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Abstract: In this paper, the problems on the existence and global exponen-
tial stability of periodic solution are investigated for the impulsive discrete-time
recurrent neural network with periodic coefficients and time-varying delays.
By using analytical methods, inequality technique and M-matrix theory, sev-
eral sufficient conditions are obtained to ensure the existence, uniqueness and
global exponential stability of periodic solution for the addressed neural net-
work. Moreover, the exponential convergence rate index is estimated, which
depends on the system parameters. The obtained results in this paper improve
and extend some previously related results. An example with simulation is
given to show the effectiveness of the obtained results.
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1. Introduction

In last few decades, recurrent neural networks, especially Hopfield neural net-
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works, cellular neural networks and the neural networks of bidirectional asso-
ciative memory, have been widely studied due to their applications in various
areas such as pattern recognition, signal processing, associative memory, paral-
lel computation and optimization problems [6].

In the hardware implementation of a neural network using analog electronic
circuits, time delay is inevitable and occurs in the signal transmission among the
neurons, which may lead to some complex dynamic behaviors [3]. Therefore,
the study of the stability for delayed neural networks is of both theoretical
and practical importance. In recent years, some results on the stability of the
recurrent neural networks with delays have been obtained, see [3], [13], [17], [2],
[18], [21], [16] and the references therein.

However, besides delay effects, impulsive effects are also likely to exist in
neural networks [8]. For instance, in the implementation of electronic networks,
the state of the networks is subject to instantaneous perturbation and expe-
riential abrupt change at certain instants, which may be caused by switching
phenomenon, frequent change or other sudden noise, that does exhibit the im-
pulsive effects. Therefore, it is necessary to take both impulsive effects and
delay effects on the stability of neural networks into consideration. Some re-
sults on the impulsive effects have been gained for delayed neural networks, see
8], [1], [7], [5], [25], [22], [23] and the references therein.

Moreover, studies on neural dynamical systems not only involve a discus-
sion of the stability properties, but also involve many dynamic behaviors such
as periodic oscillatory behavior, bifurcation, and chaos. In theories and ap-
plications, global exponential periodicity is an important dynamic property of
recurrent neural networks, and the global exponential stability at an equilib-
rium point can be viewed as a special case of global exponential periodicity since
an equilibrium point can be viewed as a special periodic solution of the neural
networks with any arbitrary period [20]. The analysis of periodic solution of
neural networks may be considered to be more general than that of equilib-
rium point [24]. As to neural networks with constant delay or time-varying
delays, periodic oscillatory solution has been studied, see [20], [24], [19] and the
references therein.

On the other hand, in numerical simulation and practical implementation of
the continuous-time neural networks, it is essential to formulate a discrete-time
system, that is an analogue of the continuous-time system. Therefore, it is of
both theoretical and practical importance to study the dynamics of discrete-
time neural networks, see [15]. Some authors have studied the dynamics of
some discrete-time neural networks, see [15], [12], [10], [4], [14], [14], [27], [9],
[29], [11], [26] and the references therein. In [15], [12], [10], [4], [14], the global
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exponential stability and the robust stability were studied for the discrete-time
neural networks with constant and time-varying delays. In [28], the authors
investigated the global exponential stability for the discrete-time neural net-
work with variable delays and impulses. In [27], [9], [29], [11], [26], the authors
discussed the existence and the global exponential stability of periodic solu-
tion and almost periodic solution for discrete-time neural networks. To our
knowledge, few authors have studied the existence and the stability of periodic
solutions for the discrete-time recurrent neural networks with variable delays
and impulses.

Motivated by the discussions above, the objective of this paper is to study
the existence and the stability of periodic solution of the discrete-time recurrent
neural network with variable delays and impulses. By using analytic methods,
inequality technique and M-matrix theory, we obtain several sufficient con-
ditions ensuring the existence, uniqueness and global exponential stability of
periodic solution for the addressed neural network. Moreover, the exponential
convergence rate index is estimated.

