
International Journal of Pure and Applied Mathematics
————————————————————————–
Volume 37 No. 2 2007, 271-295

A NEW TYPE OF FACTORIZATION OF

OSCILLATORY MATRICES

Shaun Fallat1, Xiao Ping Liu2 §

1,2Department of Mathematics and Statistics
University of Regina

Regina, Saskatchewan, S4S 0A2, CANADA
1e-mail: sfallat@math.uregina.ca
2e-mail: liuxp@math.uregina.ca

Abstract: A matrix A is called an oscillatory matrix if A is totally non-
negative and there exists a positive integer k such that Ak is totally positive.
In this paper we establish a new type of factorization of oscillatory matrices
into a product of a basic oscillatory matrix surrounded by two invertible totally
nonnegative matrices.
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1. Introduction

The well-known class of oscillatory matrices was introduced by Gantmacher and
Krein [11]. An m×n matrices A is called totally nonnegative (TN) (respectively,
totally positive TP) if every minor of A is nonnegative (respectively, positive).
An n × n totally nonnegative matrix A is called oscillatory if some positive
integral power of it is totally positive (see also [1, 12, 14]). In their original
monograph [11], Gantmacher and Krein laid the groundwork for the theory
of oscillatory matrices. For example, they proved that the eigenvalues of an
oscillatory matrix are real, positive, and distinct. In addition, they established
a simple criterion for any TN matrix to be oscillatory. Fallat [5] introduced
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a criterion for any TN matrix to be oscillatory. Based on the analysis in [7],
another subset of oscillatory matrices was defined and called basic oscillatory

matrices. As it turns out basic oscillatory matrices may be viewed as minimal
oscillatory matrices in the sense of the fewest number of bidiagonal factors
involved.

Factorizations of totally nonnegative matrices are an extremely important
and an increasingly useful tool for studying oscillatory matrices (see [3, 4, 5, 10,
13]). Fiedler and Markham [6] established factorizations of oscillatory matrices
into a product of two invertible totally nonnegative matrices that enclose a
basic oscillatory matrix. A new proof of this factorization will be presented
by utilizing bidiagonal factorizations of invertible totally nonnegative matrices
and certain associated weighted planar diagrams.

2. Known Results

An elementary bidiagonal matrix is an n×n matrix whose main diagonal entries
are all equal to one, and there is at most one nonzero off-diagonal entry and this
entry must occur on the super or subdiagonal. The lower elementary bidiagonal
matrix Lk(α) = [cij ] (2 ≤ k ≤ n) whose elements are given by

cij =







1, if i = j,

α, if i = k, j = k − 1,
0, otherwise .

Similarly we define the upper elementary bidiagonal matrix Uk(α) = Lk(α)T .

The following result may be found in many places (see [4, 13], for example).

Theorem 1. Let A be an n × n nonsingular totally nonnegative matrix.
Then A can be written as

A = (L2(lk))(L3(lk−1)L2(lk−2)) · · · (Ln(ln−1) · · ·L3(l2)L2(l1))D

(U2(u1)U3(u2) · · ·Un(un−1)) · · · (U2(uk−2)U3(uk−1))(U2(uk)), (1)

where k =
(

n
2

)

, li, uj ≥ 0 for all i, j ∈ {1, 2, . . . , k}, and D is a positive diagonal
matrix.

A graphical representation of a bidiagonal factorization in terms of planar

networks was introduced in [2] (see also [4, 10]). An n×n diagonal matrix D =
diag(d1, d2, . . . , dn) is represented by the diagram on the left in Figure 1, while
an elementary lower (upper) bidiagonal matrix Lk(l) (Uj(u)) is the diagram
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Figure 1: Diagrams

middle (right) of Figure 1. Sometimes Lk(l) (Uj(u)) may be abbreviated to Lk

(Uj).

Each horizontal edge of the last two diagrams has a weight of 1.

