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1. Introduction

For a real Banach space X we denote by J the normalized duality mapping
from X into 2X∗

given by

Jx =
{

f∗ ∈ X∗ : 〈x, f∗〉 = ‖f∗‖2 = ‖x‖2}, ∀x ∈ X,

where X∗ denotes the dual space of X and 〈·, ·〉 denotes the generalized duality
pairing. In the sequel, I denotes the identity operator, the symbols D(T ), R(T )
and F (T ) stand for the domain, the range and the set of all fixed points of an
operator T, respectively.

Definition 1.1. Let T : D (T ) ⊂ X → X be an operator.

(1) T is said to be accretive if for any x, y ∈ D (T ) , there exists j (x − y) ∈
J (x − y) such that

〈Tx − Ty, j (x − y)〉 ≥ 0;

(2) T is said to be strongly accretive if there exists a constant k ∈ (0, 1)
such that for any x, y ∈ D (T ) , there exists j (x − y) ∈ J (x − y) satisfying

〈Tx − Ty, j (x − y)〉 ≥ k ‖x − y‖2 ;

(3) T is called φ-strongly accretive if there exists a strictly increasing func-
tion φ : [0,∞) → [0,∞) with φ (0) = 0 such that for all x, y ∈ D (T ) there
exists j (x − y) ∈ J (x − y) satisfying

〈Tx − Ty, j (x − y)〉 ≥ φ (‖x − y‖) ‖x − y‖ ;

(4) T is said to be pseudocontractive if for all x, y ∈ D (T ) there exists
j (x − y) ∈ J (x − y) such that

〈Tx − Ty, j (x − y)〉 ≤ ‖x − y‖2 ;

(5) T is said to be strongly pseudocontractive (respectively, φ-strongly pseu-
docontractive) if (I − T ) is strongly accretive (respectively, φ-strongly accre-
tive);

(6) T is called φ-hemicontractive if F (T ) 6= ∅ and there exists a strictly
increasing function φ : [0,∞) → [0,∞) with φ (0) = 0 such that for all x ∈
D (T ) , q ∈ F (T ) there exists j (x − q) ∈ J (x − q) satisfying

〈Tx − q, j (x − q)〉 ≤ ‖x − q‖2 − φ (‖x − q‖) ‖x − q‖ ;

(7) T is said to be m-accretive if it is accretive and R (I + λT ) = X for all
λ > 0.
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The classes of operators introduced above have been studied by various
researchers (see, for example [1-48]). It is well known that any strongly ac-
cretive and strongly pseudocontractive operators are φ-strongly accretive and
φ-strongly pseudocontractive, respectively, but the converses do not hold. It is
clear that every φ-strongly pseudocontractive operator with a nonempty fixed
point set is φ-hemicontractive. In [9], Chidume and Osilike constructed an op-
erator which is φ-hemicontractive but not φ-strongly pseudocontractive. The
accretive operators were introduced independently in 1967 by Browder [2] and
Kato [18]. Interest in accretive operators stems mainly from their firm con-
nection with the existence theory for nonlinear evolution equations in Banach
spaces. It is well known that many physically significant problems can be mod-
eled in terms of an initial value problem of the form

du

dt
+ Tu = 0, u (0) = u0, (1.1)

where T is accretive in an appropriate Banach space. An early fundamental
result in the theory of accretive operators, due to Browder, states that the initial
value problem (1.1) is solvable if T is locally Lipschitz and accretive on X.
Browder established also that if T : X → X is locally Lipschitz and accretive,
then T is m-accretive. Martin [39] and Morales [40] generalized indeed the
results of Browder to both continuous accretive operators and strongly accretive
and continuous operators.

If T : X → X is strongly accretive and the following equation

f = Tx (1.2)

has a solution, methods for approximating the solution have been investigated
by a few researchers. Chidume [5] obtained that if X = Lp(or lp), p ≥ 2, and
T : X → X is a Lipschitz strongly accretive operator, then the Mann iteration
method can be used to approximate the solution of (1.2). Since the publication
of Chidume’s result, several researchers have extended it in various directions.
In [12], Deng generalized the result to the Ishikawa iteration sequence. Tan and
Xu [44] extended the results of Chidume [5] and Deng [12] to real p-uniformly
smooth Banach spaces, where 1 < p < 2. In [10], Chidume and Osilike improved
the results of Chidume [5], Deng [12] and Tan and Xu [44] to all real p-uniformly
smooth Banach spaces, where p > 1. Osilike [41] generalized the above results
to Lipschitz φ-strongly accretive operators. Xu [45] improved the results of
Chidume and Osilike [10] by using the Ishikawa and Mann iteration methods
with errors.

