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Abstract: We introduce an operator D(6,q) giving a connection with H,-
semiclassical orthogonal polynomials and we investigate it to characterize a well
known symmetric (MOPS) related to the Wall’s one, us the unique D(6, q)-
Appell classical. This (MOPS) is also H 5 -semiclassical of class one. The
moments and integral representation of the corresponding linear form are given.
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1. Introduction and Preliminaries

The concept of O-semiclassical orthogonal polynomials was extensively studied
by P. Maroni and coworkers for O = D the derivative operator, O = D,, or H,
the Hahn’s operators through the following distributional equation satisfied by
the regular linear form associated with a such sequence:

O(®(z)u) + ¥(z)u =0, (1.1)

where ® is a monic polynomial and ¥ a polynomial with deg¥ > 1, see [1,
2, 15, 16, 17, 19]. For O € {D,Dw,Hq}, O-semiclassical of class zero are
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usually called O-classical and they are completely discribed in [1, 15, 19]. In
particular, their corresponding O-Appell classical are well known. For other
relevant researches in the subject from other point of view with perhaps other
operators see [4, 14, 20].

In [6, 7], T.S. Chihara solved the following problem: Find all Brenke type
polynomials which are also orthogonal. By solving a difference equation he
found all (OPS) in this class. They are:

(a) The Laguerre (MOPS) (D-classical, see [19]).

(b) The generalized Hermite (MOPS) (symmetric D-semiclassical of class
one, see [2]).

(c) The Al-Salam and Carlitz (MOPS) (H,-Appell classical, see [15]).

(d) The generalized Stieltjes-Wigert (MOPS) (H,-classical, see [15]).

(e) A symmetric (MOPS) related to the Stieltjes-Wigert (MOPS)’s.

(f) The Wall {W,,(.;b,q)}n>0 (MOPS)(H -classical, see [15]).

(g) A non-symmetric (MOPS) related to the Wall.

(h) A symmetric (MOPS) {Y,,(.;b,q)}n>0 related to the Wall (MOPS):

Yon(23b,q) = Wa(2%5b,q) , Yoni1(w;b,q) = aWa(2;bg,q) , n>0  (1.2)
having the recurrence formula (see [5])

Yo(z;0,9) =1, Yi(z;0,q) =z,

Yita(z;b,q) = 2Yn1(2;0,q) — Ynt1Ya(z;0,9), n >0,
Yon = b(1 —¢")q", n > 1; Fong1 = (1 — bg")¢", n >0,
b#£0,b#q ™ n>0.

(1.3)

So the aim of our contribution is to give another characterization of the (MOPS)
{Y,(:;b,¢) }n>0 and it is associated regular linear form )(b,q) based on the
D g,q-Appell classical character, where Dy .y := Hy, + 0H_, is the g-analogue
of Dunkl operator, see [8]. This first section contains preliminary results and
notations used in the sequel. The second section is devoted to the study of the
connection between the Dy ,-Appell classical and the Hg-semiclassical char-
acters. In the third section we determine all symmetric Dg 4)-Appell classical
linear forms; there is a unique solution, up to affine transformations, it is the
regular linear form Y(b,¢?). Also the relationship between )(b,q) and the
H-classical Wall one is highlited. Consequently, moments and integral repre-
sentation of ) (b, q) are obtained.

Let P be the vector space of polynomials with coefficients in C and let P’
be its topological dual. We denote by (u, f) the effect of u € P’ on f € P. In
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particular, we denote by (u)y, := (u,2™), n > 0 the moments of u. Moreover,
a linear form u is called symmetric if (u)9,+1 = 0, n > 0.

Let us introduce some useful operations in P’. For any linear form u, any
polynomial g and any (a,c) € C—{0} x C, we let Hyu, gu, hqu, (x —c)~'u and
dc, be the linear forms defined by duality

<Hqu7 f> = _<u7 qu> ) <gu7 f> = <U,gf> 7<haua f> = (u, haf>7 fewP,

(@ =0) ", f) = (. 0af) s (Ge, f) = f(e)  f € P,
where (H,f)(x) = L8508 [12), (hof)(x) = f(az) and (6.f)(x) = L1

(¢—1)z T—c
[17, 19]. It is easy to see that, see [15]

Hy(fu) = (hy—1 f)Hpu+q "(Hy1f)u, f € P, ue P (1.4)

Let {P,}n>0 be a sequence of monic polynomials with deg P, =n,n >0
(polynomial sequence: PS) and let {u,}n>0 be its dual sequence, u, € P’
defined by (upn, Pp) := Onm , n,m > 0.