Let A be an n × n real matrix, and let α, β be nonempty ordered subsets
of {1, 2, . . . , n}, both consisting of strictly increasing integers. Then A[α|β]
denotes the submatrix of A lying in rows indexed by α and columns indexed by
β. If, in addition, α = β, then we abbreviate the principal submatrix A[α|α] to
A[α]. We use det A to denote the determinant of a square matrix A. For short,
we may write (α|β) to mean detA(α|β), and (α) = detA(α).

It is not difficult to verify that if A is a matrix represented by any one
of the diagrams above, then det A[{i1, i2, . . . , it}|{j1, j2, . . . , jt}] is nonzero if
and only if in the corresponding diagram there is a family of t vertex-disjoint
paths joining the vertices {i1, i2, . . . , it} on the left-side of the diagram with the
vertices {j1, j2, . . . , jt} on the right side. Moreover, in this case this family of
paths is unique and det A[{i1, i2, . . . , it}|{j1, j2, . . . , jt}] is equal to the product
of all the weights assigned to the edges that form this family.

Now, given a product A = A1A2 · · ·Al in which each matrix Ai is either
a diagonal matrix or an elementary (upper or lower) bidiagonal matrix, a cor-
responding diagram Γ is obtained by concatenation left to right of the dia-
grams associated with the matrices A1, A2, . . . , Al. Then it follows from the
Cauchy-Binet formula for determinants that detA[{i1, i2, . . . , it}|{j1, j2, . . ., jt}
is equal to the sum over all families of vertex-disjoint paths joining the ver-
tices {i1, i2, . . . , it} on the left-side of the obtained diagram with the vertices
{j1, j2, . . . , jt} on the right side of products of all the weights assigned to edges
that form each family. Consequently, note that if A is OSC and for some power
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As of A we have that det As[α|β] > 0, then det At[α|β] > 0 for all t ≥ s.

An upper right (lower left) corner minor of A is one of the form det A[α|β]
in which α consists of the first k (last k) and β consists of the last k (first k)
indices, k = 1, 2, 3, · · · , n.

Theorem 2. (see [15]) Suppose that A is TN, then, A is TP if and only
if all corner minors of A are positive.

Theorem 3. (see [5, Theorem 7]) Suppose A is an n×n invertible totally
nonnegative matrix. Then An−1 is TP if and only if at least one of the param-
eters from each of the bidiagonal factors L2, L3, . . . , Ln and U2, U3, . . . , Un is
positive.

We now offer two criterion for a matrix to be oscillatory.

Theorem 4. (see [5, Corollary 8]) Suppose A is an n×n invertible totally
nonnegative matrix. Then A is oscillatory if and only if at least one of the
parameters from each of the bidiagonal factors L2, L3, . . . , Ln and U2, U3, . . . , Un

is positive.

Theorem 5. (see Criterion for Being Oscillatory) An n × n totally non-
negative matrix A = [aij ] is oscillatory if and only if:

(i) A is nonsingular and

(ii) ai,i+1 > 0 and ai+1,i > 0, for i = 1, 2, . . . , n − 1. (2)

Definition 6. Suppose A is an oscillatory matrix. A is called a basic
oscillatory matrix (BO-matrix) if A has exactly one parameter from each of the
bidiagonal factors L2, L3, . . . , Ln and U2, U3, . . . , Un is positive [cf. Theorem 4].

Theorem 7. (see [7], Theorem E) Among the classes Li, Uj , the following
hold:

1. LpLq = LqLp if |p − q| > 1.

2. LpLp = Lp for all p.

3. LpL
0
q = Lp, L

0
pLq = Lq for all p, q.