The aim of this paper is to study the iterative approximation of solutions
to the equations (1.2) and f = x + Tx in the case when X is a uniformly



428 S.M. Kang, Z. Liu, C.Y. Jung

smooth Banach space and T : X → X is a demicontinuous φ-strongly accretive
operator. A related result deals with the iterative approximation of fixed points
of φ-hemicontractive operators. Our results are improvements and extension of
the results that have appeared recently. In particular, the results of Chang [3],
Chang et al [4], Chidume [5-8], Chidume and Osilike [10], Deng [12-14], Deng
and Ding [15], Osilike [41], Tan and Xu [44], Xu [45], Zhou [47], Zhou and Jia
[48] and others will be special cases of our theorems.

2. Preliminaries

The following lemmas play a crucial role in the proofs of our main results.

Lemma 2.1. (see [25]) Suppose that X is a real uniformly smooth Banach

space and T : X → X is a demicontinuous φ-strongly accretive operator. Then

the equation Tx = f has a unique solution for any f ∈ X.

Lemma 2.2. (see [45]) Let X be a real uniformly smooth Banach space

and J : X → 2X∗

be the normalized duality mapping. Then

‖x + y‖2 ≤ ‖x‖2 + 2 〈y, j (x + y)〉 , ∀x, y ∈ X, ∀j ∈ J. (2.3)

Lemma 2.3. (see [2], [46]) Let X be a real Banach space. Then the

following conditions are equivalent:

(a) X is uniformly smooth;

(b) X∗ is uniformly convex;

(c) J is single valued and uniformly continuous on any bounded subset of

X.

Lemma 2.4. (see [25]) Let {an}∞n=0 be a nonnegative and bounded se-

quence and φ : [0,∞) → [0,∞) be strictly increasing and φ (0) = 0. Assume

that A (an) = φ(an)
1+an+φ(an) for all n ≥ 0. Then the following statements are

equivalent:

(d) inf {A (an) : n ≥ 0} = 0;

(e) inf {φ (an) : n ≥ 0} = 0;

(f) There exists a subsequence {ank
}∞k=0 of {an}∞n=0 such that ank

→ 0 as

k → ∞.
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Lemma 2.5. (see [20) Let {αn}∞n=0 , {βn}∞n=0 and {γn}∞n=0 be three non-

negative real sequences satisfying the inequality

αn+1 ≤ (1 − ωn)αn + βnωn + γn

for all n ≥ 0, where {ωn}∞n=0 ⊂ [0, 1],
∑∞

n=0 ωn = ∞, limn→∞ βn = 0 and
∑∞

n=0 γn < ∞. Then limn→∞ αn = 0.

3. Main Results

Our main results are as follows:

Theorem 3.1. Let X be a real uniformly smooth Banach space and

T : X → X be a demicontinuous φ-strongly accretive operator. Assume that

{un}∞n=0, {vn}∞n=0 are bounded sequences in Xand {an}∞n=0, {bn}∞n=0, {cn}∞n=0,

{a′n}∞n=0, {b′n}∞n=0 and {c′n}∞n=0 are sequences in [0, 1] satisfying the conditions

lim
n→∞

bn = lim
n→∞

b′n = lim
n→∞

c′n = 0; (3.1)

∞
∑

n=0

bn = +∞,

∞
∑

n=0

cn < +∞; (3.2)

an + bn + cn = a′n + b′n + c′n = 1, ∀n ≥ 0. (3.3)

For any given f, x0 ∈ X, define S = f + x − Tx, ∀x ∈ X and the Ishikawa

iteration sequence with errors {xn}∞n=0 by

yn = a′nxn + b′nSxn + c′nvn,

xn+1 = anxn + bnSyn + cnun, ∀n ≥ 0.
(3.4)

If at least one of the following conditions

the sequences {xn − Txn}∞n=0 and {yn − Tyn}∞n=0 are bounded ; (3.5)

the sequences {Txn}∞n=0 and {Tyn}∞n=0 are bounded ; (3.6)

is fulfilled, then the Ishikawa iteration sequence with errors {xn}∞n=0 converges

strongly to the solution of the equation Tx = f.

