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1. Introduction and Preliminaries

The concept of O-semiclassical orthogonal polynomials was extensively studied
by P. Maroni and coworkers for O = D the derivative operator, O = Dω or Hq

the Hahn’s operators through the following distributional equation satisfied by
the regular linear form associated with a such sequence:

O(Φ(x)u) + Ψ(x)u = 0 , (1.1)

where Φ is a monic polynomial and Ψ a polynomial with deg Ψ ≥ 1, see [1,
2, 15, 16, 17, 19]. For O ∈

{
D,Dω,Hq

}
, O-semiclassical of class zero are
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usually called O-classical and they are completely discribed in [1, 15, 19]. In
particular, their corresponding O-Appell classical are well known. For other
relevant researches in the subject from other point of view with perhaps other
operators see [4, 14, 20].

In [6, 7], T.S. Chihara solved the following problem: Find all Brenke type
polynomials which are also orthogonal. By solving a difference equation he
found all (OPS) in this class. They are:

(a) The Laguerre (MOPS) (D-classical, see [19]).

(b) The generalized Hermite (MOPS) (symmetric D-semiclassical of class
one, see [2]).

(c) The Al-Salam and Carlitz (MOPS) (Hq-Appell classical, see [15]).

(d) The generalized Stieltjes-Wigert (MOPS) (Hq-classical, see [15]).

(e) A symmetric (MOPS) related to the Stieltjes-Wigert (MOPS)’s.

(f) The Wall {Wn(.; b, q)}n≥0 (MOPS)(Hq-classical, see [15]).

(g) A non-symmetric (MOPS) related to the Wall.

(h) A symmetric (MOPS) {Yn(.; b, q)}n≥0 related to the Wall (MOPS):

Y2n(x; b, q) = Wn(x2; b, q) , Y2n+1(x; b, q) = xWn(x2; bq, q) , n ≥ 0 (1.2)

having the recurrence formula (see [5])





Y0(x; b, q) = 1 , Y1(x; b, q) = x,

Yn+2(x; b, q) = xYn+1(x; b, q) − γ̃n+1Yn(x; b, q), n ≥ 0,

γ̃2n = b(1 − qn)qn, n ≥ 1 ; γ̃2n+1 = (1 − bqn)qn+1, n ≥ 0,

b 6= 0, b 6= q−n, n ≥ 0.

(1.3)

So the aim of our contribution is to give another characterization of the (MOPS)
{Yn(.; b, q)}n≥0 and it is associated regular linear form Y(b, q) based on the
D(θ,q)-Appell classical character, where D(θ,q) := Hq + θH−q is the q-analogue
of Dunkl operator, see [8]. This first section contains preliminary results and
notations used in the sequel. The second section is devoted to the study of the
connection between the D(θ,q)-Appell classical and the Hq-semiclassical char-
acters. In the third section we determine all symmetric D(θ,q)-Appell classical
linear forms; there is a unique solution, up to affine transformations, it is the
regular linear form Y(b, q2). Also the relationship between Y(b, q) and the
Hq-classical Wall one is highlited. Consequently, moments and integral repre-
sentation of Y(b, q) are obtained.

Let P be the vector space of polynomials with coefficients in C and let P ′

be its topological dual. We denote by 〈u, f〉 the effect of u ∈ P ′ on f ∈ P. In
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particular, we denote by (u)n := 〈u, xn〉 , n ≥ 0 the moments of u. Moreover,
a linear form u is called symmetric if (u)2n+1 = 0, n ≥ 0.

Let us introduce some useful operations in P ′. For any linear form u, any
polynomial g and any (a, c) ∈ C−{0}×C, we let Hqu, gu, hau, (x− c)−1u and
δc, be the linear forms defined by duality

〈Hqu, f〉 := −〈u,Hqf〉 , 〈gu, f〉 := 〈u, gf〉 , 〈hau, f〉 := 〈u, haf〉, f ∈ P,

〈(x − c)−1u, f〉 := 〈u, θcf〉 , 〈δc, f〉 := f(c) , f ∈ P,

where (Hqf)(x) = f(qx)−f(x)
(q−1)x [12], (haf)(x) = f(ax) and (θcf)(x) = f(x)−f(c)

x−c

[17, 19]. It is easy to see that, see [15]

Hq(fu) = (hq−1f)Hqu + q−1(Hq−1f)u, f ∈ P, u ∈ P ′. (1.4)

Let {Pn}n≥0 be a sequence of monic polynomials with deg Pn = n , n ≥ 0
(polynomial sequence: PS) and let {un}n≥0 be its dual sequence, un ∈ P ′

defined by 〈un, Pm〉 := δn,m , n,m ≥ 0.