4. Lk+1LkLk+1 = LkLk+1Lk for all k ∈ 1, 2, · · · , n − 1.

Analogous formulas hold for upper triangular matrices Uj , and, in addition,
we have the formula:

5. LpUq = UqLp for all p, q.
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3. Factorization of Oscillatory Matrices

From now we assume that A is an oscillatory matrix. From Theorem 1 we have

A = (L2(lk))(L3(lk−1)L2(lk−2)) · · · (Ln(ln−1) · · ·L3(l2)L2(l1))D

(U2(u1)U3(u2) · · ·Un(un−1)) · · · (U2(uk−2)U3(uk−1))(U2(uk)), (3)

where k =
(

n
2

)

, li, uj ≥ 0 for all i, j ∈ {1, 2, . . . , k}, and D is a positive diagonal
matrix. In addition, A has a graphical representation:
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U0
L

0

O

Column 1
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Figure 2: Graphical representation of A

For every lower (upper) elementary bidiagonal matrix Li (Uj) it is repre-
sented by a slope edge in the left (right) part of Figure 2 when the parameter
l (u) is not zero. Therefore the left (right) part in Figure 2 is

L0 = (L2(lk))(L3(lk−1)L2(lk−2)) · · · (Ln(ln−1) · · ·L3(l2)L2(l1)) , (4)

respectively

U0 = (U2(u1)(U3(u2) · · ·Un(un−1)) · · · (U2(uk−2)U3(uk−1))(U2(uk)) . (5)

The middle part in Figure 2 is D. Thus A = L0DU0. We introduce a
notation for the rows and columns for Figure 2. The matrix L2, with the edge
l1, will be considered to be positioned at (1,1), the matrix Un with the edge un−1

has the position (n − 1, 1). The symbol “O” in Figure 2 means the parameter
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ln+1 = 0, and the corresponding matrix Li is thus an identity matrix In, in
position (2,2). By Theorem 4 we may conclude that for every row in Figure 2,
there exits at least one edge.

By direct computation we have

Li(l)D = DLi(
l

di+1
) .

Therefore we have A = DL0U0 (the actual parameters may be changed).
So we can assume that A = L0U0.

We illustrate Theorem 7 as follows:

For L′s:

1. Commutation (moving to the right/left). Please see Figure 3.

q

O      O   O       O     O     O     O

lp

l q

O  O    O     O

lp

l

Figure 3: Lq moving the right of Lp

2. Combination. Please see Figure 4.

qlp
l ’

pl

Figure 4: Lp combined with Lp results L
′

p
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k+1   Ol lk+1

lk k

lk+1

lkl

Figure 5: Switching

3. Switching. Please see Figure 5.
4. Exchanging. Please see Figure 6.

q

lp

u

p

uq

l

Figure 6: Exchanging

Now we consider the matrix L0, i.e., the left part in Figure 2. We have the
following lemma.

Lemma 8. Every matrix L0 as in (4), can be decomposed as follows:
L0 = L(1)L(2) (see Figure 7). Here L(1) and L(2) are determined by the process
in the following proof.

Proof. We note that there exists at least one edge for every row of L0 by
Theorem 4. We start our decomposition at the point (n − 1, 1), that is, the
only point in row n− 1 of L0 (see Figure 7). It is easy to see that there exists a
path from (n− 1, 1) to (1, ?). Here (1,?) is some point in the first row. We will
find a rightmost one so that we can continue with the decomposition of L0.

Step A. Starting at (n−1, 1), move down along the first column of L0 as far
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0L

(2)

L(1)

L

Figure 7: First decomposition of L0

as possible. If we are able to reach the first row of L0, we let L(1) = L0, L
(2) =

In. Thus we are done in this case. Otherwise we may stop at some point (i1, 1)
(consult Figure 8).

, 1)

O

?

??

???

???

? ?
?

?

?

? ?

? ? ? ?

1(i

Figure 8: At some point (i1, 1)

Step B. We now check for edges in the (i1 − 1)-st row going from right to
left. Suppose that the edge (i1 − 1, j1) is the first such edge we encounter. Now
we follow the procedure like in Step A, by moving down along column j1 as far
as possible. Suppose we reach row i2. At the same time we have to check if
there are any edges of the form (i2 − 1, j2), where i2 ≤ i1 and j2 > j1 in the
(i2−1)-th row. If so (including the case i2−1 = 1), we maybe move all of these
edges (i, j) (i < i1 − 1, j < j1) to the right. Note that these edges will make up
part of L(2) (refer to Figures 9 and 10). If not, then we will go to Step D.