2. Model Description and Preliminaries

In this paper, we consider the existence and global exponential stability of
periodic solutions of the following model

ui(m + 1) = ci(m)ui(m) + g iy (m) £ (u; (m))
+ 3 big(m)fy s (m = 7 (m))) + L(m), £ (1)
)

ui(m) = pir(ur(m=), - ,up(m™)) + qir(ur ((m — 7i1(m)) "), -,
Up((m — Tin(m))7)) + Jix(m), m=my

fori =1,2,---,n; k=1,2,---. Here n corresponds to the number of units
in the neural network; u;(m) corresponds to the state of the i-th unit at time
m; f; is the activation function; 7;;(m) corresponds to the transmission delay
along the axon of the j-th unit from the i-th unit and satisfies 0 < 7;;(m) <7
(7 is a nonnegative integer); A = (aij)nxn and B = (b;;j)nxn are the connection
weight matrix and the delayed connection weight matrix, respectively; I;(m)
denotes the exogenous input of the i-th neurons at time m; c¢;(m) € (0,1)
denotes the passive decay rate of the i-th neurons at time m. my is called
impulsive moment and satisfies 0 < m; < mg < ---, limg_1 oM = +00;
pik(ur(m™),- -+ ,u,(m™)) represents impulsive perturbations of the i-th unit
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at time my; gk (ui((m — 11(m))7), -+ ,ur((m — 73(m)) ™)) denotes impulsive
perturbations of the i-th unit at time myj which caused by the transmission
delays; J;; represents external impulsive input at time my.
For convenience, we introduce some notations. u = (uy,ug,--- ,u,)’ € R"
denotes a column vector; |u| denotes the absolute-value vector given by |u| =
n E3
(la, lug), - -, [un)T; |lul| denotes a vector norm defined by [[u| = ( 3 \uiP) .
i=1
For matrix A = (aij)nxn € R™™", p(A) denotes the spectral radius of A; |A]
denotes the absolute-value matrix given by |A| = (|aij|)nxn; ||A|l denotes a
1

matrix norm defined by ||A| = ()\max(ATA)>§. diag(by,bo,- -+ ,b,) denotes

the diagonal matrix with diagonal entries by,bo, --- ,b,. E denotes an n X n
unit matrix. For integers a, b, and a < b, N|a,b] denotes the discrete interval
given Na,b| = {a,a+1,--- ,b—1,b}. C(N[—7,0],R") denotes the set of all
functions ¢: N[—7,0] — R". For a discrete periodic function g(m) with positive
integer period w, we denote g = sup,,c yyo 9(m)|-

Throughout this paper, we make the following assumptions:

(H1) ¢;(m), aij(m), bij(m), I;(m), 7;;(m), pi(m), gir(m) and Jix(m) (4,5 =
1,2,--- ,n;k = 1,2,---) are periodic function with positive integer period w,
and there exists a positive integer [ such that

pi,k-{-l = Dik, qi,k-{-l = {qik, Ji,k+l - Jiku 1= 17 27 e, N, k= 17 27 IS

(H2) There exists a positive diagonal matrices F' = diag(Fy, Fo, -, Fy,)
such that

|fi(u1) — fi(u2)] < Filur — ug

for all uy, ug € R, 1 =1,2,--- ,n.

(H3) There exist nonnegative matrices P, = (pg-g))an and

k
Qi = (qz(j))nxn such that
& k
pik(u1, - s un) = pir(vi, -+ s von)| < Zpgj)luy' —vj,
j=1
- k
i (ur, - un) = qi(or, o) <Y 0Py — v,
j=1
for all (uy, --uy)t € R, (v1,--v) T € R, i=1,2,--- 0, k=1,2,---.