Lemma 1. (see [19]) For any u ∈ P ′ and any integer m ≥ 1, the following
statements are equivalent:

i) 〈u, Pm−1〉 6= 0 , 〈u, Pn〉 = 0 , n ≥ m ,

ii) ∃λν ∈ C , 0 ≤ ν ≤ m − 1 , λm−1 6= 0 such that

u =

m−1∑

ν=0

λνuν .

The linear form u is called regular if we can associate with it a sequence of
polynomials {Pn}n≥0 such that 〈u, PmPn〉 = rnδn,m , n,m ≥ 0 ; rn 6= 0 , n ≥ 0.
The sequence {Pn}n≥0 is then said orthogonal with respect to u. Necessarily,
u = λu0 , λ 6= 0 and {Pn}n≥0 is an (OPS) such that any polynomial can be
supposed monic (MOPS). In this case, we have un = r−1

n Pnu0, n ≥ 0 and
conversely. Also, the (MOPS){Pn}n≥0 fulfils the recurrence relation

{
P0(x) = 1 , P1(x) = x − β0 ,
Pn+2(x) = (x − βn+1)Pn+1(x) − γn+1Pn(x) , γn+1 6= 0 , n ≥ 0.

(1.5)

When u is regular, let φ be a polynomial such that φu = 0. Then φ = 0.
Also, when u is regular, u is symmetric if and only if βn = 0, n ≥ 0.

Finally, we introduce an operator σ : P −→ P defined by (σf)(x) := f(x2)
for all f ∈ P. Consequently, we define σu by duality (see [18])

〈σu, f〉 = 〈u, σf〉 , f ∈ P , u ∈ P ′.
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We have the well known formula, see [18]

f(x)σu = σ(f(x2)u), (1.6)

and it is easy to prove

σ(Hqu) = (q + 1)Hq2(σ(xu)). (1.7)

A linear form u is called Hq-semiclassical when it is regular and there exist
two polynomials Φ and Ψ, Φ monic, deg Φ = t ≥ 0, deg Ψ = p ≥ 1 such that

Hq(Φu) + Ψu = 0 . (1.8)

The corresponding orthogonal sequence {Pn}n≥0 is called Hq-semiclassical, see
[10, 15, 16]. The Hq-semiclassical character is kept by shifting. In fact, let

{P̃n := a−n(haPn)}n≥0, a 6= 0; when u0 satisfies (1.8), then ũ0 = ha−1u0 fulfils
the equation

Hq

(
a−tΦ(ax)ũ0

)
+ a1−tΨ(ax)ũ0 = 0 (1.9)

and the recurrence elements β̃n, γ̃n+1, n ≥ 0 of the sequence {P̃n}n≥0 are

β̃n =
βn

a
, γ̃n+1 =

γn+1

a2
, n ≥ 0. (1.10)

Also, the Hq-semiclassical linear form u0 is said to be of class s = max(p−1, t−
2) ≥ 0 if and only if (see [16])

∏

c∈ZΦ

{∣∣∣q(hqΨ)(c) + (HqΦ)(c)
∣∣∣ +

∣∣∣〈u0, q(θcqΨ) + (θcq ◦ θcΦ)〉
∣∣∣
}

> 0, (1.11)

where ZΦ is the set of zeroes of Φ. In particular, when s = 0, the linear form
u0 is usually called Hq-classical (Al-Salam Carlitz, Big q-Laguerre, q-Meixner,
Wall, etc., see [15]).

Lastly, let us recall the following result useful for our work (see [2])

Lemma 2. Let {Pn}n≥0 be a (MOPS) and M(x, n), N(x, n) two polyno-
mials such that

M(x, n)Pn+1(x) = N(x, n)Pn(x), n ≥ 0.

Then, for any index n for which deg N(x, n) ≤ n, we have

N(x, n) = 0 and M(x, n) = 0.
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2. Connection between D(θ,q)-Appell Classical and Hq-Semiclassical
Characters

Let us introduce the q-Dunkl operator in P by

D(θ,q) = Hq + θH−q , θ 6= 0 , q ∈ C̃

where C̃ :=
{
q ∈ C, q 6= 0, qn 6= 1, n ≥ 1

}
and Hq is the q-derivative operator.