Proof. It follows from Lemma 2.1 that the equation Tx = f has a unique
solution q ∈ X. It is easy to verify that S is demicontinuous and q is a unique
fixed point of S. Thus for any x, y ∈ X there exists j(x−y) ∈ J(x−y) satisfying

〈Sx − Sy, j(x − y)〉 ≤ ‖x − y‖2(1 − A(‖x − y‖)), (3.7)
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where A(x, y) = φ(‖x−y‖)
1+‖x−y‖+φ(‖x−y‖) ∈ [0, 1) for all x, y ∈ X. This implies that

〈(I − S − A(x, y))x − (I − S − A(x, y))y, j(x − y)〉 ≥ 0,

and it follows from Lemma 1.1 of Kato [18] that

‖x − y‖ ≤ ‖x − y + r[(I − S − A(x, y))x − (I − S − A(x, y))y]‖ (3.8)

for all x, y ∈ X and r > 0. Since T is φ-strongly accretive, so that for any
x, y ∈ X, there exists j(x − y) ∈ J(x − y) satisfying

〈Tx − Ty, j(x − y)〉 ≥ φ(‖x − y‖)‖x − y‖,
which implies that

φ(‖x − y‖) ≤ ‖Tx − Ty‖
for any x, y ∈ X. Observe that

‖Sx − Sy‖ ≤ ‖x − y‖ + ‖Tx − Ty‖ ≤ φ−1(‖Tx − Ty‖) + ‖Tx − Ty‖
and

‖Sx − Sy‖ ≤ ‖x − Tx‖ + ‖y − Ty‖
for all x, y ∈ X. Hence either of (3.5) and (3.6) ensures that both {Sxn}∞n=0

and {Syn}∞n=0 are bounded. Put dn = bn + cn, d′n = b′n + c′n and

D = max
{

sup
n≥0

‖Sxn − q‖, sup
n≥0

‖Syn − q‖, sup
n≥0

‖un − q‖,

sup
n≥0

‖vn − q‖, ‖x0 − q‖
}

. (3.9)

By induction, (3.3), (3.4) and (3.9), we easily infer that for all n ≥ 0,

max{‖xn − q‖, ‖yn − q‖} ≤ D. (3.10)

Set B = 4D2, tn = ‖j(xn+1−q)−j(yn−q)‖ and sn = D2(dn+4d′n+8c′n)+2Dtn
for all n ≥ 0. Observe that

‖(xn+1 − q) − (yn − q)‖ ≤ 2D(dn + d′n) → 0

as n → ∞. It follows from Lemma 2.3 that

lim
n→∞

tn = 0. (3.11)

In view of (3.1), (3.2) and (3.11), we have

lim
n→∞

sn = 0. (3.12)

Using Lemma 2.2, (3.3), (3.4), (3.9) and (3.10), we conclude that

‖yn − q‖2 ≤ (1 − d′n)2‖xn − q‖2 + 2〈d′n(Sxn − q)
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+ c′n(vn − Sxn), j(yn − q)〉 ≤ (1 − d′n)2‖xn − q‖2 + 2D2(d′n + 2c′n) (3.13)

for all n ≥ 0. Using again Lemma 2.2, (3.3), (3.4), (3.9), (3.10) and (3.13), we
obtain that

‖xn+1 − q‖2 ≤ (1 − dn)2‖xn − q‖2 + 2〈dn(Syn − q)

+ cn(un − Syn), j(xn+1 − q)〉 ≤ (1 − dn)2‖xn − q‖2 + 2dn〈Syn − q, j(yn − q)〉
+ 2dn〈Syn − q, j(xn+1 − q) − j(yn − q)〉 + 2cn〈un − Syn, j(xn+1 − q)〉

≤ (1 − min{A(yn, q), A(xn, q)}dn)‖xn − q‖2 + dnsn + Bcn (3.14)

for all n ≥ 0. Put infn≥0 min{A(yn, q), A(xn, q)} = r. We assert that r = 0.
Otherwise r > 0. It follows from (3.14) that

‖xn+1 − q‖2 ≤ (1 − rdn)‖xn − q‖2 + dnsn + Bcn (3.15)

for all n ≥ 0. Let αn = ‖xn − q‖2, βn = dnsn, γn = Bcn and ωn = rdn. In
virtue of Lemma 2.5, (3.1), (3.2), (3.12) and (3.15), we infer immediately that
αn → 0 as n → ∞. This means that r = 0, which is a contradiction.

