed the five samples, which were analyzed before with response transformation in response surface methods, by using GLMs. Many potential problems related with the data transformation – the
most practical method for obtaining the normality and the constant variance –
have been mentioned in the literature (Hamada and Nelder [4]). The concepts
underlying the use of GLMs allow one to fit models in the presence of natural
non-homogenous variance and to work with parameter estimates that possess
desirable properties rather than performing a transformation that would be expected to produce normality and homogenous variance simultaneously. Rather
than transforming data to get an approximate normality, the class of allowed
distributions for the untransformed response can be expanded. This wider class
is called the exponential family.
All members of the exponential family of distributions have probability
density functions for an observed response y that can be expressed in the form


yθ − b (θ)
+ c (y, φ) ,
(8)
f (y; θ, φ) = exp
a (φ)
where a (·) , b (·) and c (·) are specific functions. The parameter θ is a natural
location parameter, and φ is often called a dispersion parameter. Members of
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exponential family include normal, binomial, Poisson, Gamma, inverse normal,
geometric and negative binomial distributions. Gamma distribution in the form
of (8) is



 
1
− ln µ ν + ν ln (νy) − ln y − ln Γ (ν) ,
(9)
f (y; µ, φ) = exp
y −
µ
where θ = −µ−1 , φ = ν −1 , a (φ) = φ, b (θ) = − ln (−θ) and c (y, φ) = ν ln (νy)−
ln y − ln Γ (ν).
The mean and variance of Y in (8) are
E (Y ) = b´(θ) ,

var (Y ) = a (φ) b´(θ) .

(10)

For Gamma distribution E (Y ) = µ and var(Y ) = φµ2 . Additional information
on GLMs can be found McCullagh and Nelder [7], Myers et al [9] and Nelder
and Wedderburn [10].
A GLM consists of three components: (1) the response distribution, which
is a member of the exponential family; (2) a linear predictor, which is a linear
combination of design variables, including main effects and interactions; and (3)
a link function which relates the natural mean for specified exponential family
member to linear predictor. The structure of GLMs for mixture experiments
can be presented more clearly as follows.
2.1. The Linear Predictor (Systematic Structure)
In general, when GLMs are fitted, first and second-degree models are used as
linear predictors. Scheffé canonical polynomials (2) and mixture models with
inverse term (3) will be used for the systematic part including linear predictors.
The best subset regression models (linear predictors) which obtained from the
models (2) and (3) will be given in tables. In these models, linear mixture
terms (x1 , x2 , ..., xq ) are reserved in model and significant interaction and inverse terms are included to model. For the models for which the model control
graphs are adequate, mixture surfaces on the experimental region will be obtained as well.
2.2. The Link Function
Unlike a transformation, a link function takes advantage of the natural distribution of the response. The model can be found with the help of a differentiable
link function as
ηi = g (µi ) .
(11)
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Distribution
Normal
Binomial
Poisson
Gamma
Exponential

Canonical Link
ηi = µi (identity
 link)
ηi = ln

pi
1−pi

(logistic link)

ηi = ln (µi ) (log link)
ηi = µ1i (reciprocal link)
ηi = µ1i (reciprocal link)

Table 1: Canonical link for various exponential family members
There are many possible choices for link functions. If for (11) ηi = θi , then ηi
is a canonical link. Canonical link functions of some distributions are given in
Table 1.
In this paper, alternative models which explain the mixture system in the
best way will be defined by using different link functions.
2.3. The Random Component
For a GLM, the observations y1 , y2 , ...yn are assumed to be independent with
means µ1 , µ2 , ..., µn , respectively.
We treat yi as a realization of a random

variable Yi . If Yi ∼ N µ, σ 2 , the special case of GLM known as normal linear
regression will be obtained. In this case, Scheffé canonical polynomials and
models with inverse terms will be written as
ηi = µi = x´i β, i = 1, 2, ..., n .

(12)

The GLM framework provides an extension of normal linear model by considering alternative link functions.
Let the probability density function of the random variable Yi have the
Gamma distribution (9). When φ = 1 is in function (9), the distribution is reduced to exponential distribution. Exponential and Gamma distributions have
many applications in times to failure, reliability and survival time problems
(Myers et al [9], McCullagh and Nelder [7]). For both distributions, the variance is equal to the square of the mean. As a result, one important feature for
σ
both distributions is that µyy is constant. This property is interpreted as constant coefficient of variation. The coefficient of variation (CV ) for the Gamma
distribution is
1
p
{var (Y )} 2
(13)
CV =
= φ.
E (Y )
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The CV is a specific measure of variation which scales the standard deviation
by the expectation. Thus, rather than having a constant variance, Gamma
distribution imposes the constant coefficient of variation. Therefore, continuous
data with skewed distribution and variation that increases with the mean can
be modeled with a Gamma distribution.
As it is given in Table 1, the reciprocal link function is a canonical function
of both the exponential and Gamma distribution. If the reciprocal function is
taken as the link function, the model will be given as,
µi =

1
,
x´i β

i = 1, 2, ..., n .