It is obvious that D(θ,q) tends to D(θ,1) = D + θH−1 := Dθ the Dunkl operator

when q tends to 1. We have DT
(θ,q) = −Hq − θH−q [15], where DT

(θ,q) denotes

the transposed of D(θ,q). We can define D(θ,q) from P ′ to P ′ by D(θ,q) = −DT
(θ,q)

so that
〈D(θ,q)u, f〉 = −〈u,D(θ,q)f〉 , u ∈ P ′ , f ∈ P.

In particular this yields

(D(θ,q)u)n = −[[n]](θ,q)(u)n−1 , n ≥ 0,

where (u)−1 := 0 and

[[n]](θ,q) = [n]q + θ[n]−q , n ≥ 0 , (2.1)

with

[n]p :=
pn − 1

p − 1
, n ≥ 0. (2.2)

Lemma 3. For any f, g ∈ P, u ∈ P ′ and a ∈ C − {0} we have

D(θ,q) ◦ ha = aha ◦ D(θ,q) in P ; D(θ,q) ◦ ha = a−1ha ◦ D(θ,q) in P ′, (2.3)

D(θ,q)(fg) = (h−qf)(D(θ,q)g) + g(D(θ,q)f) + (hqf − h−qf)(Hqg), (2.4)

D(θ,q)((h−qf)u) = f(D(θ,q)u) + (D(θ,q)f)u + Hq((h−qf − hqf)u). (2.5)

Proof. It is easy to establish (2.3)-(2.4) from the following well known re-
sults (see [15])

Hp ◦ ha = aha ◦ Hp in P,

Hp ◦ ha = a−1ha ◦ Hp in P ′

and (1.4). For (2.5) we have ∀P ∈ P
〈D(θ,q)((h−qf)u), P 〉 = −〈u, (h−qf)(D(θ,q)P )〉

= −〈u,D(θ,q)(fP ) − P (D(θ,q)f)− (hqf − h−qf)(HqP )〉
(by (2.4))

= 〈f(D(θ,q)u) + (D(θ,q)f)u + Hq((h−qf − hqf)u), P 〉.
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Now consider a (PS) {Pn}n≥0 as above and let

P [1]
n (x; θ, q) =

1

[[n + 1]](θ,q)
(D(θ,q)Pn+1)(x), n ≥ 0

with θ 6= q+1
q−1 , θ 6= q+1

q−1
1−q2n+1

1+q2n+1 , n ≥ 0.

Denoting by {u[1]
n (θ, q)}n≥0 the dual sequence of {P [1]

n (.; θ, q)}n≥0, we have
the following result.

Lemma 4. The following equalities hold

D(θ,q)(u
[1]
n (θ, q)) = −[[n + 1]](θ,q)un+1 , n ≥ 0. (2.6)

Proof. Indeed, from the definition:

〈u[1]
n (θ, q), P [1]

m (.; θ, q)〉 = δn,m, n,m ≥ 0,

we have −〈D(θ,q)(u
[1]
n (θ, q)), Pm+1(.; θ, q)〉 = [[m + 1]](θ,q)δn,m, therefore

{
〈D(θ,q)(u

[1]
n (θ, q)), Pn+1(.; θ, q)〉 = −[[n + 1]](θ,q), n ≥ 0,

〈D(θ,q)(u
[1]
n (θ, q)), Pm(.; θ, q)〉 = 0, m ≥ n + 2, n ≥ 0.

By virtue of Lemma 1, we get

D(θ,q)(u
[1]
n (θ, q)) =

n+1∑

ν=0

λn,νuν , n ≥ 0.

But
〈D(θ,q)(u

[1]
n (θ, q)), Pν(.; θ, q)〉 = λn,ν, 0 ≤ ν ≤ n + 1

and
λn,ν = 0, 0 ≤ ν ≤ n, λn,n+1 = −[[n + 1]](θ,q), n ≥ 0.

Hence (2.6) follows.

Definition 5. The sequence {Pn}n≥0 is called D(θ,q)-Appell classical if

P
[1]
n (.; θ, q) = Pn, n ≥ 0 and {Pn}n≥0 is orthogonal. Then u0 is called a D(θ,q)-

Appell classical linear form.

