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Abstract: In this paper, an SQP method is presented to solve general con-
strained optimization. Firstly the original problem is expanded to paramet-
ric programming problems with only inequality constraints, and the expansive
problem is equivalent to the original problem if the parameter is suitable. Then
an algorithm is proposed which is only necessary to solve one QP subproblem
with equality constraints. Thus, the computational cost is reduced. Under some
suitable assumptions, the algorithm is proven to be globally and superlinearly
convergent.
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1. Introduction

Sequential quadratic programming (SQP) algorithms are widely acknowledged
to be among the most successful algorithms for solving two or three nonlinear
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optimization problems. Because of its superlinear convergence rate, it is a topic
of many active researches [10], [4], [8], [6], [3]. However, the traditional algo-
rithms make it necessary to solve relatively complex and highly computational
cost QP problems per single iteration, or let the Hessian matrix of the quadratic
programming subproblem be positive definite or uniformly positive definite [2],
[9], [7]. In order to simplify the structure of the algorithm, weaken hypothesis
conditions, reduce the computational cost, and quicken the convergence rate,
a lot of authors present many different types algorithms. For example [11]
proposed a new SQP method for solving inequality constrained optimization,
which is not necessary that the Hessian matrix is positive definite. In this paper
we proposed an SQP method for general constrained optimization. Firstly, we
make use of the technique which handle the general constrained optimization as
an inequality parametric programming in [5]. Then, we make a new quadratic
programming with only equality constraints, and propose an SQP type algo-
rithm to solve the general constrained optimization. In the end, under some
mild assumptions, we prove that the algorithm is global convergence as well as
superlinear convergence.

The plan of the paper is as follows: In Section 2, the algorithm is proposed.
In Section 3, we show that the algorithm is globally convergent. While the
superlinear convergence rate is analyzed in Section 4.

2. Description of Algorithm

In this paper, we consider the following nonlinear optimization problem.

min f(x)
gi(x)=0,j € Ly={m+1,--- ,m+1}.

Here, f(x), g;(x)(j € L = L1|J L) are continuously differentiable functions.
Denote the feasible set R = {g;(x) <0, j € L1; gj(z) =0,j € La}. For some
c>0,let F(z), F.(z): E™ — E' be defined as follows

F(z) ==Y gj(x), Fe(x)=f(z)+cF(a).

J€EL2

When Ly = ¢, ie., F(z) =0, (2.1) is the inequality constrained optimization.
Consider the following auxiliary programming

min{Fe(z)|lz € Ry = {z € E"|gj(z) <0,j € L}}. (2.2)
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Obviously, € R if and only if z € Ry, and F(z) = 0. For x € Ry, denote

E(x) ={j € L | gj(z) = 0} | L».

It is well known that standard SQP method for (2.2) generates a decent direc-
tion at the point z € R by solving the quadratic programming subproblem

min VF.(z)Td+ 3d"Hd

st g,(z)+ Vg, (2)Td<0,j €L, (2:3)

where H is the approximate Hessian matrix of Lagrangian function associated
with (2.2). However, the direction d is not a feasible direction, and cannot
avoid the Maratos effect. So, we define some variants as follows:

N(z) = (Vyg,(z),j € L), D(z)=diag(D;(z),j € L),

2 .
g(m), J e Lla
Dj(@) = { 0. el (2.4)

B(x) = (N(@)"N(z) + D)) " N(@)",
m(x) = —=B(x)Vf(z), n(z;¢c) = —B(z)VF:(x).

For an appropriate small parameter ¢ > 0, define
I(x) = {j €Ly | —olmj(z;c)| < gj(a:) < O} yJ(z) = I(J:)ULQ. (2.5)

Throughout this paper, the following assumption holds.

H 2.1. The feasible sets are nonempty, i.e., R # ¢ and R, # ¢; the
functions f and g;(x)(j € L) are two-times continuously differentiable; Va €
R, the vectors {Vyg;(z),j € E(x)} are linearly independent.

According to Lemma 2.2 in [6], we can obtain the following result.
Lemma 2.1. Suppose that H2.1 holds, then Vx € R.,, the matrix
(N(x)TN(x) + D(x)) is positive definite, and 7(x), w(x;c) satisfy that:
mj(x) = mj(x;c),j € Ly, mj(x) = mj(w;¢) — ¢, j € La.
Lemma 2.2. If ¢ > max{|r;(x)|:j € Lo}, then z is a KKT point of the
problem (2.1) if and only if x is a KKT point of the problem (2.2).

