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Abstract: The optimal discovery procedure (ODP) is a new approach to
multiple tests of significance that was recently introduced by Storey, see [3].
Similarly to the Neyman-Pearson Lemma in the single hypothesis setting, the
ODP was shown to possess optimality when testing multiple hypotheses. We
investigate the unbiasedness of this procedure. In particular, we show that it is
not unbiased when the tests are performed on the exponential distribution and
show the conditions for asymptotic unbiasedness.
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1. Introduction
Consider the task of testing statistical hypotheses Hi based on the observed
data sets xi , i = 1, 2, . . . , m. Most traditional testing techniques require that
each test statistic is evaluated separately in regards to the evidence that it
shows against the null hypothesis. This evidence may be expressed in the form
of p-values and the set of hypotheses to be rejected is determined according to
the rule that maintains the desired error rate. The key feature of this approach
is that all test statistics are processed separately, see [5].
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Storey (see [3], [4]) proposed a new approach to multiple testing, called the
optimal discovery procedure (ODP), that takes into account all observations
when evaluating the significance of each test statistic, and proved that this
technique is optimal for each fixed number of expected false positives. The ODP
is somewhat similar to the Neyman – Pearson Lemma (see [1]) that determines
the conditions of existence of the most powerful test.
The ODP function is given by the expression
gm0 +1 (x, θm0 +1 ) + gm0 +2 (x, θm0 +2 ) + . . . + gm (x, θm )
,
SODP (x) =
f1 (x, θ1 ) + f2 (x, θ2 ) + . . . + fm0 (x, θm0 )
where fi , i = 1, 2, . . . , m0 , denote true null densities and gi , i = m0 + 1, m0 +
2, . . . , m, true alternative densities. Hypothesis i is rejected if SODP (x) ≥ λ for
some λ ∈ [0, ∞).
∗
In practice, an estimated thresholding function ŜODP
(x) is used. Given
that all null densities fi are the same,
Pm0
Pm
i=1 f (x, θ̂i ) +
i=m0 +1 gi (x, θ̂i )
∗
ŜODP (x) =
,
f (x, θ0 )

where f (x, θ̂i ) and g(x, θ̂i ) denote the plug-in estimates of the densities. Sim∗
ilarly, hypothesis i is rejected if ŜODP
(xi ) ≥ λ for some λ ∈ [0, ∞). In the
process of estimation, no distinction has to be made between the null and alternative densities in the numerator, as it contains all m densities.
Storey shows that the testing procedure based on the above estimated ODP
statistic is more powerful than the procedure relying on the univariate UMP
unbiased tests in a number of scenarios, see [3].

2. ODP and Unbiasedness. Example
Suppose that the i-th data set includes ni observations. Thus, xi = (xi1 , xi2 , . . .,
xini ), i = 1, 2, . . . , m. For shortness, we will also write
m0
m
X
1 X
1
¯
gi (x, θi ).
fi (x, θi ) and ḡ(x, θ) =
f (x, θ) =
m0
m − m0
i=1

i=m0 +1

Note that the dimension of θ depends on the context. Thus, it reflects m0
entries in f¯(x, θ), but (m − m0 ) entries in ḡ(x, θ).
Let the outcomes of m hypothesis tests be as shown in Table 1.
A desirable feature of a multiple testing procedure is its unbiasedness (see
[2], [3]). In terms of the quantities of Table 1, it is defined as E [V /R] ≤
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True null
False null
Total

Reject null
V
S
R

401
Not reject null
W
T
A

Total
m0
m − m0
m

Table 1: The outcomes of m hypothesis tests
1 − E [T /A] meaning that the proportion of correct decisions regarding true
null hypotheses is at least as large as the proportion of incorrect decisions,
on average. The unbiasedness condition can also be rewritten as E[V ]/m0 ≤
E[S]/(m − m0 ). It is easy to show that both conditions are equivalent.
Writing the second inequality in terms of densities fi and gi ,
Z 

1
gm0 +1 (x, θ̂m0 +1 ) + gm0 +2 (x, θ̂m0 +2 ) + · · · + gm (x, θ̂m ) dx
m − m0 Γ
Z 

1
f1 (x, θ̂1 ) + f2 (x, θ̂2 ) + · · · + fm0 (x, θ̂m0 ) dx,
≥
m0 Γ
where Γ = {SODP (x) ≥ λ}. In the notation with f¯ and ḡ,
Z
Z
ḡ(x, θ̂)dx ≥
f¯(x, θ̂)dx .
Γ

Γ

Storey (see [3]) considers the performance of the estimated ODP in the case
of a normal distribution N (µ, 1), where Hi : µi = 0 is tested against the twosided alternative. In the supporting simulation, the ODP proves more efficient
than the UMP unbiased test.
We note that the ODP approach is interpreted nicely for any distribution
when the parameter of interest coincides with the mode of the density, such
as µ in N (µ, 1). The observations closer to the mode will contribute more to
∗
the numerator of ŜODP
(x), especially in the situation where many data points
from different tests Hi appear near the same value in the close proximity from
each other.
The interpretation is not so clear if the density parameter in question is not
directly related to the height of the density graph. In particular, this is the case
when the density of a test statistic is considerably skewed. As it turns out, the
estimated ODP is also not unbiased under these circumstances.
x