Now, let {Pn}n≥0 be a D(θ,q)-Appell classical sequence and u0 its canonical

linear form. Then P
[1]
n (.; θ, q) = Pn, n ≥ 0 and equivalently u

[1]
n (θ, q) = un, n ≥

0. Consequently relation (2.6) becomes

D(θ,q)(Pnu0) = −rn+1Pn+1u0, n ≥ 0, (2.7)
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where

rn+1 =
[[n + 1]](θ,q)

γn+1
, n ≥ 0. (2.8)

In particular, taking n = 0 in (2.7) we get

D(θ,q)(u0) = −r1P1u0. (2.9)

By virtue of (2.5) formula (2.7) gives for n ≥ 0

(h−q−1Pn)(D(θ,q)u0) + (D(θ,q) ◦ h−q−1Pn)u0 + Hq

(
(Pn − h−1Pn)u0

)

= −rn+1Pn+1u0.

From (2.9) and (1.7) the above formula becomes

(h−q−1Pn − hq−1Pn)(Hqu0) =
{

rn+1Pn+1 − r1P1(h−q−1Pn)

+ (D(θ,q) ◦ h−q−1Pn) + q−1Hq−1

(
Pn − h−1Pn

)}
u0, n ≥ 0 . (2.10)

Taking n = 1 in (2.10), on account of (2.2)-(2.3), (2.8) and by virtue of (1.7)-
(1.8) we obtain

Hq(xu0) +
1

2

{(q + 1 + θ(1 − q)

γ2
+

1 + θ

γ1
q−1

)
x2

+
(
(1 − q−1)β0

1 + θ

γ1
− q + 1 + θ(1 − q)

γ2
(β0 + β1)

)
x

+
q + 1 + θ(1 − q)

γ2
(β0β1 − γ1) −

1 + θ

γ1
β2

0 − q−1(1 + θ)
}
u0 = 0.

Consequently, we get the following result.

Proposition 6. Let {Pn}n≥0 be a D(θ,q)-Appell classical sequence and u0

its canonical linear form. Then u0 is Hq-semiclassical of class s ≤ 1 satisfying
the functional equation

Hq(Φ(x)u0) + Ψ(x)u0 = 0 , (2.11)

with



Φ(x) = x

Ψ(x) = 1
2

{(
q+1+θ(1−q)

γ2
+ 1+θ

γ1
q−1

)
x2

+
(
(1 − q−1)β0

1+θ
γ1

− q+1+θ(1−q)
γ2

(β0 + β1)
)
x

+ q+1+θ(1−q)
γ2

(β0β1 − γ1) − 1+θ
γ1

β2
0 − q−1(1 + θ)

}
.

(2.12)
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3. Determination of All Symmetric D(θ,q)-Appell Classical
Orthogonal Polynomials

3.1. A New Characterization of Y(b, q)

Lemma 7. Let {Pn}n≥0 be a symmetric D(θ,q)-Appell classical sequence.
The following formulas hold

2q

1 + q
θ(h−qPn+1)(x) =

{
[[n + 2]](θ,q) −

γn+1

γn
[[n]](θ,q) − 1 − θ

1 − q

1 + q

}
Pn+1(x)

+
(γn+1

γn
[[n]](θ,q) − q[[n + 1]](θ,q)

)
xPn(x), n ≥ 1, (3.1)

γ2 = q
q + 1 + θ(q − 1)

1 + θ
γ1, θ 6= 1 + q

1 − q
. (3.2)

Proof. From (1.5) and the fact that {Pn}n≥0 is symmetric we have

Pn+2(x) = xPn+1(x) − γn+1Pn(x), n ≥ 0. (3.3)

Applying the operator D(θ,q) in (3.3), using (2.4) and in accordance of the
D(θ,q)-Appell classical character we obtain

[[n + 2]](θ,q)Pn+1(x) = −q[[n + 1]](θ,q)xPn(x) + (1 + θ)Pn+1(x)

+ 2qx(HqPn+1)(x) − γn+1[[n]](θ,q)Pn−1(x), n ≥ 1. (3.4)

From definition of the operator D(θ,q) and the recurrence relation in (1.5), for-
mula (3.4) becomes

[[n + 2]](θ,q)Pn+1(x) = q[[n + 1]](θ,q)xPn(x) +
(
1 + θ

1 − q

1 + q

)
Pn+1(x)

+
2q

1 + q
θ(h−qPn+1)(x) − γn+1

γn
[[n]](θ,q)

(
xPn − Pn+1(x)

)
, n ≥ 1.

