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Abstract: In this paper, the D-optimal regression designs in heteroscedastic
models are considered. The theory of Kiefer and Wolfowitz (KWT) is generated
to the heteroscedastic models, called GKWT. GKWT can be used to vertify
the optimality of the D-optimal regression designs in heteroscedastic models.
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1. Introduction

In the optimal regression designs, the usual homogeneous uncorrelated linear
models have been studied extensively. The equivalence theory of Kiefer and
Wolfowitz (KWT) [6] provides major impetus to the research of optimal designs,
which can be used to verify whether the regression design is D-optimal or not.
However, in most reality, the error distributions always are heteroscedastic. The
heteroscedastic models are more general than the homoscedastic models. But
the designs in the heteroscedastic uncorrelated linear models only have been
studied by a few people, see [4]. Most of literature on homogeneous models can
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be found in the book by Pukelsheim [7]. There are large literature on optimal
designs for treatment comparisons (see the monograph by Shah and Sinha [8]),
but few results on optimal block designs. Khuri [5] analyze the response surface
models with random block effects, but did not consider the design aspect expect
for orthogonal blocking. Cheng [3], Atkins and Cheng [1] studied the experiment
described by Chasalow [2]. They have given some results on optimal designs
with correlated coefficient ρ in homoscedastic models.

In this paper, the D-optimal regression design in heteroscedastic models
are given. KWT also is generalized to the heteroscedastic model, which can be
used to verify the heteroscedastic model.

2. Minimum-Support Optimal Designs

In the D-optimal design, the general uncorrelated linear model can be expressed
as

E(Y) = Aβ = (alj)N×tβ , (1)

where alj = fj(xl), l = 1, 2, · · · , N, j = 1, 2, · · · , t

cov(Y) = diagl=1,2,··· ,N{ σ2

λ(xl)
}. (2)

Suppose the N observations in the j-th (j = 1, · · · , b) block have relations
to the efficiency functions that constructed by λj(x) (j = 1, · · · , b) and λe(x).
Let the entries of y(x) be ordered so that the [i + (j − 1)k]-th entry is the i-th
observation of the j-th block, i = 1, 2, · · · , k; i = 1, 2, · · · , k. Then (2) can be
expressed as follows

cov(Y) = cov(ν(x)) + Ib ⊗ cov(θj) , (3)

where cov(ν(x)) = σ2
ediag1≤l≤N{ 1

λe(xl)
} and

cov(θj) = σ2
bdiag1≤i≤k,1≤j≤b

1

λj(xi+(j−1)k)
.

Denote the k-variate response by YX : YX ≡ [y(x1), · · · , y(xk)]
T, then we have

E(YX) = (fT(x1)β, · · · , fT(xk)β))T = F(X)Tβ, and

cov(YX) = V = σ2diagi=1,2,··· ,k{
1

λe(xi)
+

a

λj(xi)
} . (4)
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In addition to selecting D-optimal regression design points x1, · · · , xN , an
experimenter also needs to group them into blocks of size k. Suppose there are
s(s ≥ t) distinct points in the set of xi (1 ≤ i ≤ N), denoted by x∗

1, · · · , x∗
s.

There are two phases in a design: selecting s distinct points x∗
1, · · · , x∗

s, and
constructing a block design with b blocks of size k for these s “treatments”.
Intuitively, it is natural to start with a D-optimal design for the uncorrelated
model (1) and (2), then allocate the points in this design into the blocks of
an “optimal block design”. For example, balanced incomplete block designs
(BIBD) in heteroscedastic models can be proved to be optimal for treatment
comparisons with respect to many criteria including the D-criterion, see Kiefer
(1958, 1975). Therefore if {x̃1, · · · , x̃t} is a D-optimal design with t observa-
tions for the uncorrelated model, and there exists a BIBD with t treatments
and b blocks of size k, then one could construct a BIBD formed by the t “treat-

ments” {x̃1, · · · , x̃t}. The designs with minimum of distinct points will be
called minimum-support design. In this section, we confine our attention to
minimum-support designs, i.e., those supported on exactly t points. The blocks
can be described by incidence matrices N1, · · · ,Nb, where the (j, i)-th entry of
Ns (s = 1, · · · , b) is 1 if xi is assigned to the j-th observation in the s-th block;
otherwise, it is equal to 0. Let N = diag1≤s≤b{Ns}, where N is the matrix of
bk×t (bk = t). Then the design matrix A in (1) can be expressed as NΦ, where
Φ is the t × t matrix with the (i, j)-th entry equals to fj(xi). The information
matrix becomes

M = ΦTNTV−1NΦ . (5)

For convenience, for any x1, · · · , xt ∈ ω, let D(t, b, k;x1, · · · , xt) be the set of
all the designs in b blocks of size k supported on x1, · · · , xt, and let D(t, b, k)
be the set of all the designs in b blocks of size k supported on t points. We
first consider the D-optimal designs in D(t, b, k;x1, · · · , xt) with t-fixed support
points.