Definition 1. For any given ¢ € C(N[—7,0], R"), a real valued sequence
u(m) € C(N[mo —T,+00), R™) is called a solution of model (1) through (0, ¢),
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if u(m) satisfies the initial conditions in the form

u(mO + 8) = ¢(8)7 s € N[_Tv 0]7
and satisfies model (1) for all m > 0. Especially, a point u* = (uf,u}, -+ ,u})?

is called an equilibrium point of model (1), if u(m) = u* is a solution of model
(1).

Definition 2. (see [19]) A real matrix A = (a;;j)nxn is said to be a non-
singular M-matrix if a;; <0 (4,5 = 1,2,--- ,n;i # j) and successive principle
minors of A are positive.

To prove our results, the following lemmas are necessary.

Lemma 1. (see [19]) Let Q be n x n matrix with non-positive off-diagonal
elements, if () is a nonsingular M-matrix, then:

(i) The real parts of all eigenvalues of () are positive.

(i) There exists a vector £ > 0 such that ¢7'Q > 0.

(iii) There exist a positive diagonal matrix D such that DQ + QT D is
positive definite matrix.

Lemma 2. (see [22]) Let A be a nonnegative matrix, then p(A) is a
nonnegative eigenvalue of A and its corresponding eigenvectors have at least
one be positive.

When A is a nonsingular M-matrix, B is a nonnegative matrix, we denote
QA) ={{ € R"|A£ >0, >0}, T'(B) ={¢ € R"|B{ = p(B)§, & > 0}
Obviously, (A) and I'(B) are nonempty.

3. Main Results

Theorem 1. Under assumptions (H1)-(H3), model (1) has exactly one
w-periodic solution, and all other solutions of model (1) converge exponentially
to it as m — 400 and the exponential convergence rate index equals € — A, if
the following conditions are satisfied:

(i) 2 = E—C — (A + B)F is a nonsingular M— matrix, where C =
diag(a, T 7&); A= (ﬂ’j)nxm B = (bij)an-

(i) A= 1 [[(P)NT@0)] NQE) is non-empty:
k=1
(iii) There exists a constant \ such that

In

— < A<eg k=1,2,---, (2)
mg —mg—1
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where the scalar € > 0 is determined by the following inequality
&i(—14€°c) +€° Z@ (@ij +€7b;;) <0 (3)

for a given & = (&1,&9,---,&,)T € A, and

e = max{1, p(Fy) + €7 p(Qr)}- (4)
Proof. Let T = C(N|[-,0],R"), for ¢ € T, define
ol = ﬁwg(EJ@ 2%,

then T is a Banach space with the norm above.

Given any ¢, € Y, let u(m, ¢) = (ur(m, @), - ,un(m, )’ and u(m, )
= (uy(m, ), - ,un(m,1))T be the solutions of model (1) starting from ¢ and
¥, respectively. Defined u™(¢) = u(m + s,¢), s € N[—7,0], m € N[mg, +00),
then u™(¢) € T for all m € N[mg,+o00). Thus, it follows from model (1) that

[ wilm+1,6) = ui(m +1,0) = ci(m) (ui(m, 6) - us(m, v))
+Zmﬂ)((ﬁ 6)) = fi{u;(m, )

+zmﬂ>(<mmwmm¢»—mwm—mwmwm

)
m;émk, (5)
pik(ul(m_7¢)7"' 7un(m_7¢)) pzk(ul(m 7¢)7"' ( 71/}))

+qik(ur((m — 71(m)) =, @), - -+ un((m — 7in(m))~, ¢))
—Gir(u1((m — 71 (m)) 7, ), sun((m — 7 (M) 7, 9)),  m = my,

fore=1,2,---,n; k=1,2,---.
Using the discrete part of (5) and assumption (H2), we can obtain that

lui(m+1,¢0) —ui(m+ 1,¢)|

< ci(m)|ui(m, ¢) — mw+ZMJ|mwm@ uj(m, )|

7j=1

+Z|bm ) Ejuj(m = 7i5(m), ) —uj(m —735(m), ¢)], (6)
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for m e Nimy_1,my), k=1,2,---,i=1,2,--- 'n
From Z is an M-matrix and A is nonempty, we know that there exists a
vector & = (£1,&,--- ,&,)T € A C Q(Z) such that

—&(1—7) —1—253 azy"‘bw) 1=1,2,--- ,n. (7)
7j=1

Consider the following functions

Li(x) = &(—1+€"¢) + €* ij (aw—l—e bzy) 1=1,2,--- ,n.