Due to Lemma 2.2, we have

ZALJ' = Uj, j S J(a:)\LQ, ZALJ' = Uy +c, j S L27
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where 4 and u are corresponding KKT multipliers of the problem (2.2) and
(2.1), respectively.

For (2.2), we consider the following equality constrained quadratic pro-
gramming

min VF.(z)Td+ 3d"Hd (2.6)
st.  g,(z)+ Vg, (z)Td=—min{0,m;(z;0)},j € J(2). '

Lemma 2.3. Suppose that (do(x),u(x)) is a KKT point pair of (2.6),
if do(x) = 0, then, we obtain that =z is the KKT point of the problem (2.2).
On the conditions of Lemma 2.2, x is a KKT point of the problem (2.1).

Proof. Let

a(x) = (4j(x),j € L),aj(x) = { gf(x)’ j E i(ir?]’(x).

If do(z) = 0, then, from (2.6), we have

VF.(z)+ Vg, (z)u(z) =0,
g,(z) + min {O(, 7)1']'(1‘; )} =0,j€J(). 2.7)
Here Vg, (z) = (Vg,(x), j € J(x)). Thus g,(z) =0, mj(z;c) >0, j € J(z),
Dj(z)uj(x) =0, j € L, and we have

(N(2)'N(z) + D(x)) a(z) = N(x)" Vg, (2)i(z) = =N(z)" VF.(z),

ie.
1

u(x) = — (N(a:)TN(a:) + D(z)) N(z)I'VF.(z) = 7(z;¢).

So, from (2.7), we obtain

VFC(J;) + VQJ(I) (a:)ﬂ(x) = 07
g,(x) =0,u;(x) 2 0,5 € J(z).

This shows that z is a KKT point of the problem (2.2). According to ¢ >
max{|m;j(x)| : j € Lo} from Lemma 2.2, it is easy to see that x is a KKT point
of the problem (2.1). O

Obviously, the solution dg(z) of the problem (2.6) may not be a feasible
direction, so, in view of reference [7], we make an assistance feasible direction
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as follows:
P(x) =1, — N(z)B(x),
w@) = ¥ max{-m(@), mi(@)g3@)} = X (ms(x) +)g; (@),

jeln X jELs
_ 2
p(x) = T r(@ o) ([|P(@)V f()|]* +w(=)),
e=(1,...,1)T e Emtt, (2.8)

() = (vj(x), 7 € 1),
gi(x) = plx), je€Li, mx)=0,
vj(x) = —1—p(=), j€ Ly, mx) <0,
—gj(z) —p(x), j€ Lo,
q(z) = p(z) (~P(2)V f(z) + B(z) v()).
Lemma 2.4. (see [8]) For (2.8), let ¢ > max{|mj(z)| : j € Lo}, if
p(x) =0, then x is a KKT point of the problem (2.1), if p(x) > 0, then, we
have

B 12 (2.9)
Vg, (2)"a(z) < —5p%(2) <0, j € {j € Llg;(x) = 0}.

Now, the algorithm for the solution of the problem (2.1) can be stated as
follows.

Algorithm. Given a starting point 2 € R4, and an initial symmetric
matrix HY € E"*". Choose parameters &,v € (0,1),a € (0, %),T €(2,3),0 >
2,¢o,€ € (0,400). Set k = 0;

Step 1. Update ¢, Computation: t;, = (max{|m;(z*)| : j € Lo}) + co,

0

o — { max{tk,ck,l + 6}, if cp_q1 < tg,
T ks if cp_1 > tg.
Step 2. From (2.4) and (2.5), compute Ny = N(z¥), Dy = D(2¥), By =
B(z"), m, = n(a®), w(z¥;¢cp), Jp = J(2F);
Step 3. Obtain (dlg,ﬁk) by solving the problem (2.6) at z*, if df = 0,
STOP; if the problem (2.6) have no solution, then go to Step 6;
Step 4. Compute

at = =BT (|ld§I7e + G(a* + df)) , d* = df + d, (2.10)
where e = (1,...,1)7 € R G(zF + df) = (Gj(zF +df),je L),

k k i
ok ok ) g, (@0dg), J€E Ty
Gjla +d0)_{ 0, Je L\ J
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If
VFoy (M) d < min { —¢]|d5]1%, —€ld" °}, (211)
1 . ~ .
1| < €lldg]|, min {25, j € Ji } = —¢llaf]l (212)
E, (z8 +d*) < F. (2") + aVF,, («")Tdf, (2.13)

g,(zF +d*) <0, jeL. (2.14)