In the usual block design set-up, let B(t, b, k) be the set of all the block
designs with t treatments and b blocks of size k. Much work has been done
on optimal block designs for estimating treatment contrasts under uncorrelated
models with fixed block effects. Some of these results have been extended to
random block-effects models. Let α be the t × 1 vector of unknown treatment

effects, and O = [1t/
√

t
... P]T be a t× t orthogonal matrix, where α = Φβ, 1t

is the t × 1 vector of ones. Then the problem is to find an optimal design for
estimating PTα under the linear model

E(Y) = Nα, (6)

cov(Y) = σ2
e + σ2

b (Ib ⊗ cov(θj)). (7)
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A D-optimal design minimizes det[cov(PTα)]. For convenience, for each d ∈
B(t, b, k), we use d(x1, · · · , xt) to denote the design in D(t, b, k;x1, · · · , xt) ob-
tained by allocating x1, · · · , xt into the block of d.

3. Generalized KWT Theorem

Firstly, a lemma is given.

Lemma 1. Suppose x1, · · · , xt are t points in ω such that the vectors
f(x1), · · · , f(xt) are linearly independent. Let d be D-optimal over B(t, b, k)
for estimating the treatment contrasts PTα under (6). Then d(x1, · · · , xt) is
D-optimal over D(t, b, k;x1, · · · , xt) under (1) and (3).

Proof. By (5), one has

det(M) = det(ΦTNTV−1NΦ) = [det(Φ)]2 · det[NTV−1N] .

Since f(x1), · · · , f(xt) are linearly independent, it follows that [det(Φ)]2 > 0.
We assume that x1, · · · , xt are fixed, then we only need to find a design in
B(t, b, k) which maximizes

det[NTcov−1N] . (8)

Since O is an orthogonal matrix, it follows that

det[NTV−1N] = det[ONTV−1NOT], (9)

thus in (6), one has

E(Y) = Nα = NOTOα = [N1t/
√

t
... NP][1t/

√
t

... P]T α. (10)

The information matrix [ONTV−1NOT] can be partitioned as

[
A BT

B D

]
,

where A = 1T
t
NT V−1N1t/t, B = PTNTV−1N1t/

√
t, D = PTNTV−1 NP.

Then a design d ∈ B(t, b, k) is D-optimal for estimating treatment contrasts
PTα if it maximizes

det(D − A−1BT). (11)

On the other hand,

det[ONTV−1NOT] = A · det(D − A−1BBT). (12)
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Since N is a indication matrix in which each row exactly contains one 1, it
follows that N1t = 1bk and A is a constant which is independent of the designs.
Combing (10) and (12) yields (9) and (11) are equivalent. �

It follows from the proof of Lemma 1 that

det(M) = [det(Φ)]2A · det(D − A−1BT),

in which A · det(D − A−1BT) does not depend on x1, · · · , xt, and det(M) is
maximized by the D-optimal designs in B(t, b, k). Suppose x1, · · · , xt are not
fixed, then det(M) can be maximized by maximizing det(Φ). Recall that Φ

is a t × t matrix whose (i, j)-th entry is fj(xi). Hence Φ is the design matrix
under the uncorrelated model (1) and (2) for t design points. In this case, the
information matrix is ΦTΦ, det(ΦTΦ) = [det(Φ)]2 .det(ΦTΦ) is maximized
by D-optimal design x̃1, · · · , x̃t. Now we have proved the following theorem.

Theorem 1. Suppose {x̃1, · · · , x̃t} is a D-optimal design with t observa-
tions for the uncorrelated model (1) and (2), and d is a D-optimal design in
B(t, b, k) for estimating treatment contrasts PT α under (6). Then the design
d(x̃1, · · · , x̃t) is D-optimal over D(t, b, k) under (1) and (3).