Lemma 1. (see [19]) For any v € P" and any integer m > 1, the following
statements are equivalent:

i) (u,Pp—1) #0 , (u,Pp) =0, n>m,

i) I\, €C,0<v<m—1, \p_1 #0 such that

m—1
U= E AUy,
v=0

The linear form w is called reqular if we can associate with it a sequence of
polynomials { P, },>0 such that (u, P, P,) = r0pm, n,m >0; r, 0, n>0.
The sequence {P, },>0 is then said orthogonal with respect to u. Necessarily,
u = Aug, A # 0 and {P,},>0 is an (OPS) such that any polynomial can be
supposed monic (MOPS). In this case, we have u, = 7, P,ug, n > 0 and
conversely. Also, the (MOPS){P, },>o fulfils the recurrence relation

{Po(.T):l,Pl(l'):l‘—ﬁo, (15)
Prya(w) = (v — Bot1) Puy1 (%) — Y1 Po(®) ; Yot1 #0, n > 0. '

When u is regular, let ¢ be a polynomial such that ¢u = 0. Then ¢ = 0.
Also, when u is regular, u is symmetric if and only if 5, =0, n > 0.

Finally, we introduce an operator o : P — P defined by (o f)(z) := f(2?)
for all f € P. Consequently, we define ou by duality (see [18])

(ou, f) = (u,of) . f P ucP.
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We have the well known formula, see [18]
F(@)ou = o (f(a*)u), (1.6)
and it is easy to prove
o(Hqu) = (¢ + 1)H (0o (zu)). (1.7)

A linear form w is called Hj-semiclassical when it is regular and there exist
two polynomials ® and ¥, ® monic, deg® =¢ > 0, deg ¥ = p > 1 such that

Hy(Du) + Yu=0. (1.8)

The corresponding orthogonal sequence {P, },>¢ is called H -semiclassical, see
[10, 15, 16]. The Hj-semiclassical character is kept by shifting. In fact, let
{]5n = a " (hePp)}n>0, a # 0; when ug satisfies (1.8), then uy = h,-1up fulfils
the equation

H, (a*t@(aa:)ﬂo) + a7 (ax)uy = 0 (1.9)
and the recurrence elements Bn, Yn+1, 7 > 0 of the sequence {ﬁn}nzo are
Bn _ In+1
a

y Tl = 20" > 0. (1.10)

Bn:_

Also, the Hg-semiclassical linear form wug is said to be of class s = max(p—1,t—
2) > 0 if and only if (see [16])

[T {Jathe®)(0) + (H,2)(0)

CcEZp

+ ‘(uo,q(ﬂcqllf) + (Ocq © 0@»(} >0, (1.11)

where Zg is the set of zeroes of ®. In particular, when s = 0, the linear form
ug is usually called H,-classical (Al-Salam Carlitz, Big ¢-Laguerre, g-Meixner,
Wall, etc., see [15]).

Lastly, let us recall the following result useful for our work (see [2])

Lemma 2. Let {P,},>0 be a (MOPS) and M (x,n), N(z,n) two polyno-
mials such that

M(z,n)Ppt1(z) = N(z,n)P,(z), n > 0.
Then, for any index n for which deg N (z,n) < n, we have

N(x,n) =0 and M(x,n)=0.
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2. Connection between D g 4 -Appell Classical and H,-Semiclassical
Characters

Let us introduce the g-Dunkl operator in P by
Dy =Hy+0H_ 4, 0#0,qeC
where C := {q eC, ¢#0,¢"#1, n> 1} and H, is the g-derivative operator.

It is obvious that Dy 4 tends to Dy 1) = D + 0H_1 := Dy the Dunkl operator
when ¢ tends to 1. We have D(Te g = —Hg—0H_4 [15], where D(Te g denotes

the transposed of Dg 4. We can define Dy 4) from P’ to P’ by Dy 4) = —D(jé "
so that
<D(9,q)u7 f> = _<U7D(9,q)f> , U € P’ , fEP.