Now we claim that there exists a positive integers sequence {ni}∞i=0 such
that

lim
i→∞

‖xni
− q‖ = lim

i→∞
‖yni

− q‖ = 0. (3.16)

Observe that

0 = inf
n≥0

min{A(yn, q), A(xn, q)} = min
{

inf
n≥0

A(yn, q), inf
n≥0

A(xn, q)
}

,

which implies that either infn≥0 A(yn, q) = 0 or infn≥0 A(xn, q) = 0. Suppose
that infn≥0 A(yn, q) = 0. In view of Lemma 2.4, we conclude that there exists
a subsequence {‖yni

− q‖}∞i=0 of {‖yn − q‖}∞n=0 satisfying limi→∞ ‖yni
− q‖ = 0.

From (3.1)-(3.4), we infer that

‖xni
− q‖ ≤ ‖yni

− q‖+ ‖(xni
− q)− (yni

− q)‖ ≤ ‖yni
− q‖+ 2D(d′ni

+ c′ni
) → 0

as i → ∞.

Similarly we can prove that (3.16) holds also in case infn≥0 A(xn, q) = 0.

Using (3.1)-(3.3), (3.12) and (3.16), we conclude easily that given ε > 0
there exists a positive integer k satisfying

‖xnk
− q‖ <

ε√
2
, sn <

9ε2

32
·

φ( ε

2
√

2
)

1 + D + φ(D)
,

B

∞
∑

m=0

cn+m <
ε2

2
, max{dn + cn, d′n + c′n} <

ε

8D
√

2

(3.17)
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for all n ≥ nk. Next we prove by induction that for any i ≥ 1,

‖xnk+i − q‖2 <
ε2

2
+ B

i−1
∑

m=0

cnk+m. (3.18)

Suppose that ‖xnk+1−q‖2 ≥ ε2

2 +Bcnk
. Obviously, ‖xnk+1−q‖ ≥ ε√

2
. It follows

from (3.4) and (3.17) that

‖xnk
− q‖ ≥ ‖xnk+1 − q‖ − dnk

‖Synk
− xnk

‖ − cnk
‖unk

− Synk
‖

≥ ε√
2
− 2D(dnk

+ cnk
) >

3ε

4
√

2

and

‖ynk
− q‖ ≥ ‖xnk

− q‖ − d′nk
‖Sxnk

− xnk
‖ − c′nk

‖unk
− Sxnk

‖

>
3ε

4
√

2
− 2D(d′nk

+ c′nk
) >

ε

2
√

2
.

From (3.14) and the above inequalities we obtain that

ε2

2
+ Bcnk

≤ ‖xnk+1 − q‖2

≤
(

1 − φ(‖ynk
− q‖)

1 + ‖ynk
− q‖ + φ(‖ynk

− q‖)dnk

)

‖xnk
− q‖2 + dnk

snk
+ Bcnk

≤ ‖xnk
− q‖2 +

[

snk
− 9ε2

32
·

φ( ε

2
√

2
)

1 + D + φ(D)

]

dnk
+ Bcnk

<
ε2

2
+ Bcnk

,

which is a contradiction. That is, (3.18) holds for i = 1. Assume that (3.18)
holds for some i > 1. Suppose that

‖xnk+i+1 − q‖2 ≥ ε2

2
+ B

i
∑

m=0

cnk+m. (3.19)

Then ‖xnk+i+1 − q‖ ≥ ε√
2

and

‖xnk+i − q‖ ≥ ‖xnk+i+1 − q‖ − dnk+i‖Synk+i − xnk+i‖

− cnk+i‖unk+i − Synk+i‖ >
3ε

4
√

2

(3.20)

and

‖ynk+i − q‖ ≥ ‖xnk+i − q‖ − d′nk+i‖Sxnk+i − xnk+i‖
− c′nk+i‖vnk+i − Sxnk+i‖ >

ε

2
√

2
.

(3.21)
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Thus (3.14), (3.19)-(3.21) yield that

ε2

2
+ B

i
∑

m=0

cnk+m ≤ ‖xnk+i+1 − q‖2

≤ ‖xnk+i − q‖2 + [snk+i − A(‖ynk+i − q‖)‖xnk+i − q‖2]dnk+i + Bcnk+i

≤ ‖xnk+i − q‖2 +

[

snk+i −
φ( ε

2
√

2
)

1 + D + φ(D)
· 9ε2

32

]

dnk+i + Bcnk+i

<
ε2

2
+ B

i
∑

m=0

cnk+m,

which is a contradiction. That is, (3.18) holds for i + 1. Therefore (3.18) holds
for any integers i ≥ 1. Using (3.17) and (3.18), we have

‖xnk+i − q‖ <

√

√

√

√

ε2

2
+ B

i−1
∑

m=0

cnk+m < ε

for all integers i ≥ 1. That is, ‖xn − q‖ → 0 as n → ∞. This completes the
proof.