Since balanced incomplete block designs (BIBD) are optimal according to
D-criterion, we have the following corollary.

Corollary 2. Suppose {x̃1, · · · , x̃t} is a D-optimal design with t obser-
vations for the uncorrelated model (1) and (2), and there exists a balanced
incomplete block design d∗. Then d∗(x̃1, · · · , x̃t) is D-optimal over D(t, b, k)
under (1) and (3).

In the proceeding section, for the minimum-support design, a D-optimal
design can be obtained by combining a D-optimal block design with a D-optimal
regression design for the uncorrelated model. The design is not D-optimal if the
number of support points is more than the number of unknown parameters. The
general problem of constructing optimal designs without restricting to those
with minimum-support points is quite difficult. In this section we sketch an
approach based on approximate theory and apply it to the quadric regression.

Lemma 2. The following three statements are equivalent:

(a) the design ξ∗ maximize detM(ξ),

(b) the design ξ∗ minimize maxx∈Ω λ(x)d(x, ξ),

(c) maxx∈Ω λ(x)d(x, ξ∗) = t,

where t is the number of parameters. The information matrices of all designs
satisfying conditions (a)-(c) coincide with each other. Any linear combination
of these designs also satisfies (a)-(c).
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Theorem 3. (GKWT) The design ξ∗ is D-optimal iff the points in C are
supports,

C = Arg max
X⊂æk

tr[FT(X)M−1(ξ∗)F(X)V−1(X)],

where M(ξ∗) =
∫
æk F(X)V−1(X)FT(X)ξ∗(dX) is the information matrix of ξ∗,

V(X) = diag1 ≤ l ≤ k{ 1
λe(xl)

+ a
λj(xl)

}, F(X) = (f(x1), f(x2), · · · , f(xk)).

Proof. Since λ(x) = 1/( 1
λe(x) + a

λj(x)) is the efficiency function of mixed-

effects model, it is positive. The design ξ∗ is D-optimal, its supports X ∈ C are
constructed by x1, · · · , xk, then according to KWT, one has that the function
maxx∈Ω λ(x)d(x, ξ) can reach minimum at x1, · · · , xk, i.e.,

λ(x1)d(x1, ξ
∗) = · · · = max

x∈Ω
λ(x)d(x, ξ∗) = min

ξ
max
x∈Ω

λ(x)d(x, ξ) = t,

then one has

k∑

i=1

λ(xi)d(xi, ξ
∗) = k max

x∈Ω
λ(x)d(x, ξ∗) = k min

ξ
max
x∈Ω

λ(x)d(x, ξ) = kt. (13)

If X = (x1, · · · , xk), then

F(X) = (f(x1), · · · , f(xk)) = max
X⊂æk

tr[FT(X)M−1(ξ∗)F(X)V−1(X)],

where M(ξ∗) = diag1 ≤ l ≤ k{ 1
λe(xl)

+ a
λj(xl)

}.
The GKWT can be used to verify the optimality.

4. Conclusions and Discussions

In this paper, we given the D-optimal regression designs in heteroscedastic
models. Based on two lemmas, the theory of Kiefer and Wolfowitz (KWT) is
generated to the heteroscedastic models, called GKWT. GKWT can be used
to vertify the optimality of the D-optimal regression designs in heteroscedastic
models.

References

[1] J.E. Atkins, C.S. Cheng, Optimal regression designs in the presence of
random block effects, J. Statist. Plan. Infer., 77 (1999), 321-335.



GENERALIZED KIEFER AND WOLFOWITZ THEORY... 581

[2] S.D. Chasalow, Exact Optimal Response Surface Designs with Random

Block Effects, Ph.D. Thesis, University of California, Berkeley (1992).

[3] C.S. Cheng, Optimal regression designs under random block effect models,
Statist. Sinica, 5 (1995), 485-497.

[4] Q. Guo, Z.Q. Xia, The choice of experiment design in heteroscedastic, Sys.

Engineer, 115 (2003), 124-128.

[5] A.I. Khuri, Response surface models with random block effects, Techno-

metrics, 34 (1992), 26-37.

[6] J. Kiefer, J. Wolfowitz, The equivalence of two extremum problems,
Canada J. Math., 14 (1960), 363-366.

[7] F. Pukelsheim, Optimal Design of Experiments, John Wiley, New York,
(1993).

[8] K.R. Shah, B.K. Sinha, Theory of Optimal Designs, Springer-Verlag
(1989).



582