(14)

However, in many applications both the log and identity link may be useful.
Parameter estimation in GLMs is performed with the method of maximum
likelihood. The computer package programs to support the fitting of GLMs are
SAS, S-PLUS, STATA and GENSTAT. In this paper, parameter predictions
were done by using the program, GENSTAT, after determining GLMs with the
best subset linear predictors. The approaches taken for the use of GLMs in
mixture experiments will be examined on the following part over the resistivity
data set.

3. Example
Surface resistivity values for paper coatings were recorded for 10 different blends
of three chemicals (A, B and C ). The data are listed in Table 2. Blends 11, 12
and 13 are replicate formulations of blend 1. The constrained region defined by
0.75 ≤ x1 ≤ 0.90,

0.10 ≤ x2 ≤ 0.25,

0 ≤ x3 ≤ 0.15

(14)

is shown in Figure 1 (Cornell [2]).
The design in Figure 1 is augmented simplex-centroid design when the units
are expressed in terms of L-pseudocomponent proportions.
Cornell gave results about the resistivity data set related with the use of
Scheffé models and models with inverse terms. These results provided evidence
that the mixture models including inverse terms are better than Scheffé models.
This can be understood by looking at the resistivity data in Table 2: 12.2, 12.5,
and 13.5 values appear around the border where x3 the component is zero. In
this case, mixture models with inverse term are more advantageous to use in
order to model these changes than Scheffé models. In the modeling studies
of Cornell, done by using real components, by taking into account that x3
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Figure 1: An augmented simplex-centroid design for the paper coatings
arguments

Blend No
1
2
3
4
5
6
7
8
9
10
11
12
13

Chemical Proportions
A (x1 ) B (x2 ) C (x3 )
0.800
0.150
0.050
0.825
0.100
0.075
0.850
0.125
0.025
0.750
0.250
0.000
0.750
0.100
0.150
0.825
0.175
0.000
0.775
0.125
0.100
0.900
0.100
0.000
0.775
0.200
0.025
0.750
0.175
0.075
0.800
0.150
0.050
0.800
0.150
0.050
0.800
0.150
0.050

Surface Resistivity (SR)
10.4
10.8
11.1
12.2
9.9
12.5
9.9
13.5
10.4
9.7
10.5
10.4
10.3

Table 2: Resistivity values for the paper coating experment
component is zero for the model with inverse term, each component has been
added c = 0.01. Cornell has offered two alternative models that can be used
to model mixture system. Table 3 includes the alternative subset regression
models which can be used for modeling the mixture system. The (X) symbol
was used to show that the term used in the model is not meaningful.
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Table 3: The best subset regression models obtained for Scheff and
Models with inverse terms
The models 2, 4, 9, and 11 in Table 3 are Scheffé canonical polynomials and
the others are models with inverse term. It can be seen by looking at the model
control graphs that the models 6, 10, and 13 are sufficient. As these models
include different interactions and inverse terms, they provide an advantage to
the researcher in interpreting the mixture system, so that the researcher can
choose any desired model. For example, the model control graphs for model 13
in Table 3 are given in Figure 2.
x1 and x3 components are more effective on the response than x2 in Figure
3. Especially with the increase in the value of x1 , the value of the response is
increasing and with the increase in x3 , the value of the response is decreasing.
The terms x1 x2 and x1 x2 x3 , has a negative effect on the result. The large
values of (x3 + 0.01)−1 are also more effective on the response than its small
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Figure 2: Model control graphs of model 13 with inverse term