In particular this yields
(Do,gywn = —l[nll(0,)(W)n—1, n >0,

where (u)_1 := 0 and

[(]l0.q) = [n)g +0[n]—g, n >0, (2.1)
with "
P~
[n]p = . n > 0. (2.2)

Lemma 3. For any f,g € P, u € P’ and a € C — {0} we have
D(g,g) © ha = aha oDy in P; Dy oha=0a "heoDy, in P, (2.3)

Dig,q)(f9) = (h—¢f)(D9,9)9) + 9(Do,¢) f) + (hof — h—qf)(Hyg), (2.4)
D) ((h—qf)u) = f(Dg,qu) + (Dig,q) f)u+ Hy((h—gf — hef)u). (2.5)

Proof. 1t is easy to establish (2.3)-(2.4) from the following well known re-
sults (see [15])
Hpohy, =ah,oHy, in P,
Hyohs=a'h,0H, in P’

and (1.4). For (2.5) we have VP € P
(D(o,q) ((h—qf)u), P) = —(u, (h—¢ ) (Do,q) P))
= —(u, Dig,)(fP) = P(Dg,q) f) = (hqf — h—qf)(HyP))
(by (2.4))
= (f(Dp,gu) + (Pug flu+ Hy((h—gf —hgf)u), P). O
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Now consider a (PS) {P,}n>0 as above and let

P[l]x;H,qziD P, x), n>0
n ( ) [[n—i-l“(g,q)( (0,q) n-l—l)( )
with 0 £ ¢ 9#%%,7120.

Denoting by {ug}(ﬁ, q) }n>0 the dual sequence of {PT[ZH(.; 0,q)}n>0, we have
the following result.

Lemma 4. The following equalities hold
D(G,q)(unl] (97Q)) = _[[n + 1]](9,q)un+1 , n> 0. (26)
Proof. Indeed, from the definition:

(W8, q), P (;0,9)) = 6pm, n,m >0,

n

we have —(D(g,q) (ug}(ﬁ, 7)), Pnt1(:50,9)) = [[m + 1]](9,4)On,m, therefore

{ (Dio.g) (W (0,9)), Pur1(::0,0)) = —[[n + ] g.0s 7 >0,
(Dio.g) (W (0,9)), P(56,9)) =0, m > n+2, n>0.
By virtue of Lemma 1, we get

n+1
Dio.q) (ULU(Q’ q)) = Z Ay, 12> 0.
v=0

But
<D(9,q)(u£11}(97 Q))v PI/('; 97 Q)> = )‘n,m 0<v<n+l
and
A =0, 0<v<n, App1=—[[n+ 1]](6,q)7 n 2 0.
Hence (2.6) follows. O

Definition 5. The sequence {PF,}n>0 is called Dy q)-Appell classical if

Pr[ll](.; 0,q) = P, n > 0 and {P,},>0 is orthogonal. Then ug is called a Dy -
Appell classical linear form.

Now, let {P,}n>0 be a D9,q)-Appell classical sequence and ug its canonical
linear form. Then P,[LH(.; 0,q) = P,, n > 0 and equivalently u,[ll] (0,9) = up, n >

0. Consequently relation (2.6) becomes

D(9,q)(Pnto) = —rny1Puy1uo, n >0, (2.7)
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where )
n+
Pl = [+ 1les 5 (2.8)
Yn+1
In particular, taking n = 0 in (2.7) we get
’D(gg) (UO) = —?”1P1U0. (29)

By virtue of (2.5) formula (2.7) gives for n > 0

(h_qun)(D(g’q)uO) + (D(Qc)’q) o h_q71Pn)u0 + Hq((Pn - h_an)uo)
= —Tpy1Pay1uo.
From (2.9) and (1.7) the above formula becomes
(h_yg-1 Py — hy-1 Py) (Hqug) = {rnHPn+1 — 11 Py(h_y1 Py)
+ (Dig.g) © heg-1Pa) + ¢ Hyer (P — h_an)}uo, n>0. (2.10)

Taking n =1 in (2.10), on account of (2.2)-(2.3), (2.8) and by virtue of (1.7)-
(1.8) we obtain

1 +1+6(1— 1+6 _
Hq(xuo)+§{<q Cal) + q 1)3:2

V2 N
1,146 g+146(1-9)
+((1 a6 - - (ﬂo+ﬁ1))x
+ ¢+1+6(1—9g) (Bofr —m1) — 1+05(2) -q¢7'(1 +9)}UO =0
72 mn

Consequently, we get the following result.