Step C. Now we are in the similar case as we are in Step A. We can treat the
point (i2 − 1, j2) as the point (n− 1, 1) and reiterate the steps above. If we can
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)
O

?

??

?

???

? ?
?

?

?

? ?

? ? ? ?

OO

(i1,1)

(i1−1, j 1

Figure 9: The edge (i1 − 1, j1)

 )
O

?

??

?

?

? ?

?

?

?

? ?

OO

??

??

??

(i1,1)

Parts of  L(2)
(i1−1, j 1

Figure 10: Elements of L(2)

move down till to the edge (1, ?) in Steps A and B, then we have completed the
decomposition of L0, and L(2) will be formed from the products of all elements
that have been moved to the right and L(1) is then made up of the remaining
edges to the left.

Step D. During Step B after we have the isolated the edge (i2 −1, j2) to the
right such that:

1) There are no edges to the left of (i2 −1, j2) in the row i2−1 (i2 < i1 −1),
2) j1 > j2.
The corresponding figure is as follows (see Figure 11):

 )

O

?

??

?

???

?

?

?

? ? ? ?

OO

O  O     O                 O      O

(i1, 1)
(i1−1, j 1 )

(i2−1, j 2

Figure 11: Elements of L(2)

Step E. Starting from Figure 11, we can move all edges below row i1 − 1
and to the right of the column j2 to obtain the diagram as in Figure 12
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(2)

O

?

??

?

???

?

?

?

? ? ? ?

OO

O  O     O                 O      O

(i1 , 1)

(i1−1, j 1 )

(i2−1, j 2 )

L

Figure 12: Elements of L(2)

It is easy to verify that when the numbers of rows i1 − i2 = 2 in Figure 12,
the edge (i2−1, j2) can be switched with (i2−1, j1). This step is finished. Now
suppose that i1 − i2 ≥ 3.

We can redraw Figure 12 as follows (see Figure 13)

?????

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 13: Middle parts in general

?????

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 14: Middle parts

Step F. Assume first that i1 − i2 = 3. Then Figure 13 becomes (see Figure
14)

In this case we have to verify the following 11 cases:

Case f1. See Figure 15,

Case f2. See Figure 16,

Case f3. See Figure 17,

Case f4. See Figure 18,

Case f5. See Figure 19,
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OOOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

OOOO

Figure 15: Case f1

???  OO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

OOOO

Figure 16: Case f2

OOOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 17: Case f3

OOOOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

??      OO

Figure 18: Case f4

??   OOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

??     OOO

Figure 19: Case f5

?? ??    O

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

??   OOO

Figure 20: Case f6

Case f6. See Figure 20,

Case f7. See Figure 21,
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???       O

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?    OOOO

Figure 21: Case f7

??    OOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 22: Case f8

Case f8. See Figure 22,

Case f9. See Figure 23,

?????

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

OOOOOOO

Figure 23: Case f9

??    OOO

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 24: Case f10

Case f10. See Figure 24,

Case f11. See Figure 25,

For cases f1, f2, f3, f4 and f9 we can move the edge (i2 − 1, j2) to the
position (i2 − 1, j1) and move all edges to the right side to become elements of
L(2). Apply previous arguments for the position (i2 − 1, j1).

All other cases may be done or may be changed to the case f11 with one or
more less columns than before.

Now we deal with the case f11, and consider Figure 26, after applying the
above operations.

Applying the switching operation we will have Figure 27.

Therefore we can move the edge t0 by one step to the left. Continuing the
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??????

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

?????

Figure 25: Case f11

3

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

????
t2

t1

t0

????t

Figure 26: Case f11 details

’

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

????

????

t0

t1
’

t2
’

t3

Figure 27: Case f11 results

???

OOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

???
???

???

Figure 28: Case f11 results

steps above we can move the edge t0 to the position (i2 − 1, j1).