Consequently (3.1) is proved.

On the other hand, taking n = 1 in (3.1) and on account of P1(x) = x and
P2(x) = x2 − γ1, we get (3.2) after identification.

Now, we are able to give the system satisfied by γn+1, n ≥ 0 written in
terms of rn+1, n ≥ 0, where rn+1 is given by (2.8).
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Proposition 8. The sequence {rn+1}n≥0 fulfils the following system

q2rn+1 = rn−1, n ≥ 2, (3.5)

rn+1

rn+2
[[n + 2]](θ,q) −

rn−1

rn
[[n]](θ,q) = [[n + 3]](θ,q) − [[n + 1]](θ,q), n ≥ 2, (3.6)

r1

r2
= q

q + 1 + θ(q − 1)

q + 1 − θ(q − 1)
. (3.7)

Proof. Applying the dilatation h−q for (3.3) and multiplying by 2q
1+q

θ, ac-
cording to (3.1), we get successively

(h−qPn+2)(x) = −qx(h−qPn+1)(x) − γn+1(h−qPn)(x), n ≥ 0,

2q

1 + q
θ(h−qPn+2)(x) = −qx

2q

1 + q
θ(h−1Pn+1)(x)

− γn+1
2q

1 + q
θ(h−1Pn)(x), n ≥ 0,

(
[[n + 3]](θ,q) − γn+2

γn+1
[[n + 1]](θ,q) − 1 − θ 1−q

1+q

)
Pn+2(x)

+
(

γn+2

γn+1
[[n + 1]](θ,q) − q[[n + 2]](θ,q)

)
xPn+1(x)

= −qx
{(

[[n + 2]](θ,q) − γn+1

γn
[[n]](θ,q) − 1 − θ 1−q

1+q

)
Pn+1(x)

+
(

γn+1

γn
[[n]](θ,q) − q[[n + 1]](θ,q)

)
xPn(x)

}

−γn+1

{(
[[n + 1]](θ,q) − γn

γn−1
[[n − 1]](θ,q) − 1 − θ 1−q

1+q

)
Pn(x)

+
(

γn

γn−1
[[n − 1]](θ,q) − q[[n]](θ,q)

)
xPn−1(x)

}
, n ≥ 2.

But from (3.3) another time we obtain

M(x, n)Pn+1(x) = N(x, n)Pn(x), n ≥ 2 , (3.8)

where for n ≥ 2

M(x, n) =
(
[[n + 3]](θ,q) − γn+1

[[n − 1]](θ,q)

γn−1
− (1 + q) + θ(q − 1)

)
x,

N(x, n) =
(
q2[[n + 1]](θ,q) − γn+1

[[n−1]](θ,q)

γn−1

)
x2

+γn+1

(
[[n + 3]](θ,q) − [[n + 1]](θ,q)

)
− γn+2[[n + 1]](θ,q) + γn+1γn

[[n−1]](θ,q)

γn−1
.
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Next, according to Lemma 2, for n ≥ 2, M(x, n) = 0, N(x, n) = 0, that is to
say

q2[[n + 1]](θ,q) − γn+1

[[n − 1]](θ,q)

γn−1
= 0, n ≥ 2 , (3.9)

γn+1

(
[[n+3]](θ,q) − [[n+1]](θ,q)

)
− γn+2[[n+1]](θ,q) + γn+1γn

[[n − 1]](θ,q)

γn−1
= 0,

n ≥ 2. (3.10)

According to (2.8) relations (3.9)-(3.10) give the desired results (3.5)-(3.6).
Also, from (2.8) and (2.2) we get

r1 =
1 + θ

γ1
, r2 =

q + 1 − θ(q − 1)

γ2
.

Therefore, taking into account (3.2) we obtain (3.7).

Now we are going to solve the system (3.5)-(3.7).
By virtue of (3.5) and (2.1), (3.6) becomes

rn−1

rn
= q

q + 1 + θ(−1)n(q − 1)

q + 1 − θ(−1)n(q − 1)
, n ≥ 2.