Proposition 6. Let {P,}n>0 be a Dy 4)-Appell classical sequence and ug
its canonical linear form. Then ug is Hg-semiclassical of class s < 1 satisfying
the functional equation

Hy(®(x)up) + ¥ (x)up =0, (2.11)
with
O(x) ==z
U(z) = 1 q+1+92(1fq) + lileqfl 2
2{( —Z 146 ’ +1+921 ) (212)
+<(1 —q B - "L (B +51))$

+7q+1+32(1_@ (Bofr — M) — 1;r—195(2) —q¢ 1+ 9)}
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3. Determination of All Symmetric D g 4-Appell Classical
Orthogonal Polynomials

3.1. A New Characterization of Y(b, q)

Lemma 7. Let {P,},>0 be a symmetric Dy 4)-Appell classical sequence.
The following formulas hold

29 _ _ o4l 1_gl—a
00 Pan) @) = { [+ 20— = ol — 1= 63 PP (@)
Tn
+ (2 Pllog — dlln+ g JoPale), n>1, (1)
g+1+0(g—1) 1+4¢

= —_—. 2

Y2 =q 110 71,9751_61 (32)
Proof. From (1.5) and the fact that {P,},>0 is symmetric we have

Ppio(z) = 2Poy1(2) — g1 Pa(x), n > 0. (3.3)

Applying the operator D4 in (3.3), using (2.4) and in accordance of the
Dg,q)-Appell classical character we obtain

[+ 21](9,9) Prs+1(2) = —q[[n + ] (p,9p2Pn(z) + (1 + 0) Potr (2)
+2q2(HgPoi1)(@) — Wt [[n]] 9.9) Pr—1(x), n = 1. (3.4)

From definition of the operator D(y ) and the recurrence relation in (1.5), for-
mula (3.4) becomes

[+ 2]] (9,9 Pt 1(2) = ql[n + 1), Pu(z) + (1 + 91—13)13%1(%)

2q Tn+1
+ 1—+qﬁ(h_qpn+1)(l‘) - " [[n])0.q) (mPn - Pn—l—l(x))a n = 1.

Consequently (3.1) is proved.
On the other hand, taking n =1 in (3.1) and on account of P;(z) = x and
Py(x) = 22 — 1, we get (3.2) after identification. O

Now, we are able to give the system satisfied by 7,41, n > 0 written in
terms of 7,41, n > 0, where 7,47 is given by (2.8).



ON THE ¢-ANALOGUE OF DUNKL OPERATOR AND... 9

Proposition 8. The sequence {rp41}n>0 fulfils the following system

Cropel = Tne1, n>2, (3.5)

ol + Aoy — 2 oy = [0+ 30y — [0+ Doy, 722 (39

81 qg+1+6(¢g—1)
— = . 3.7
] qq+1—9(q—1) ( )

Proof. Applying the dilatation h_, for (3.3) and multiplying by f—fq@, ac-
cording to (3.1), we get successively

(h-gPos2)(@) = —qa(h_gPus1)(@) = yas1(h_qPa)(@), n >0,

2q 2
T o 0haPas2)(w) = ~gr 7 6(h1 Paya)(a)
2q
_ >
Ynt17 n q@(h,an)(x), n >0,
(11n + 3]0,y — 2210+ lgog) — 1 = 0152 ) Para(a)
(2210 + i q) — alln +2i0g) )2 Pasa ()

L nllog —1- 9%)3&1(%)
[n]](e,q) —q[[n+ 1]](9,(1))3313”(33)}
] ([ + Uiy — 72210~ oy — 1~ 0152 Pa()

+('Y;Y—7—L1[[n - 1“(9#1) - q[[n]](ﬂ,q))xpn—l(l')}, n > 2.

