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1. Introduction

Several authors have studied second order partial differential equations of var-
ious types and their iterates [1-4]. In [1], radial type solutions for a class of
singular equations are obtained. The essential operators there were second or-
der elliptic or ultra-hyperbolic. In [2], Altin obtained a solution for the iterates
of a class of partial differential equations.

In [4], the class of equations

"/ r\P 0%u ou
' ;<l’z> [x’9933+am o (1)

are considered with 77 = 2 +- - -+ 2z, and some expansion formulas and Kelvin
principle are obtained for these equations and their iterates.
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In this study, using a similar method given in [1], [2] we will obtain solutions
of type ™ for the equations of the form

v
1L u=f. L¥)u=0, (1.2)
=1 }
where v, q1,...,q, are positive integers and
n P 3 P 2
r 1 0 r 1 0
L= %) 77ar *\&) 72om
—\zi) af Ox; ri) ot o0x;
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2(p—1) [ — o) — - 1.3
w200 (5) ] g+ (19
The domain of the operator L; is the set of all real-valued functions u(z1, ..., xy)

of class C3(D) where D is a regularity domain of u in R". The iterated opera-
tors L;I-j are defined by the relations

LM (u) = L [Lé?(u)} sk=1,...,¢; - 1.

In (1.3) fyg and \; (i=1,...,n,5 =1,...,v) are real parameters, p(> 0) is
a real constant and r is defined by

n
rp:fo:mIf—i—....—l—xﬁ. (1.4)
i=1

2. Solutions of Type r™

In this section, we will find solution of type ", which means solution depends
upon "™, where m is any real or complex parameter, for equation (1.2).
Now, we first establish the following lemma.

Lemma 2.1. Let v and q1,...,q, be arbitrary positive integers and m be
a real or complex parameter. Then

v v Qj—l

15y 0 =TT o=@ =@l =pi 0 e

j=1 7j=1 k=0
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where Q(j) = q1 + -+ ¢, 1 < j <v and ®;(m) is a thirth degree polynomial
given by
®; (m) =m> + (=3p + 2np — 3n)m?* + (2p* — 2np® + 3np + yi)m+ Ay (2.2)
n .
with v = > ;.
=1

K2
Proof. From the definitions of L; and r, for any real or complex parameter
m, by direct calculation, it is easily seen that

Lij(r™) = ®j(m)r™™?. (2.3)

Applying the operator L; repeatedly ¢ — 1 times on both sides of (2.3), we then
obtain

q—1
Li(r™) = {H d;(m — kp)} P (2.4)
k=0
Replace ¢ in (2.4) by g¢;, then we have
g;—1
1P (rm) = § IT ®im - kp>} P, (2:5)
k=0

Now we will show the truth of (2.1) by induction on p. Hence for j = 1,
(2.5) can be written as

q1—1
L{(r™) = { H Q;(m — kp)} rmTPa (2.6)
k=0
considering the relation Q(j) = q1 +--- 4+ ¢;j,1 < j < v, we can write (2.6) as
1 1 g—1
15y o) = TTIT b= plQ ) - Q)i 290
j=1 j=1 k=0

Therefore, (2.1) is true for v = 1. Now assume that (2.1) is valid for v — 1, that
is,

v—1
j];[leJ / (r™)
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v—1q;—1

=T II @i m—plQ @ —1)— Q)] —pk]r™P2¥=D_ (2.7)

j=1 k=0

We set 7 = v in (2.5), we have
gv—1
L% (r {H @, (m — kp) } meaup (2.8)

v—1 )
Applying the linear operator [] Lj.] on both sides of (2.8), we then find
j=1

q—1

HL%} L (r H ®,(m — kp) HL"] map) (2.9)

If we replace m in (2.7) by m — pq,, then (2.9) can be written as

v q—1

[1£7 ) ™) = 11 ®utm —kp)

= o0
v—1¢q;—1

< [T I] @ilm—ap—plQw—1)—Q ()] - pklr™ P21 (2.10)
7=1 k=0

Since pg, + pQ(v — 1) = pQ(v), (2.10) gives formula (2.1). Thus, the lemma is
proved. ]

We now turn to formula (2.1) and write the algebraic polynomial equation

v g;i—1

I[[TII®m-rlRw) -QG)]-pkl=0 (2.11)

j=1 k=0

which is degree of 3Q(v). The number of real or complex roots of equation
(2.11) is 3Q(v), (1 < j <w).

Now using Lemma 1, we can prove the following theorem.

Theorem 2.2. Let the algebraic polynomial equation (2.11) have distinct
real roots c1,...,cp, each having multiplicity &1, ..., &, respectively, and dis-
tinct complex roots oy +1031, ..., ay tilN, each having multiplicity n1,...,nN,
respectively. Then the solutions of type r™ of the equation (1.2) are given by
formula
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M Ew—1 N ns—1
u(r) = Z Ak, 7 (In )k 4 Z Z s (In )2
w=1 k1:0 s=1 k2:0

X [Bsky c0s(8s In1) + Cy, sin(fs Inr)] ,  (2.12)

where Ay, , Bsk,, Csk, are arbitrary constants.
Proof. By the hypothesis concerning the real and complex roots of (2.11),
we have the following two factors for this algebraic equation

M N
H (m — ¢y)® and H(m2 — 2a,m + of + 32)"
w=1 s=1

Therefore, (2.1) can be written as

v N
HL%} ™) {H m — ¢y ngm —2asm + a2 4 B2 }

j=1 =1 s=1
x rmPRW) - (213)

where E §w +2 Z ns = 3Q(v) is the order of equation (1.2).