Consider Xij ∼ f (x) = λ1 e− λ , x > 0, as an example. Suppose Hi : λ = 1 is
P i
Xij has Γ(ni , λ/ni ) distribution.
tested against λ 6= 1. Here, λ̂ = X̄i = n1i nj=1
For simplicity, we assume ni = 1 for all i. We show through the simulation that
the estimated ODP is not unbiased in the case of exponential distribution.
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We consider 2000 hypotheses of which one half are true null and the other
half are true alternative. The estimated ODP statistic is
Pm 1 − λ̂x
“
”
m
i
X
i=1 λ̂i e
1 −x λ̂1 −1
∗
e
.
ŜODP (x) =
=
e−x
λ̂
i
i=1
We use λ1 = 1.05. α = 0.05 leads to the expected number of false positives
(EFP) of 50. The simulation was conducted 100,000 times showing the average number of true positives at 49.469. The distribution of the number of true
positives (ETP) appears only slightly skewed right. Using a normal approximation, the 95% confidence interval for ETP is (49.409, 49.529). Nonparametric
bootstrap for 200 ETP averaged over 5000 iterations each also shows significant
results with 95% confidence interval of (49.2592, 49.7956).

λ1
0.99
1.00
1.02
1.05
1.10
1.20

Average rejections
50.158
49.945
49.668
49.469
49.780
52.381

95% Confidence Interval for ETP
(50.098, 50.219)
(49.885, 50.005)
(49.608, 49.728)
(49.409, 49.528)
(49.720, 49.839)
(52.321, 52.441)

Table 2: Average number of rejections for some values of λ1

The simulation yields similar results for other values of λ on the interval (1,
1.1) (see Table 2). For values of λ below 1, the power is higher than 5%. While
determining the exact values of λ where the procedure is biased would require
extensive simulation, it is clear that the estimated ODP is biased for a small
range of values of λ just above 1.
In the light of the above example, it is interesting to see under what conditions estimated ODP is unbiased. As the difference between the exact and
estimated ODP lies in the values of parameters θ1 , θ2 , · · · , θm , intuitively, the
quality of the procedure should improve substantially as θ1 , θ2 , · · · , θm are estimated more accurately.
Theorem 1. Let the densities fi (x, θi ), i = 1, 2, . . . , m0 and gi (x, θi ), i =
m0 + 1, . . . , m be continuous in their respective parameters θi . Let θˆi be consistent estimators of θi , i = 1, 2, . . . , m. Then, the estimated ODP is asymptotically unbiased.
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λ1
0.95
1.02
1.05
1.10

Average rejections
56.942
50.101
53.444
67.184
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95% Confidence Interval for ETP
(56.876, 57.008)
(50.041, 50.161)
(53.382, 53.506)
(67.113, 67.254)

Table 3: Average number of rejections with ni = 10.

Proof. We would like to show
Z that
(ḡ(x, θ̂) − f¯(x, θ̂))dx ≥ 0.
lim
min ni →∞ Γ

Rewriting the expression inside the integral, we obtain
Z
Z
¯
(ḡ(x, θ̂) − f (x, θ̂))dx = (ḡ(x, θ̂) − ḡ(x, θ))dx
Γ

+

Γ

Z

(ḡ(x, θ) − f¯(x, θ))dx +

Z

(f¯(x, θ) − f¯(x, θ̂))dx.

Γ

Γ

Let ǫZ> 0 and consider the first term in the above sum to write:


(ḡ(x, θ̂) − ḡ(x, θ)) dx ≤ 2 · P ḡ(x, θ̂) − ḡ(x, θ) ≥ ǫ + ǫ.
Γ

Then, by the consistency of θˆi and continuity of gi ,
Z
ḡ(x, θ̂) − ḡ(x, θ) dx = 0.
lim
min ni →∞ Γ

Similarly,
lim

Z 

f¯(x, θ̂) − f¯(x, θ) dx = 0.

min ni →∞ Γ

We note that the exact ODP is unbiased by its optimality. Hence,
Z
Z
¯
(ḡ(x, θ) − f¯(x, θ))dx ≥ 0.
(ḡ(x, θ̂) − f (x, θ̂))dx = lim
lim

min ni →∞ Γ

min ni →∞ Γ

Thus, the estimated ODP is asymptotically unbiased.

It can be verified that the procedure is no longer biased in the case of
exponential distribution with ni = 10 for all i (see Table 3).
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3. Conclusion

Thus, we have shown through the simulation that the optimal discovery procedure is not unbiased when multiple tests on the parameter λ of an exponential
distribution are performed. The lack of unbiasedness is due to the estimation
of the densities necessary to implement the procedure. However, this can be
overcome through the more precise estimation of the pdfs. In fact, we have
shown that the ODP is asymptotically unbiased under certain assumptions.
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