Theorem 3.2. Suppose that X,T, {un}∞n=0, {vn}∞n=0, {an}∞n=0, {bn}∞n=0,

{cn}∞n=0, {a′n}∞n=0, {b′n}∞n=0, {c′n}∞n=0 are as in Theorem 3.1. Then for any given

f ∈ X, the Ishikawa iteration sequence with errors {xn}∞n=0 defined for arbitrary

x0 ∈ X by

yn = a′nxn + b′n(f − Txn) + c′nvn,

xn+1 = anxn + bn(f − Tyn) + cnun, ∀n ≥ 0
(3.22)

converges strongly to the solution of the equation x + Tx = f provided that at

least one of (3.6) and the following

the sequences {xn + Txn}∞n=0 and {yn + Tyn}∞n=0 are bounded (3.23)

holds.

Proof. Put S = I+T. It is easy to see that S is a demicontinuous φ-strongly
accretive operator and

f − Tx = f − (S − I)x = f + x − Sx

for all x ∈ X. It follows from Theorem 3.1 that {xn}∞n=0 converges strongly to
the solution of the equation Sx = f . This completes the proof.

Theorem 3.3. Suppose that X, {un}∞n=0, {vn}∞n=0, {an}∞n=0, {bn}∞n=0,

{cn}∞n=0, {a′n}∞n=0, {b′n}∞n=0, {c′n}∞n=0 are as in Theorem 3.1 and T : X → X
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is a demicontinuous φ-strongly pseudocontractive operator. Then the Ishikawa

iteration sequence with errors {xn}∞n=0 generated from an arbitrary x0 ∈ X by

yn = a′nxn + b′nTxn + c′nvn,

xn+1 = anxn + bnTyn + cnun, n ≥ 0
(3.24)

converges strongly to the fixed point of T provided that either (3.5) or (3.6)
holds.

Proof. Set S = I − T and f = 0. It is easy to verify that S is a demicon-
tinuous φ-strongly accretive operator. Lemma 2.1 ensures that the equation
Sx = 0 has a unique solution q ∈ X. That is, T has a unique fixed point q in
X. Observe that Tx = f + (I − S)x for all x ∈ X. Thus Theorem 3.3 follows
from Theorem 3.1. This completes the proof.

Reviewing the proofs of Theorems 3.1-3.3 and Corollaries 3.1-3.3, we can
see that the following results hold.

Theorem 3.4. Suppose that X, {un}∞n=0, {vn}∞n=0, {an}∞n=0, {bn}∞n=0,

{cn}∞n=0, {a′n}∞n=0, {b′n}∞n=0, {c′n}∞n=0 are as in Theorem 3.1, T : X → X is

φ-strongly accretive and the equation Tx = f has a solution for some f ∈ X.

Let S = f + x − Tx for all x ∈ X and the sequences {xn}∞n=0 and {yn}∞n=0 be

as in Theorem 3.1. If either (3.5) or (3.6) holds, then the Ishikawa iteration

sequence with errors {xn}∞n=0 converges strongly to the solution of the equation

Tx = f .

Theorem 3.5. Suppose that X, {un}∞n=0, {vn}∞n=0, {an}∞n=0, {bn}∞n=0,

{cn}∞n=0, {a′n}∞n=0, {b′n}∞n=0, {c′n}∞n=0 are as in Theorem 3.1, T : X → X is

φ-strongly accretive and the equation x + Tx = f has a solution for some

f ∈ X. If the Ishikawa iteration sequence with errors {xn}∞n=0 defined by (3.22)
satisfies (3.6) or (3.23), then it converges strongly to the solution of the equation

x + Tx = f .

Theorem 3.6. Let X be a real uniformly smooth Banach space and K be

a nonempty convex subset of X. Suppose that {an}∞n=0, {bn}∞n=0, {cn}∞n=0,

{a′n}∞n=0, {b′n}∞n=0, {c′n}∞n=0 are as in Theorem 3.1 and T : K → K is φ-

hemicontractive. Let {un}∞n=0 and {vn}∞n=0 be bounded sequences in K. If

the Ishikawa iteration sequence with errors {xn}∞n=0 defined from an arbitrary

x0 ∈ K by (3.24) satisfies (3.5) or (3.6), then it converges strongly to the unique

fixed point of T .