Consequently

rn+1 = q−n q + 1 + θ(−1)n(q − 1)

q + 1 + θ(q − 1)
r1, n ≥ 0 (3.11)

and (3.5), (3.7) are valid.
From (2.8) and (2.1), (3.11) gives

γn+1 = [[n + 1]](θ,q) qn q + 1 + θ(q − 1)

q + 1 + θ(−1)n(q − 1)

γ1

1 + θ
, n ≥ 0. (3.12)

When q = 1 in (3.12) we recover again that the unique sequence of or-
thogonal polynomials which is symmetric Dθ-Appell classical is the generalized
Hermite one, see [11].

When q ∈ C̃, from (3.12) and after some calculations we obtain





γ2n = q+1+θ(q−1)
1−q2

γ1

1+θ
(1 − q2n)q2n−1, n ≥ 1,

(3.13)

γ2n+1 = q+1−θ(q−1)
1−q2

γ1

1+θ

(
1 − q+1+θ(q−1)

q+1−θ(q−1) q2n+1
)

q2n, n ≥ 0,
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with the regularity conditions

θ 6= 0 , θ 6= ±q + 1

q − 1
, θ 6= q + 1

q − 1

1 − q2n+1

1 + q2n+1
, n ≥ 0. (3.14)

Corollary 9. The unique symmetric D(θ,q)-Appell classical linear form,
up to affine transformations, is the regular linear form Y(b, q2) related to the

Wall one
(
b 6= 0, b 6= q−2n, n ≥ 0

)
.

Proof. Let {Pn}n≥0 be a symmetric D(θ,q)-Appell classical sequence and u0

its canonical linear form. By virtue of (3.13),(3.2) and (2.11)-(2.12) we get





βn = 0, n ≥ 0,

γ2n = q+1+θ(q−1)
1−q2

γ1

1+θ
(1 − q2n)q2n−1, n ≥ 1,

γ2n+1 = q+1−θ(q−1)
1−q2

γ1

1+θ

(
1 − q+1+θ(q−1)

q+1−θ(q−1) q2n+1
)

q2n, n ≥ 0,

(3.15)
Hq(Φ(x)u0) + Ψ(x)u0 = 0,

Φ(x) = x , Ψ(x) = (1+θ)(1+q−1)
q+1+θ(q−1)

{
1
γ1

x2 − 1
}

.

We have q(hqΨ)(0) + (HqΦ)(0) = −2θ
q+1+θ(q−1) 6= 0. According to (1.11) and

(3.15), this allows us to conclude that u0 is a symmetric Hq-semiclassical linear
form of class one since (3.14).

On the other hand, with the choice a =
√

(q+1−θ(q−1))q−2γ1

(1−q2)(1+θ)
, in (1.9)-(1.10),

and putting b := q
q+1+θ(q−1)
q+1−θ(q−1) we are led to the following canonical case





β̃n = 0, n ≥ 0,

γ̃2n = b(1 − (q2)n)(q2)n, n ≥ 1,

γ̃2n+1 = (1 − b(q2)n)(q2)n+1, n ≥ 0,

Hq(Φ̃(x)ũ0) + Ψ̃(x)ũ0 = 0,

Φ̃(x) = x , Ψ̃(x) = −b−1(q − 1)−1
{

q−2x2 + b − 1
}

.

(3.16)

Thus (see (1.3))

ũ0 = Y(b, q2), b 6= 0, b 6= q−2n, n ≥ 0. �
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Remark 10. It is easy to conclude that the linear form Y(b, q) is H
q

1
2
-

semiclassical of class one for b 6= 0, b 6= q−n, n ≥ 0 satisfying the q-Pearson
equation

H
q

1
2
(xY(b, q)) − b−1(q

1
2 − 1)−1

{
q−1x2 + b − 1

}
Y(b, q) = 0. (3.17)

The linear form Y(b, q) is positive definite when

0 < q < 1 , 0 < b < 1 ; q > 1 , b < 0.

Remark 11. The (MOPS) {Fn(x|q)}n≥0 cited in [13] is in fact orthogonal
by respect to h

(1−q−1)
1
2
Y(q−α−1, q−1) with α 6= −n − 1, n ≥ 0.

Remark 12. The (MOPS) {H̃n(x; q)}n≥0 obtained after normalization of
{Hn(x; q)}n≥0 in [3] is associated to the regular linear form

h
−iq

−

1
2
Y(q−µ− 1

2 , q−1)

for µ 6= −n − 1
2 , n ≥ 0.