Let A\, =1, go to Step 7;

Step 5. From (2.8) compute p, = p(z¥) and ¢* = q(a*), if pp = 0,
STOP; otherwise, compute Ay, the first number A in the sequence {1, %, i, %,
...} satisfying

E. (2" + \¢") < F., (z") + vAVE,, (z%)T ¥, (2.15)
g9,(z" + ") <0, jel, (2.16)

let dF = g¢*:
Step 6. Update: Let Hy,1 be a new symmetric approximation of the Hessian
matrix. Set 2*T! = 2% + A\pd* and k = k + 1; Go back to Step 2.

3. Global and Strong Convergence of Algorithm

In this section, we firstly prove the global convergence of algorithm. Under mild
conditions, we will discuss the strong convergence of the proposed Algorithm.

Firstly, from Lemma 2.4 and the algorithm, it is easy to obtain the following
results.

Lemma 3.1. Suppose that pp # 0, then, the line search in Step 6 of
Algorithm is well defined.

Lemma 3.2. If the sequence {z*} is bounded, then there exists a ko,
such that cy = cg, = c for all k> ky.

Due to Lemma 3.2 we always assume that c; = ¢ for all k£ in the rest of
this paper.

Theorem 3.1. The algorithm either stops at a KKT point z* of the
problem (2.1) in finite iteration, or generates an infinite sequence {x*} any
accumulation point x* of which is a KKT point of the problem (2.1).
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Proof. From Lemma 2.2, Lemma 2.3 and Lemma 2.4, the first statement is
obvious. Thus, assume that the algorithm generates an infinite sequence {z*},
z* is an accumulation point. Because Jp C L is a finite set, there exists an

infinite index set K, such that
=z, J.=J kekK.

If there exists K1 C K, such that for all k € Ky, a**! = 2% + \id*(k € K1) are
generated by Step 6 and Step 7, then from Theorem 3.3 in [5], we can obtain
that z* is a KKT point of problem (2.1). Now we might as well assume that,
for all k € K, ¢t = zF + \,.d* is generated by Step 5 and Step 7, then in
view of (2.11), (2.13), (2.15) and (2.9), we obtain that {F,., («*)} is monotone
decreasing. Thus, from {z¥}rcx — 2, together with H 2.1 and Lemma 3.2,
we can get

F. (z%) — F.(2*), k — oo. (3.1)

From (2.11) and (2.13), it is easy to see that

— i FC k+1 _Fc k <1 Fc k Tdk <1 . dk 4 <0. 92
0 = lim (Fe(z™) — Fe(2")) < lim aVFe(27)"dg < lim (~aé]|dg]|”) < 0. (3.2)

Then, we have df — 0, k € K and Hpdk — 0, k € K. From (2.6), we get

VF.(2F) + Hydh + Vg, (2F)7* =0,
g, (zF) 4 min{0, 7; (zF:c)} + ng(mk)leg =0, j€J.

So, g.(z*) =0, j € J,and J C E(z*) hold. Thus, from H2.1, we obtain

J

that the matrix (Vg,(z*)"Vg,(2*)) is nonsingular at z*, so, for k € K large
enough, the matrix (Vg,(z*)TVg,(2*)) is nonsingular, and we have

(3.3)

—1 _
(V9,a")TVg, ")) — (Vg,@") Vg, (@) ", ke K, k— .
Then from (3.3) it can be seen that

i = — (Vg,(a") Vg, (2*)) " Vg, (@) (VE(a*) + Hydf)

\T x\) —1 T AN (34)
— — (Vg,(x*)I'Vyg,(z*)) " Vg,(z*)'VF.(z*) = Mk € K.
So, from (2.12) and (3.3), it is easy to get
VE,(x*) 4+ Vg, (x*)\* =0, (3.5)

g,(x*) = 0,\: > 0,j € J.

This implies that z* is a KKT point of (2.2). Then, in view of ¢ > |m;(z*)|, j €
Lo, we know that z* is a KKT point of the problem (2.1) from Lemma 2.2. O

To obtain the strong convergence of Algorithm, the following assumption is
necessary.
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H 3.1. Suppose that the sequence {2*} of points generated by Algorithm
is bounded, and has a limit point z*. The second-order sufficiency conditions
with strict complementary slackness are satisfied at the KKT point * and
corresponding multipliers u* of the problem (2.1).