On the other hand the following equalities are well known

ol v q olym
H Ly / H L J/ ( om! >
7j=1
14
— (1% (rm(ln r)l) L leN, (2.14)
j=1 }
pstifs — paspEils — paseEibalnr _ posoo5(3 Inr) +isin(BsInr)].  (2.15)
Now again consider (2.13). It is obvious that the right hand side of (2.13) has
the factors (m — cw)éw; w=1,..., M which vanish for m =c,; w=1,..., M
together with its derivatives with respect to m

i
dmk1

Thus, the function r“» and from (2.14), each of the functions

(m—cy)™ k1=1,...6p—1lw=1,...,M.

dkpm

dmFt =r(nr) k=1, & - Lw=1,...,M

m=Cuw
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satisfies equation (1.2). Since the given equation is linear, by the superposition

principle the
Ew—1

App, 7 (In )k (2.16)
0

M
w=1

also satisfies (1.2). Similarly the factors of (2.13)

k1=

(m2 — 2asm + a? + ﬂg)ﬂs = [m - (as + Zﬂs)]ns [m - (as - ZﬂS)]ns )
s=1,...,N

and the expressions

dk2
dmk2

[m—(as £iBs)]" ;ka=1,...,ms—1,s=1,...,N

are zero for m = ag +if3s. Hence by (2.14) and (2.15) for ko = 0,1,...,n5 — 1;
s=1,...,N each of the functions
—dk27~m‘ = pstibs (In T‘)kQ =r*(In T‘)kQ [cos(Bs In7T) £ isin(fs Inr)]
kQ - - S S
dm m=as+tifs

and their superposition

N 773_1

Z Z 7% (In7)*2 [Bgp, cos(fs Inr) + Cp, sin(Fs In )] (2.17)

s=1 ko=0

satisfy (1.3). Therefore, the sum of (2.16) and (2.17) gives (2.12). Thus the
theorem is proved. O

3. Solution of Type u = u(r)

In this section, we will show that all solutions which depend only on r for the
equation (1.3) can be expressed by formula (2.12).

Lemma 3.1. Let q be an arbitrary positive integer. Then for the function
u = u(r)

q—1
Ly = 7Pt {H (D — pk)} u, (3.1)
k=0

where D = %, r=e' and ®; as given by (2.2).
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Proof. We will prove this lemma by induction on g. Noticing definition of
r given by (1.5), if we apply operator L; to u = u(r), then we find

Pu 0*u
_ |3 2
Lju(r) = |:?” 93 +2np+3(1 —n—p)|r 52

+ {(1 —p)(2np—3n+1—2p)+275}7“% +Nu| P (3.2)

, or
=1

It is easy to see that L; becomes an Euler type operator. We let r = e!, then
we have

d2 —2t 2
sz =¢ (D"=D),
—— = (D?®-3D* +2D).

Thus, substituting into (3.2), we obtain
Lju(r) = e P [D* - 3D*+ 2D + (2np + 3(1 —n — p)) (D* — D)

u=e P

—i—{(l—p)(2np—3n+1—Qp)—i—Z’yf}D—F)\j
i=1

n
x | D®+ (2np + 3(—n — p))D* + (2p° — 2np® + 3np+ »_47)D + ),
i=1
Liu(r) = e "'®;(D)u. (3.3)
Hence, (3.1) is true for ¢ = 1. Now we suppose that (3.1) is true for ¢ — 1, that
is,

u,

q—2
LIy = emPlam )t {H ®,;(D — pk)} . (3.4)

k=0
Applying the operator L; on both sides of (3.4), we find

q—2
Liu=L; (e—P<q—1>t {H ®,;(D — pk)} u> :

k=0

We know from (3.3) that L; = e P'®;(D), therefore the right-hand side of
the above equality can be written as

q—2
Liu = e '®;(D) <e—P<q—1>t {H ®;(D — pk)} u> . (3.5)

k=0
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From ordinary differential equations, it is known that, for any two polynomials
of the operator D with constant coefficients G and H and for any constant «,
the following relation holds [1]

G(D){e “"H(D)u} = e *'G(D — a)H(D)u. (3.6)

Using this property, we can write (3.5) as

q—2
Liu = e Ple @V (D — p(q — 1)) {H Q; (D — pk)} u

k=0
q—1
= e Pdt {H ®; (D — pk)} u.

k=0
Thus, the proof is completed. O
Lemma 3.2. Let v and q1,...,q, be arbitrary positive integers. Then
v v g;—1
I1 L?-]} u=e P TTI] @ (D -plQM) — Q)] —pk)u. (3.7
j=1 j=1 k=0

Proof. Using (3.1), it is easily proved in a similar manner of Lemma 2.

Now, we will set the following theorem.

Theorem 3.3. All solutions of type u = u(r) for equation (1.2) can be
expressed by formula (2.12).

Proof. Equating (3.7) to zero, we find the following ordinary differential
equation with constant coefficients and of order 3Q(v) = 3(q1 + -+ - + qy)-

v %*1

[T1I 2 (0 -»lQ) -~ QW) — pk)u=0. (3.)

j=1 k=0
The characteristic equation of (3.8) is

v gi—1

[T II & (m - plQw) — QG)] - pk)u = 0.

j=1 k=0
This was obtained in Lemma 1. Therefore, from Theorem 1, we know that

this equation has the following factors

M N
H (m — cw)gw and H(m2 — 2am + Oé§ + ﬁg)ns.

w=1 s=1
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Hence solution of (3.8) is given by

M Ew—1
u(t) = Z Z Ay, tFr et
w=1 k1=0
N ns—1
+ Z Z etk (B, cos(Bst) 4+ Cup, sin(Bst)]  (3.9)
s=1 ko=0

Since et = r, we set t = In7 in (3.9), we find formula (2.12). Thus the theorem
is proved. O
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