Let now W(b, q), b 6= 0, b 6= q−n n ≥ 0 be the Wall Hq-classical linear form.
We have (see [15]):

Hq(xW(b, q)) − b−1(q − 1)−1
{

q−1x + b − 1
}
W(b, q) = 0. (3.18)

In the following proposition we are going to establish the relationship between
Y(b, q) and W(b, q).

Proposition 13. We have

σY(b, q) = W(b, q). (3.19)

Proof. Applying the operator σ to the both sides of (3.17) and in accordance
of (1.6)-(1.7) we get

Hq

(
x
(
σY(b, q)

))
− b−1(q − 1)−1

{
q−1x + b − 1

}(
σY(b, q)

)
= 0. (3.20)

Moreover, the linear form Y(b, q) is symmetric and regular then σY(b, q) is
regular, see [5, 19]. Taking into account (3.20) the linear form σY(b, q) is Hq-
classical. Lastly, the comparison with (3.18) yields the desired result (3.19).
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3.2. Moments and Integral Representation of Y(b, q)

Let us first recall the following standard notations, see [9]

(a; q)0 := 1 ; (a; q)n :=
n∏

k=1

(1 − aqk−1) , n ≥ 1 (3.21)

(a; q)∞ :=
+∞∏

k=1

(1 − aqk) , |q| < 1. (3.22)

We now give a general result on moments and integral representation needed
to the sequel.

Lemma 14. Let v be a positive definite linear form with Supp ⊂ R+ and
u a symmetric regular linear form such that

σu = v. (3.23)

(i) The moments of u are

(u)2n = (v)n , (u)2n+1 = 0 , n ≥ 0. (3.24)

(ii) If v possesses the integral representation

〈v, f〉 =

∫ +∞

0
V (x)f(x)dx , f ∈ P ,

∫ +∞

0
V (x)dx = 1 , (3.25)

then a possible integral representation of u is

〈u, f〉 =

∫ +∞

−∞
|x|V (x2)f(x)dx , f ∈ P. (3.26)

(iii) If v possesses the discrete representation

v =

+∞∑

k=0

ρkδτk
,

+∞∑

k=0

ρk = 1 , (3.27)

then a possible discrete measure of u is

u =
+∞∑

k=0

ρk

δ
(τk)

1
2

+ δ
−(τk)

1
2

2
. (3.28)
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Proof. The result in (i) is a consequence of (3.23) and the definition of the
operator σ.

For (ii)-(iii) consider f ∈ P and let us split up the polynomial f according
to its even and odd parts

f(x) = f e(x2) + xf o(x2). (3.29)

Therefore

〈u, f(x)〉 = 〈u, f e(x2)〉 = 〈σu, f e(x)〉 = 〈v, f e(x)〉 (3.30)

since u is symmetric and (3.23). Also from (3.29) we get

f e(x) =
f(
√

x) + f(−√
x)

2
, x ∈ R+. (3.31)

In view of (3.25) and (3.27) and by the fact of (3.30)-(3.31) we recover repre-
sentations in (3.26) and (3.28) after an easy calculation.

Finally, the above result allows us to give moments and integral representa-
tion related to the linear form Y(b, q) since the relationship (3.19) and the well
known components of the Wall Hq-classical linear form; see pp. 91-92 in [15].

Corollary 15. For Y(b, q) the following q-identities hold

(Y(b, q))2n = qn(b; q)n , (Y(b, q))2n+1 = 0 , n ≥ 0. (3.32)

〈Y(b, q), f〉 = K

∫ 1

−1
|x|2τ−1(x2; q)∞f(x)dx , f ∈ P , 0 < q < 1, 0 < b < 1,

(3.33)

with b := qτ , τ > 0 and K−1 =

∫ 1

0
tτ−1(t; q)∞dt.

Y(b, q) = (b; q)∞

+∞∑

k=0

bk

(q; q)k

δ
q

1+k
2

+ δ
−q

1+k
2

2
, 0 < q < 1, |b| < 1, (3.34)

Y(b, q) =
1

(bq−1; q−1)∞

+∞∑

k=0

q−
1
2
k(k+1)(−b)k

(q−1; q−1)k

δ
q

1+k
2

+ δ
−q

1+k
2

2
, q > 1, (3.35)

for b < 0 or 0 < b < 1.
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