For the general case i1 − i2 > 3, we start from the position (i2 − 1, j2) and
check column j2 first to see where the edge (i2 − 1, j2) will go along column j2.
If the edge (i2 − 1, j2) reaches the position with a row less than i1 − 2, then we
go to column j2 + 1 and move the other edges in column j2 to become part of
L(2). If position (i2 − 1, j2) reaches the position with row i1 − 2, then we will
have to check column j2 + 1. Similarly as for case f11 above we can move the
edge (i2 − 1, j2) by at least one step to the left (see Figure 28). By induction
we can be sure that the edge (i2 − 1, j2) can be moved to position (i2 − 1, j1).

Step G. If we can proceed Step B several times and reach a similar case as
Step D, then we have Figure 29.

Similar arguments may be applied in this case as in Step F. Therefore we
can split L0 as follows (see Figure 30). Then L(2) is the product of all elements
moved to right in the above process, and L(1) is the remaining part left.
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OOOOOOOO

OOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Figure 29: More middle parts in general

(1)

OOOOOOOOOOO

OOOOOOOO

OOO

OOOOOOOO

L(2)

L

Figure 30: Results in general

Note. In the process above we may encounter a pattern of L0 like follows
(see Figure 31):

 )

????????????

???????

?????????????????????

????

????????????????????????????

??????????

??????

(s1 ,  t1 )

(s2 , t 2)

(s3 , t 3 )

(s 4 , t 4
????????????????????

????????????

???????

?????????????????????

????

????????????????????????????

??????????

??????

(s1 ,  t1 )

(s2 , t 2)

(s3 , t 3 )

(s 4 , t 4 )

???????????

Figure 31: General pattern of L0 and result

In Figure 31 there are no edges to the left of (s1, t1), (s2, t2), (s3, t3),
(s4, t4), we have to check that the following conditions are satisfied: s4 <

s3 < s2 < s1, t4 ≥ t3 ≥ t2 ≥ t1 when we do Steps A, B, C. We can apply
similar arguments as in Step D for L0 so that these conditions are guaranteed:
s4 < s3 < s2 < s1, t4 > t3 > t2 > t1 (see Figure 31).

For the matrix L(1) in Lemma 8 it can be decomposed according to the next
result.

Lemma 9. For every matrix L(1) it can be decomposed as follows: That
is L(1) = L(11)L(12). Please see Figure 33.
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(1)L
(12)

L(11)
L

Figure 32: Decomposition of L(1)

Proof. By Lemma 8 we assume that the edges of the acute angles for L(1)
are: (n − 1, 1), (i1, j1), (i2, j2), · · · , (ik, jk). Please see Figure 33.

(1)

(n−1,1)

(i1 , j1)

(i2 , j2)

(ik , jk )

L

Figure 33: L(1) and its edges

)(ik ,jk

Figure 34: L(11) and parts of its edges

Step A. We start from the lowest point (ik, jk), and move all edges to the
left, which will then be elements of L(11) from L(1) and have Figure 34.

We claim that we must meet a particular edge which is actually the right-
most edge of L(1), see Figure 35. Suppose the acute angle for this rightmost
edge is (i0, j0).

Now we focus our attention at the associated triangles, see Figure 36.

There are two classes of triangles: one is an equilateral triangle, the other
is not.

Step B. Now we pay attention to the first triangle and suppose it is a non-
equilateral triangle. It is assumed that we have Figure 37.
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)

(ik ,jk )

(i0 ,j0

Figure 35: L(11) and parts of its edges

 )

(i0, j 0 )

Triangles

(ik, j k

Figure 36: L11 and the triangles

 )

(i0 , j 0 )

non−equilateral triangles

(ik , j k

Figure 37: Non-equilateral triangles

 )

(i0, j 0 )

non−equilateral triangles

L(11)

(ik, j k

Figure 38: Equilateral triangle

There are two cases: one is that there are at least two more edges along
the line (ik, jk), the other is that the line contains only the edge (ik, jk). For
both of these cases we can apply the operations, move some edges to left and
get an equilateral triangle (see Figure 38). Therefore we may have a new edge
(ik1

, jk1
), which is similar to (ik, jk).