7j=1

From (7), we know that L;(0) < 0 and L;(z) is continuous. Since dL ( ) >0,

L;(x) is strictly monotone increasing, there exists £; > 0 such that L (51) =0
fori=1,2,--- ,n. Choosing € = min{ey,e3, -+ ,&,}, then € > 0 and inequality
(3) hold. Let

xz(m) = es(m mo) ‘UZ( ¢) - UZ(mal/))‘> = 172> N
Then, from (6), we have

zi(m+1) = e€<m+1*mo>|u-(m +1,¢) —ui(m + 1,9)|

(cml + Z a;; Fyjx;(m) + z”: eETEijxj(m — Tij(m))> (8)

j=1
for m € Nimyg_1,mg), i =1,2,--+ ;n, k=1,2,---
For the initial condition u(mg + s) = ¢(s) € C(N[-7,0],R"), let Iy =
s e
zi(s) < |ui(s, @) — uils, V)| < ¢ — | < &lo (9)
for s € Nimg —71,mq], 1=1,2,---,n
In the following, we prove that for any ¢ € {1,2,--- ,n}, the inequalities
xzi(m) < &ly, me N[mg,my1), i=1,2---,n (10)
hold.

In fact, if inequality (10) is not true, then there exist some r and m* €
N[mg, m1) such that
zr(m* +1) > &l
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and
zj(m) < &ly, me Nimg—7,m"],

=12 .n.
However, from (8) and (3), we have

x.(m* +1)

n n
<ef (Exr(m*) + Y @rFyai(m*) + ) €ThyFyai(m* — T”'(m*)))
j=1 Jj=1

n n

< e (@@ +Y @G+ Y e”Kijgj)lo <&lo, (9)

j=1 Jj=1

this is a contradiction. So inequality (10) is true. Thus,
Jui(m, @) — ui(m, )| < &loe =" (11)

for m € Nimg,m1),i=1,2,--- ,n.

In the following, we will use the mathematical induction to prove that

|Ui (m7 ¢) - Ui(m, 1/})| < Yoy1 - - fyk_lé‘iloe—s(m—mo)

(12)
for m € [mg_1,mg), 1 =1,2,--- ,n, k=1,2,---, where 79 = 1.
When k = 1, we know that inequality (12) hold from inequalities (11).
Suppose that the following inequality
Jui(m, @) — ui(m, )| < Y071 -+ Yp—1&loe =) (13)

hold for m € N[my_1,my), i =1,2,--+ ,n, k=1,2,--- , h.

From assumption (H3) and inequality (13), we know that for i = 1,2,---,
n, the second equation of model (5) satisfies

i (i, @) — wi(mp, )] < 3 P Jui(myy, @) — wi(my, )|

J=1

+ >l i (i = 735(mi)) ™ 0) = wi((mn — 735(ma)) ™, )|

J=1

n n
h T h
<> pl(-j)’7071""7h71§jl06 slmn=mo) 1 qlgj)')/O’Yl""Yhflfle
j=1 j=1

n
« e~ €lmp—ij(mp)—mo) < Z(pz(;l) + eerpg})),m,h . ’Yh—lfjloe_e(mh_m())' (14)
j=1
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From £ € A CT'(P,) (N I'(Qr), we have
ZPEJ _pPh 627 Zq _th)gh 221727 , 1. (15)
j=1