Figure 3: The mixture surface on experimental region for the model 13
values. The response take its maximum value from the upper limit of x1 and
lower limits of x2 and x3 .
Draper and St. John [3] brought forward that the extreme changes in the response have been accompanied with non-homogenous error variance and therefore the transformations that could stabilize the variance would be suitable. In
this paper, apart from the transformations that could stabilize the variance, an
alternative analysis will be done by using GLMs which takes the advantage of
natural distribution of the response. Because resistivity is well known to have
a distribution with a heavy right tail, and thus a Gamma distribution may indeed be appropriate (Myers et al [9]). For this reason, the resistivity data for
the paper layers will be analyzed with GLMs with Gamma distribution. As a
linear predictor, the special cubic Scheffé model will be used. The parameter
predictions and the standard errors for the different link functions of GLMs
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Table 4: GLM with Gamma distribution obtained with different link
functions
with Gamma distribution are given in Table 4.
Alternative models were obtained for the different link functions in Table 4,
however when these models were examined with model control graphs, it was
seen that they were not sufficient. For this reason, mixture models with inverse
term will be used as alternative linear predictors. The parameter predictions
together with the standard errors for the subset regression models obtained for
reciprocal, log and identity link functions are given in Tables 5-7 respectively.
As the model control graphs of the models in Table 5 were examined, it was
seen that the models 6, 9, 10, 11, and 13 were sufficient. Especially if model 13
is chosen, the model control graphs for this model given in Figure 4.
The mixture surface obtained on the experimental region for model 13 in
Table 5 is given Figure 5.
From the examination of model control graphs for the models in Table 6,
it was determined that only models 9 and 10 were sufficient. For example, in
case of having model 9, the model control graphs are given in Figure 6.
The mixture surface obtained for GLM with log link is given in Figure 7.
The model control graphs for models in Table 7 provided evidence that only
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Table 5: The parameter predictions of best subset linear predictors
obtained for the reciprocal link functions from the models including
inverse term
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Figure 4: Model control graphs for GLM with reciprocal link

Figure 5: Mixture surface for GLM with reciprocal link

models 4 and 9 were sufficient. For example the model control graphs for model
9 are given in Figure 8.
GLMs with different interactions and inverse terms were obtained in Tables
5-7. Mixture surfaces on the experimental region were given for those models
with sufficient model control graphs. The surfaces obtained on the experimental
region in Figures 5, 7 and 9 are almost the same. As a result x1 and x3
components are more effective on the response than x2 . While x1 has a positive
effect on the response in the range (0.75, 0.9), x3 has a negative effect in the
range (0, 0.15). On the other hand, x2 causes the response to decrease in a
small degree in the range (0.1, 0.15) and then increase in the range (0.15, 0.25).
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Table 6: The best subset linear predictors obtained for the log link
functions from the models with inverse term

4. Concluding Comments
In the studies done till now, it was assumed that the response has a normal
distribution in mixture experiments. Therefore, first the analyses of mixture
experiments were done in case of the response having a normal distribution.
As an alternative way, a link function together with the GLMs which takes
the advantage of the natural distribution of the response, were examined for
the analysis of mixture experiments. Different subset regression models were
obtained which could be used to model the mixture system in case of the variable
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Figure 6: Model control graphs for GLM with log link

Figure 7: The mixture surface obtained for GLM with log link

Figure 8: Model control graphs for GLM with identity link
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Table 7: The best subset linear predictors obtained for the identity link
functions from the models with inverse term

Figure 9: The mixture surface obtained for GLM with identity link
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of the response usually having a normal and a Gamma distribution.
The best model can be determined by taking into account the mean deviance
values of the models. Mean deviance value in linear regression is equal to MSE.
However, this criterion should not be taken as basis because not only the model
control graphs might be insufficient for the models with a small mean deviance
value but also the predicted result values might not be suitable. In addition,
the more meaningful interaction terms have the model, the more informative it
becomes on the mixture system and the surface. However, this situation might
lower the mean deviance value. Therefore, while choosing the models, model
control graphs and the behavior of the mixture surface on the experimental
region should be examined. From the models suitable for both situations, the
researcher can use any of the models with the interactions and the inverse term.
In this study, although different models which could be used in the modeling of
the mixture system were determined, the surfaces formed on the experimental
region were almost the same of each other as the constrained region was too
small.
Now, let us compare the analysis results for the resistivity data set obtained
by using normal and Gamma distributions. The MSE values of the models
obtained with the assumption of the response having a normal distribution were
greater than the values obtained by Gamma distribution. When the Gamma
distribution is used, more subset regression models were also obtained. On
the other hand, when an analysis was done with the reciprocal link function,
the canonical link function of the Gamma distribution, it was seen that many
of the models model control graphs were sufficient. Nevertheless, it should be
observed that the identity linked models with normal and Gamma distributions
were almost the same. In addition, in order to include the inverse terms into
the model, to every component was added a small value of c like 0.01. In this
part, subset regression models obtained for the values of c between 0.02 and
0.05 can be examined by taking into account the assumption of Draper and
St. John [3]. On the other hand, in the modeling studies, pseudo-components
can be used. For the modification of the inverse term including mixture models
with pseudo-components, c value can also be examined between the values of
0.02 and 0.05. Alternative approaches can be investigated as well for measuring
the effects of the components on the response with the help of GLMs on the
constrained region.
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