According to H3.1 and Proposition 4.1 in article [8], we can obtain the
following conclusion.

Lemma 3.3. Let H2.1~ H3.1 holds, klim |[xF+1 — 2¥|| = 0. Thereby, the
—00

k

entire sequence {x*} converges to z*, i.e. ¥ — ¥,k — oco.

4. Superlinear Convergence of Algorithm

In order to obtain superlinear convergence, we make another assumption.

H 4.1. H, — H, k — oo, and H, is positive definite on the subspace
Y (x*), where

Y(z*)={de E" | Vg,(2*)"d=10,j € E(z*)}.

Lemma 4.1. Suppose that H2.1 ~ H3.1 holds, for k large enough, then
the solution of (2.6) is unique, and

AN ~ ~ .
Jip = E(z*) 2 E,, lim df =0, lim n(z;¢) = a*, lim @ = (a3,7 € Ex),
k—o0 k—oo k—o0

where 4} = u}, j € E.\Lsy; Wi =uj+c, j€ Ly

Proof. Firstly, we prove (z¥;¢) — 4*, k — oco. Denote, N, = N(z*), D, =

D(z*), B, = B(z*), then, because x* is a KKT point, and u* is the correspond-
ing multiplier, we have

*
J

Vf(z)+ Nou* =0,
i@ =0, je L.
=uj, j€ Ei\Lptj=uj+c, j€ Ly Wehave

VF,(z*) + N.a* =0,
D.a* = 0.

This implies that the following equality holds

i* = — (NT'N, + D,) " NTVFE.(2*) = —B,VF.(z").
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In addition, from assumption H2.1 and z* — z*, k — oo, it is easy to obtain
W(xk;c) = —BkVFc(xk) — —B,VF.(z*) = "

From Lemma 2.2 we obtain 4} = uj, j € Ei \Lo; @ u; =u;+c¢, je€ Lo

Now we prove that J, = E, holds When j € F,, we get uj > 0, from
assumption H3.1, we have @7 > 0. Then, since zF — ¥, w(aF;e) -k — oo
and the functions g,(z)(j € L) are smooth functions (for k large enough) we
obtain

mi(2*¢) >0, 0> g,(a*) — g,(z*) =0, j € E..

Then, from the definition of J, we obtain j € J, i.e. E, C J (for k large
enough). Now, we prove that Ji C E,. Suppose that the desired conclusion is
false. Then, there exists a constant jo and infinite set K, such that

Jo € T\ Euy g, (a7) < 0,9, (&%) > —olm; (a¥30)], Vk € K.

Let k — oo, k € K, we have

* ~ % ~ %
0>g, (%) 2 ot , @ >0,
which is contradictory with the strict complementary slackness condition. So,
Jy CELi EJ,=F
Furthermore, from the above analysis, when k is large enough, the quadratic
programming (2.6) becomes the form as following;:

min  VF.(z")Td + 3d" Hyd

st. g,(a")+ Vg, (z¥)Td=0,j € E,. (4.1)

Obviously, the feasible region of the quadratic programming (4.1) is nonempty
because the facts assumption H2.1 holds, 2* — z*, k — oo and k large enough.
Because H, is a positive definite matrix, then, (4. ) has only a unique solution.

Now, we prove that df — 0, u* — (a7, j € Ey), k — o0o. By (4.1), it can

be seen that
VE.(2*) + Hydf + Vg, (z%)a* =0,
s, (@¥) + Vg, (@F)Tdf =0,

(wor Gy 7% >< )- (Zf(f:)) )
Denote

Hy, Vg ) ( H, Vg, (x*) >
G = E* Gy = Ex .
* < Vo, (F)"

1.e.
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Because zF — z*, H, — H,, the matrix Vg, (z*) is nonsingular at z*, and

H, is a positive definite matrix, it is obvious that G and G, are meaning, for
k large enough, and G,;l — G7'. From gp, () = 0, we have

(&)= (0 )= (757)

In addition, from z* is a KKT point of the problem (2.2), we have
VE(a*) = ~Vg,, (")