It follows from (14), (15) and (4) that

|wi(mp, @) — wi(mp, ¥)| < Y071 -+ - Ya_17pEiloe =M Tm0) (16)

fori=1,2,--- ,n.
So, from (9), (13) and (16), this leads to

—e(m—myo)

[ui(mp, @) — wi(mp, )| < Y071 -+ Yh—17REiloe

for m € N[mg —m,mp], i=1,2,---,n. Thus,
xz(m) < Yot - 'Pyhflp)/hgilOv me N[mo -7, mh]a = 1> 27 e, N (17)

In the following, we will prove that

zi(m) < yoy1 - Yh—17n&ilo (18)

hold for m € N[mp,mp41), i=1,2,---,n
If inequality (18) is not true, then there exist some [ and m** € N[my,
mp+1) such that
l‘l(m** + 1) > fllo

and
zj(m) <&lo, meNmo—7,m™], j=12,--- n.

However, from (8) and (3), we have

z(m™ +1)

<e (cm —I-Zal]F zj(m —i—Ze leF xj(m” le(m**))>

7j=1

n n
< (ag+ Y aFig + > e ThFig o < &b,
j=1 j=1

this is a contradiction. So inequality (18) holds.
By the mathematical induction, we can conclude that inequality (12) holds.
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From (2), (12) and the definition of Iy, we have

s (m, @) — w;(m, )| < eAm1—mo) A(ma—ma) ek(mkq*mk&)filoe*s(m*mw

<-—<§%E§n¢—wfne<skxmmw
lrgnzléln !
for m € Nimg_1,mg), k=1,2,---,i=1,2,--- /n. So

lu(m, ) — u(m, )|l < Mjp — ple” V=m0 m € Nfmo, +00),  (19)
n
where M = (3 €2)2/ min {&} > 1.
We can choose a positive integer L such that

Me—(e—A)(Lw—mo) < -, (20)

|

Define a Poincaré mapping 6 : T — T by 6(¢) = u“(¢). Then we can derive
from (19) and (20) that

164(6) — 64 @) < 16 — vl (21)

This implies that @ is a contraction mapping, hence there exists a unique fixed
point ¢* € T such that

0" (¢") = ¢*.

Note that
05 (6(¢%)) = 6("(¢)) = 6(¢") -

This shows that 6(¢*) € T is also a fixed point of 8, so

0(¢%) = ¢*,
this is,

u?(¢%) = ¢

Let u(m, ¢*) be the solution of model (1) through (0, ¢*). From assumption

(H1), we know that u(m + w, ¢*) is also a solution of model (1). Note that

um+w(¢*) — um(uw(¢*) — um(¢*)
for m € N[my, +00), hence
um+w(¢*) — u(m7 ¢*)

for m € N[mg,+00). This shows that u(m, ¢*) is exactly one w-periodic so-
lution of model (1) and it is easy to see that all other solutions of model (1)
converge exponentially to it as m — +o0o0. The proof is completed. O
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Remark 1. We may properly choose matrices P, and @y in assumption
(H3) to guarantee A in Theorem 1 to be non-empty. Especially, when P, = piE
and Qr = qxF (px and gi are nonnegative constants), A is certainly nonempty.
So, from Theorem 1, we easily obtain the following corollary.

Corollary 2. Under assumptions (H1)-(H3) with P, = pyE and Qj =
qrE, model (1) has exactly one w-periodic solution, and all other solutions
of model (1) converge exponentially to it as m — —+o0o and the exponential
convergence rate index equals € — \, if conditions (i) and (iii) in Theorem 1 are
satisfied.

Remark 2. If pj(ui, - un) = uiy qr(ur, -+ ,up) =0, Jip =0 (i =
1,2,---,n; k=1,2,---), then model (1) turns to the following non-impulsive
discrete-time recurrent neural network with variable delays

ui(m+1) =¢;(m +Zaz] f] u] m))

+ Z bij fi(uj(m — 7ij(m))) + Li(m)  (22)
j=1

form=1,2,3,---.