But from (3.3) another time we obtain

+
/N
<2
3
+
—

M(z,n)Ppi1(z) = N(z,n)Py(z), n>2, (3.8)

where for n > 2
_ [[n = 1](9,q)
M(z,n) = ([[n +3ll(0,9) — L (1+q)+6(q— 1))93,

n—1
N(z,n) = (qQ[[n +1)0.q) — 'Yn+1w)l‘2
n—1lo.9)

+7n+1 ([[n + 3]](9,(1) - Hn + 1]](9,(1)) - ’Yn+2[[n + 1]](0,(1) + Tn+17n 1
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Next, according to Lemma 2, for n > 2, M(z,n) = 0, N(x,n) = 0, that is to
say

[[n — o,
Plin+ o —ma——— =0, n>2, (3.9)
[[n — 1]},
Tn+1 ([[n + 3“(9#]) - Hn + 1“(0,(1)) - ’YnJrZHn + 1“(0,11) + Yn+17n 71( 9 = 0,
n>2 (3.10)
According to (2.8) relations (3.9)-(3.10) give the desired results (3.5)-(3.6).
Also, from (2.8) and (2.2) we get
1+0 g+1—-0(qg—1)
T = s To = .
T 72
Therefore, taking into account (3.2) we obtain (3.7). O
Now we are going to solve the system (3.5)-(3.7).
By virtue of (3.5) and (2.1), (3.6) becomes
Tn—1 q+1+6(-1)"(¢—1)
_  n>2.
GO CE M
Consequently
¢ F1+0(-1)"(g—1)
= >0 3.11
e gritog-1n " 10
and (3.5), (3.7) are valid.
From (2.8) and (2.1), (3.11) gives
n +1+6(¢g—1
i1 =+ g 0" — 1) L nxo. (3.12)

g+1+6(-1)"(¢g—1) 146’

When ¢ = 1 in (3.12) we recover again that the unique sequence of or-
thogonal polynomials which is symmetric Dy-Appell classical is the generalized
Hermite one, see [11].

When ¢ € C, from (3.12) and after some calculations we obtain

Yo = Q+1ii‘79é¢21—1) 11_19 (1 _ q2n)q2n—1’ n>1,

(3.13)

_ gtl-0(g—=1) 1 _ g+1+0(g=1)  2n+1 2n
Y2n+1 = T2 1410 1 gr1i-0(g—1) 4 g, n >0,
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with the regularity conditions

1 1 1= 2n+1
(I a n > 0. (3.14)

0#0, 0#=£

Corollary 9. The unique symmetric Dy 4 -Appell classical linear form,
up to affine transformations, is the regular linear form ) (b, ¢?) related to the

Wall one (b £0, bAqg 2, n> o).

Proof. Let {P,},>0 be a symmetric Dg,q)-Appell classical sequence and ug
its canonical linear form. By virtue of (3.13),(3.2) and (2.11)-(2.12) we get

Bn=0, n>0,
14+60(q—1 —
ton = I T (- n>

1
_ g+1-0(g=1) m q+1+0(g—1)
Yol = =g Teg \I T graD 4

Hq(@(l‘)UQ) + \IJ(JJ)UQ = O,

-1
D)=, U(x) = PG 1a2 1},

We have ¢(hq¥)(0) + (H,®)(0) = ng]—l) # 0. According to (1.11) and

(3.15), this allows us to conclude that g is a symmetric H,-semiclassical linear
form of class one since (3.14).

On the other hand, with the choice a = |/ LGN iy (1.9)-(1.10),

and putting b := q %ﬁ:g we are led to the following canonical case
( Bn=0, n>0,
Yon = b(1 = (¢*)")(¢*)", n>1,
Font1 = (1= b(g*)")(¢*)" !, n >0, (3.16)

Hy(®(x)uo) + U (z)ig = 0,

B(x) =z, V()= —b"(qg— 1)_1{(1_2:1:2 tho 1}.

Thus (see (1.3))

’I/I():y(b’q2)7 b#ov b#q_%, n > 0. O
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Remark 10. It is casy to conclude that the linear form Y(b,q) is H ;-
q

semiclassical of class one for b # 0, b # ¢~

equation

, n > 0 satisfying the ¢-Pearson

H 4 @Y (b,0)) = b7 (g% =) {g 72 + b~ 1}V(b.q) = 0. (3.17)
The linear form Y(b, q) is positive definite when
0<g<l,0<b<l; g>1, b<O.