At this position (ik1, jk1) we may apply similar arguments as in Step A
(some edges are moved to left) and produce some smaller size triangles. Here
the size of an equilateral triangle is equal to the number of edges included in a
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side of the equilateral triangle. Repeating this process until we meet the edge
(i0, j0) we will have generated a series of equilateral triangles.

Step C. We assume that the edge (ik−1, jk−1) in the series of edges (n −
1, 1), (i1, j1), (i2, j2),
· · · , (ik, jk) is on the line of (i0, j0). We can repeat all the above arguments from
(ik−1, jk−1) till we meet the line with the (n − 1, 1). Therefore we will have a
series of equilateral triangles all of whose sizes are smaller than L0, which is an
equilateral triangle with size n − 1.

Step D. For every equilateral triangle in the series above in Step C we know
that the right edge of the equilateral triangle does not have empty edges.

We start from lower left point of the equilateral triangle and apply opera-
tions similarly as in Step B and could o move the line connected to this point
to the rightmost position (see Figure 39).

??

??????????????????

?????????????

???????

Figure 39: An equilateral triangle in the series and the result

Applying induction on the sizes of the equilateral triangles we claim that
L(1) = L(11)L(12)L(13). Here L(11) is the product of all edges moved to left, and
L(12) is the part remaining in the middle, which has only one edge in each row,
i.e., it is a basic oscillatory matrix.

Note. In Lemma 9 the matrix L(12) has only one edge for every row.
Therefore we have that L0 = L(11)L(12)L(2).

Lemma 10. Every matrix L0 as in (4) can be decomposed as follows:

L0 = L(11)L(12)L(2) ,

where L(11), L(2) are invertible TN and L(12) has only one edge for every row
of L0. Similarly we have

U0 = U (2)U (12)U (11) ,
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where U (11), U (2) are invertible TN and U (12) has only one edge for every row
of U0.

Therefore we have

A = L0U0 = L(11)L(12)L(2)U (2)U (12)U (11)

= L(11)(U)(2)L(12)U (12)(L)(2)(U)(11),

by Theorem 7. Let L = L(11)(U)(2), B = L(12)U (12), U = (L)(2)U (11).
We now have the main result, which can also be found in [6].

Theorem 11. Every oscillatory matrix A can be written in the form
A = LBU , where B is a BO-matrix and L,U are invertible totally nonnegative
matrices.

Note. The decomposition described above is NOT unique using the process
discussed.

We illustrate this claim with the following examples.

Example 12. Suppose that the OSC matrix A is as follows (see Figure
??)

3

1

2

3

4

5

6

7

n=7

L0 U0

O

O

O

OO l1

l3

l5

l6

l21

u2

u4

u5

u6

u1

u

Figure 40: Figure of A in Example 12

1

11

10

9

8

7

6

5

4

3

2

Figure 41: Figure of L0 in Example 12

That is, A = L0U0, where L0 = L22L21L20L19L18L16L15L14L12L11 L9L8L7L6L4L2,
U0 = U2U3U4U5U6U7 (please refer to Figure ?? for referencing).

Now we will decompose L0 into a product of two parts: L(1), L(2). Consider

L0 = [L22L21L20L19L18L16L15L14L12L11L9L8L7L6] [L4L2],
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L0 = [L22L21L20L19L18L16L15L14L12L11L7L6] [L9L8][L4L2],

and let

L(1) = [L22L21L20L19L18L16L15L14L12L11L7L6], L(2) = [L9L8][L4L2].

Therefore we have
L0 = L(1)L(2) .

We then decompose L(1) into a product of two parts: L(11), L(12).

L(1) = [L22L21L20L19L18L16L15L14L12L11L7L6],

L(1) = [L22L21L19L16L12] [L20L18L15L14L11L7L6],

L(1) = [L22L21L19L16L12] [L20][L18L15L14][L11L7L6],

Note that Asmal = [L18L15L14] is an equilateral triangle with size 3. In fact,
we have even more decomposition options.