Proof. Since T is φ-hemicontractive, there exists q ∈ K with q = Tq. Thus
for any x ∈ K, there exist j(x− q) ∈ J(x− q) and a strictly increasing function
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φ : [0,∞) → [0,∞) with φ(0) = 0 such that

〈Tx − q, j(x − q)〉 ≤ ‖x − q‖2 − φ(‖x − q‖)‖x − q‖, (3.25)

which implies that

〈(I − T − A(x, q))x − (I − T − A(x, q))q, j(x − q)〉 ≥ 0,

where A(x, q) = φ(‖x−q‖)
1+‖x−q‖φ(‖x−q‖) ∈ [0, 1) for all x ∈ K. Note that (3.25) means

that T has a unique fixed point in K. It follows from the above inequality and
Lemma 1.1 of Kato [18] that

‖x − q‖ ≤ ‖x − q + r[(I − T − A(x, q))x − (I − T − A(x, q))q]‖
for any x ∈ K and r > 0. The remainder of the argument is now identical
with the proof of Theorem 3.1 and is therefore omitted. This completes the
proof.

Remark 3.1. Theorems 3.1-3.6 extend, improve and unify Theorems 3.2,
3.3, 4.1 and 5.2 of [3], Theorems 3.2, 3.3, 4.1 and 5.2 of [4], Theorem of [5],
Theorems 1 and 2 of [6], Theorems 1 and 2 of [7], Theorems 1, 2, 3 and 4 of
[8], Theorems 1, 2, 3 and 4 of [10], Theorems 1 and 2 of [12], Theorems 1 and 2
of [13], Theorems 1 and 2 of [14], Theorems 1 and 2 of [15], Theorem 1 of [41],
Theorems 4.1 and 4.2 of [44], Theorems 3.1 and 3.3 of [45], Theorems 1 and 2
of [47] and Theorem 2.1 of [48] in the following ways:

(1) The Mann iteration method in [3-8, 10] and the Ishikawa iteration
method in [3, 4, 7, 8, 10, 12-15, 41, 44, 47, 48] are replaced by the more
general Ishikawa iteration method with errors.

(2) The Lipschitz continuity in [3, 4, 6, 8, 10, 12-15, 41, 44] either are
superfluous or are replaced by the more general demicontinuity. The continuity
in [8] is replaced by the more general demicontinuity.

(3) Theorems 3.1-3.6 and Corollaries 3.1-3.6 hold in real uniformly smooth
Banach spaces whereas the results of [5, 6,, 9, 11-14, 41, 44] have been proved
in the restricted Lp (or lp) spaces, p-uniformly smooth Banach spaces (p > 1),
respectively.

(4) The assumptions that both an ≤ bn in [3, Theorem 3.2], [7, Theorem
2], [8, Theorem 2] and [10, Theorems 1 and 2], and

∑∞
n=0 anb(an) < +∞ in

[7, Theorems 1 and 2] and [8, Theorems 1, 2 and 3], and bn ≤ a
q−1
n and the

equation Tx = f has a solution in [3, 4, 41] are omitted.

(5) The strongly pseudocontractive operators in [3-8, 10, 12-15, 44, 45,
47, 48] and the strongly accretive operators in [3, 4, 6, 8, 10, 12-15, 44, 47]
are replaced by the more general φ-hemicontractive operators and φ-strongly
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accretive operators, respectively.

(6) The boundedness of R(I − T ) in [8, 45, 47] are replaced by conditions
(3.5) and (3.6), respectively.

(7) The domain K of T may not be closed and bounded.

Remark 3.2. The iteration parameters {an}∞n=0 and {bn}∞n=0 in Theorems
3.1-3.6 do not depend on any geometric structure of the underlying Banach
space X or on any property of the operator T . A prototype for {an}∞n=0,
{bn}∞n=0, {cn}∞n=0, {a′n}∞n=0, {b′n}∞n=0 and {c′n}∞n=0 in our theorems is

an =
n

n + 1
, bn =

1

n + 2
, cn =

1

(n + 1)(n + 2)
, a′n =

n

n + 2
, b′n = c′n =

1

n + 2

for all n ≥ 0.
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