Remark 11. The (MOPS) {F,(z|q) }n>0 cited in [13] is in fact orthogonal
by respect to i, _1)%y(q‘“—1, ¢ ) witha# -n—1, n>0.
—q

Remark 12. The (MOPS) {H,,(z;q)}n>0 obtained after normalization of
{H,(x;q)}n>0 in [3] is associated to the regular linear form

foru;é—n—%, n > 0.

Let now W(b,q), b # 0,b # ¢~" n > 0 be the Wall H-classical linear form.
We have (see [15]):

Hy(aW(b,q)) — b~ (q - 1)*1{q*1x - 1}W(b, g) = 0. (3.18)

In the following proposition we are going to establish the relationship between
Y(b,q) and W(b, q).

Proposition 13. We have

Proof. Applying the operator o to the both sides of (3.17) and in accordance
of (1.6)-(1.7) we get

H, (m(ay(b, q))) b g - 1)*1{(1:(; +b— 1} (6V(b,q)) =0.  (3.20)

Moreover, the linear form )(b,q) is symmetric and regular then o)(b,q) is
regular, see [5, 19]. Taking into account (3.20) the linear form o)(b,q) is Hy-
classical. Lastly, the comparison with (3.18) yields the desired result (3.19). O
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3.2. Moments and Integral Representation of Y (b, q)

Let us first recall the following standard notations, see [9]

n
(a;q)o := 1; =] -ag"), n>1
k=1
+o0
(a; @)oo = [ J(1 = ag"), lal < 1.
k=1

13

(3.21)

(3.22)

We now give a general result on moments and integral representation needed

to the sequel.

Lemma 14. Let v be a positive definite linear form with Supp C Ry and

u a symmetric regular linear form such that
ou = v.
(i) The moments of u are
(W2n = (V)n ) (Want1 =0, n = 0.

(ii) If v possesses the integral representation

+00 +oo
<v,f>:/0 V(a:)f(a:)da:,feP,/O V(z)ds =1,

then a possible integral representation of u is

+o0
(u, f) = / 2|V () f(@)da, f e P.

—0o0

(iii) If v possesses the discrete representation

+oo +00
vzz:pk% ; Zpkzl,
k=0 k=0

then a possible discrete measure of u is

2 0 O s
u:Zpk i 5 LAy

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Proof. The result in (i) is a consequence of (3.23) and the definition of the
operator o.

For (ii)-(iii) consider f € P and let us split up the polynomial f according
to its even and odd parts

fl@) = fo(a®) + afo(a?). (3.29)

Therefore
(u, f(2)) = (u, f(2)) = (ou, [*(2)) = (v, [*(z)) (3.30)

since u is symmetric and (3.23). Also from (3.29) we get

fe(l‘) — f(\/E) +2f(_\/5) = RJr- (331)

In view of (3.25) and (3.27) and by the fact of (3.30)-(3.31) we recover repre-
sentations in (3.26) and (3.28) after an easy calculation. O

Finally, the above result allows us to give moments and integral representa-
tion related to the linear form )(b, q) since the relationship (3.19) and the well
known components of the Wall Hj-classical linear form; see pp. 91-92 in [15].

Corollary 15. For )(b,q) the following g-identities hold

(y(ba Q))Qn - qn(b; Q)n ) (y(b7 Q))2n+1 =0 , N > 0. (332)

1
(V(b,q), f) = K/ |27 @? @)oo f(x)dz , FEP,0<q<1,0<b< 1,
-1
(3.33)
1
with b:=¢",7 >0 and K~ ! = / t7 Yt @)oot
0

400 bk 5@4-(5 14k
q2

V(b,q) = (h:9)00 L2 0<g<l, [bl<1, (334

e CEOLE 2
+00  Lpkt1), pkO 14k + 0 14k
1 q 2 (=0)" "2 —q 2
Y(b,q) = , > 1, 3.35
.9 (bg~ g oo &= (@715 Mk 2 (339)

forb<0or0<b<l.
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