Method 1. Moving L14 to the right as an element of L(2), thus we have

L(1)
new = [L22L21L19L16L12] [L20][L18L15][L11L7L6],

Let

L(11) = [L22L21L19L16L12], L(12) = [L20][L18L15][L11L7L6],

L(2)
new = L14[L9L8][L4L2],

Thus
L(1)

new = L(11)L(12), L0 = L(11)L(12)L(2)
new.

And note that L(12) is the left part of a basic oscillatory matrix.
For U0 we have U0 = InU0In. So for A = L0U0 it follows that

A = L0U0 = L(11)L(12)L(2)
newInU0In = L(11)L(12)U0L

(2)
new,

and if we assign L = L(11), B = L(12)U0, U = L
(2)
new, then we have A = LBU .

Method 2. For the equilateral triangle Asmal = [L18L15L14] we will apply
the following decomposition: Asmal = [L18] [L15L14].

Note that

L(1) = [L22L21L19L16L12] [L20][L18L15L14][L11L7L6],

L(1) = [L22L21L19L16L12] [L20][[L18] [L15L14] [L11L7L6],
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We want to keep L20 as an element of a basic oscillatory matrix, thus we
apply the switching operation to [[L18] [L15L14] = L

′

18L
′

15L
′

14 , So L
′

18 can
be moved to left. We have

L(1) = [L22L21L19L16L12] L
′

18 [L20 L
′

15L
′

14 ][L11L7L6].

Therefore we have,

L(1) = [L22L21L19L16L12L
′

18] [L20L
′

15L
′

14L11L7L6],

Then

L0 = [L22L21L20L19L18L16L15L14L12L11L7L6] [L9L8][L4L2],

or

L0 = [L22L21L19L16L12L
′

18] [L20L
′

15L
′

14L11L7L6] [L9L8L4L2],

Note that U0 = InU2U3U4U5U6U7In, thus

A = L0U0 = [L22L21L19L16L12L
′

18]

[L20L
′

15L
′

14L11L7L6U2U3U4U5U6U7] [L9L8L4L2],

and if we let

L = [L22L21L19L16L12L
′

18], B = [L20L
′

15L
′

14L11L7L6U2U3U4U5U6U7],

U = [L9L8L4L2],

then we have A = LBU .

Example 13. Suppose that the matrix L0 is as follows (see Figure 41):
Therefore we have that

L0 = L53L52L48L44L41L40L38L37L35L33L31L28L27L26L25

L22L20L19L17L16L15L14L13L11L10L8L6L4L3L2,

Step A. We consider the edges in positions: (2, 1) (3, 1) ((2, 2) and apply
switching operation (see Figure 42)

Step B. Apply the combination operation to the edges in positions (3, 2)
(3, 2) and move (1, 1) to (2, 1) (see Figure 43)).

Step C. We consider the edges in positions: (2, 2) (3, 2) ((2, 3) and apply
switching operation (see Figure 44)



A NEW TYPE OF FACTORIZATION OF... 291

2

11

10

9

8

7

6

5

4

3

2

1 L 2

11

10

9

8

7

6

5

4

3

2

1 L

Figure 42: Step A switching
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Figure 43: Step B Combination and moving

Step D. Moving the edges in positions (4, 2) (1, 2) are the rightmost edges
with no edges to their left (see Figure 45).

Step E. We consider the edges in positions: (5, 2) (6, 2) ((5, 3) and apply
switching operation (see Figure 46))

Step F. Apply moving operations and note that we can go down from the
position (7, 3) to the position (1, 3) (see Figure 47)

Step G. Do the first decomposition of L0 (see Figure 48).
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Figure 44: Step C Switching
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Figure 45: Step D Moving

Step H. See Figure 49.
Step I. See Figure 50.
Step J. After moving we get the left part of a basic oscillatory matrix L(12)

(see Figure 51).
Note. If we move the edge (2, 3) to the position (2, 4) first we can have

another decomposition of L0.
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Figure 46: Step E Switching
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Figure 47: Step F Moving
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