For model (22), we can derive the following result.

Corollary 3. Under assumptions (H1), (H2) and condition (i) in Theo-
rem 1, model (22) has exactly one w-periodic solution, and all other solutions

of model (22) converge exponentially to it as m — 400 and the exponential
convergence rate index is €.

4. Example

Example 1. Consider a two-neuron neural network (1), where

m)| ) A= ( ‘%Smém) § cos(

—gsin({gm) 15 sin({

O ( i| sin(%m)\
0

o|=15|>‘
\_/

)

g cos (75 10 m)

B= ( —goos(fym) - §sin(fym) ) I ( — 1 sin({5m) )
5

fi(x) = fo(z) =2, T11(m) = Ti2(m) = T21(M) = T22(M) = 1 4 cos ——,
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km
pik(u, ug) = 0.08¢"?| sin —

k
Thae —|u1 —0.028¢"% | sin 1—7OT\uQ,

q1k(ur,uz) = 0.260'05| sin —\ul,

km k
por(u1,up) = 0.05e%97| sin \ul 4 0.03¢%% | sin 70T sin nfo |ug,
o km mm
Gor(u1,ug) = 0.260'05\ sin - cos W|U2,
k
Jie =1 —e%%|sin 70Ts' Tg\ Jo = —e%0°| sin 10 5 Tg\,

my =2, mp=mp_1+2, k=2,3,---.
It is easy to check that assumptions (H1)-(H3) are satisfied with F =

0.08 0.028 10

_ ,0.05 _ 0.05 _
( > - ° (0.05 0.03 ) @ = 0.2¢ (0 1>’ t=10,
_20

It is easily computing that
5 _1
E:E_6_<Z+§)F:< 7 2)

is an M-matrix, and p(P;) = 0.1e%% p(Qy) = 0.2e"% T'(Py) = {(&1, )¢ =
1.4&,& > 0,6 > 0}, T'(Qk) = {(&,&)7 16 > 0,& > 0}, QE) = {(&4, &)
1.269 < &1 < 158,61 > 0,6 > 0} So A = {(&1,&)7|& = 1.4&, & > 0,& > 0}
is non-empty.

Take ¢ = (1.4,1)T € A, 7 = 2, from the following inequalities

&i(—14€°g) +e° ij (@ +¢eTbij) <0, i=1,2,
Jj=1
we can get that a maximum value of € is 0.0167.
Take 7 = €*, A = §, then

v > max{1,0.1e%95 4 200167 5 9 20051} =1 2 ...

and 0 = Ie® )\ oo k=12,

Clearly, all condltlons of Theorem 1 are satisﬁed. So this neural network has
exactly one 20-periodic solution, and all other solutions of the neural network
converge exponentially to it as m — 400 and the exponential convergence rate
index equals 0.0167 — z. Figure 1 shows the simulation result of the existence
of periodic solution of the neural network with the initial condition u(s) =

2cos(s), ua(s) = —3sin(s), s € N[-2,0].
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ul

0 10 20 30 40 50 60 70 80
n
6T
b i
%
Py i
o
5 * * * * * * * *
* *, * * * *, * *
DK ok ok o % gk o K K K K gk K Rk K K KKK K K K ¥ Kk K K X
* % ¥ * % ¥ *x ¥ * % ¥
ok i
,4 Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80

n

Figure 1: The existence of periodic solution for the discrete-time re-
current neural networks with variable delays and impulses, where the
initial state u;(s) = 2cos(s), ua(s) = —3sin(s), s € N[—2,0].

5. Conclusions

In this paper, by using analytic methods, inequality technique and M-matrix
theory, several simple sufficient conditions checking the existence, uniqueness
and global exponential stability of periodic solution have been obtained for
the discrete-time recurrent neural network with variable delays and impulses.
Moreover, the estimation for exponential convergence rate index was also pro-
posed. An example with simulation has been given to show the effectiveness of
the obtained results.
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