*
Ey’

where 4y = (4},j € E4). So, it is easy to obtain

() (")

ie. dj—0,u" — (43,j € E.), k — oo. O

Lemma 4.2. For k large enough:
1) d¥ and d* obtained in Step 5 satisfy:

1a¥]] ~ Nl 1 11ak1] = O (11dgIP?) - (4:2)
2) There exists constants b,n > 0, such that

1
2

> by () < —nmpm = | D @b, (4.3)
JEFE, JEE, }

—(dg)" Hydg < —=b||dg|[* + o(zx), (4.4)

VF(«*)"df < —bl|dg||*. (4.5)

Proof. 1) In view of Lemma 4.1 and H3.1, we know that 7;(z¥;¢c) >
0,17;? > 0,7 € Fy. Then from (2.6) we have

g9,(2") + Vg, (a")Tdf =0, j € E.. (4.6)
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So
9, " +df) = g,(*) + Vg, (o) d§ + O (Ild6 1) = O (Ild61?) . j € .

i.e.

1G(" +d§)l| = O (11d§]12)

Considering By, — B, T € (2,3), we obtain ||d}|| = O (Hd’gHQ) , d¥|| ~ ||dE]).
2) According to ﬂ? >0, j € E,, there exists a constant 7 > 0, such that

> ity ah) = = 3 @ g N == D

JEE. JEE. jEE.

9; (xk)‘ < —n2g.

Denote
P, =1, — AJATA) AT P, = I,, — Ap(AT Ap) 1 AT (4.7)

where A, = Vg, (z*),Ax = Vg,_(z¥). Let
di = Podf + g,y = A(ATA) "1 AT gk, (4.8)
and G(a*) = (g,(z¥),j € E,). Then by (4.6), it can be seen that
Yk = A*(A*TA*)il(A* - Ak)TdIS - A*(A*TA*)ilG(ljk%
s0,
el = O (IIdg11) = o (Ild611) + OCz).
Hence,
T
— (d§)" Hd = = (Pud§ + y) - Hy (Podf + )
T
= — (Ped) H. (Pd§) + (Pudf) (H. — Hy) (P ) + O (11611 - 1ol

= (P.a)" . (Pdh) + 0 (115IP) + olz).

We know that di — 0, P.dk € Y(z*), so, there exists a constant b; > 0, such
that

— (df)" Hydl§ < —ba||Podb|1* + o (11d6112) + o(z)

= —bulldh = uill? + o (IId11?) + o(z)
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= —bulldf |2 + o (Ildh11?) + o(zr) < —blldf][2 + ().
In addition, from (3.3) and (4.6), we have

VF (") df = ()" Hydh — (AL )70 = —(df)T Hydl + > g, (2%)
JjEE,
< —b||dk||? + o(zk) — nzr < —b||df|]%. (4.9)

To ensure the step size unit can be accepted, the following assumption about
the symmetric matrix satisfied:

H 4.2. Let
| P (i = V2L i) db| = o (148]1)
which, obviously is equivalent to
| P (1 = V2L ) d| = o (114]1)
where

V2, L(a*, %) = V2F, (") + Y Vg, (ab), V2, L(a", u)
= V2F.(z*) + Z uiV3g, (a*).
JEL
Lemma 4.3. For k large enough, the inequalities of Step 5 are satisfied.
ie zhtl =gk 4 gk N =1.

Proof. Firstly, in view of Lemma 4.1, Lemma 4.2 and H3.1, it follows
that (2.12) holds. Considering ¢ > 2, (4.2) and (4.5), so (2.11) holds.
Thus, in order to finish the proof of this lemma, we only need to prove that
(2.13) and (2.14) are true. According to Lemma 4.1 and H3.1, for k large
enough, the perturbation term of the right side of quadratic programming (2.6)
is disappeared. Then, (2.6) becomes the following quadratic programming.

min  VF,(z*)Td+ 5d" Hyd

QF st. g,(a*) 4+ Vg, (z¥)Td=0, jeE,.

So, from Lemma 4.2, imitating Theorem 4.2 in [6], it is easy to prove the
conclusion holds. O

Moreover, in view of Lemma 4.3 and the way of Theorem 5.2 in [1], we
obtain the following theorem.
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Theorem 4.1. Under all above-mentioned assumptions, the algorithm is

superlinearly convergent, i.e., the sequence {:L‘k} generated by the algorithm
satisfies ||z*t! — 2*|| = o(||zF — z*||).
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