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Abstract: In this paper we present four methods to construct linear codes
from orthogonal arrays. We apply these methods, to a large database of orthogonal arrays with parameters (27, q, 3, t), for q = 3, . . . , 13, in order to construct
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distance we search for inequivalent codes.
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1. Introduction
A linear code C, of length n, dimension k, and minimum distance d denoted with
[n, k, d] (or [n, k]) is a k− dimensional vector subspace of a Galois field Fnp , where
p is prime or prime power. The elements of the code C are called codewords.
The number of non-zero coordinates of a codeword is called (Hamming) weight
of the codeword. In the case of a linear code the minimum distance is equivalent
with the minimum weight of all the codewords. A matrix G is called generator
matrix of the code C if its rows generate the code C. Hence, the codewords of
C are all possible linear combinations of the rows of G.
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An orthogonal array OA(n, q, s, t) is an n × q array with entries from a set
of s distinct symbols arranged so that, for any collection of t columns of the
array, each of the st row vectors appears equally often. Usually orthogonal
arrays are used in statitics so some terminology from this area is used to name
the parameters of an orthogonal array. We call n the number of runs, q the
number of factors, s the number of levels for each factor and t the strength of
the array.
Orthogonal arrays and codes are related in some cases, in the sence that
it is possible to construct codes from an orthogonal array and also construct
orthogonal arrays from a code [1, 2, 9, 10]. In this paper we will present four
methods to construct linear codes from orthogonal arrays and produce results
using three level orthogonal arrays with 27 runs, and q = 3, . . . , 13 factors.
We will use the OA’s under some transformations as a generator matrix G.
Remark 1. We should emphasize that in some cases the rows of the
matrix G are linearly dependent and so G is not the actual generator matrix in
a tight mathematical sence.

2. Preliminaries and Basic Definitions
We will state some useful definitions and propositions that will be used throughout this paper.
2.1. Linear Codes
Two [n, k] p-acid codes C, C ′ are said to be equivalent if there are n permutations π1 , . . . , πn of the p elements and a permutation σ of the n coordinate positions for which, each codeword (x1 , x2 , . . . , xn ) of C implies that
σ(π1 (x1 ), π2 (x2 ), . . . πn (xn )) is a codeword of C ′ , see [12].
For any x = (x1 , . . . , xn ), y = (y1 , . . . , yn ) ∈ Fnp , define their inner product:
x · y = x1 y1 + · · · + xn yn .
Let C be a p-acid linear [n, k] code. Define the dual code of C as:
C ⊥ = {x ∈ Fnp | x · y = 0 ∀ y ∈ C}.
If C ⊆ C ⊥ , then C is called self-orthogonal.
The following well known proposition that identifies self-orthogonal codes,
except binaries, can be found in [13].
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Proposition 2. Let p be a power of an odd prime and C be a p-acid linear
code. Then C is self-orthogonal if and only if c · c = 0 for all codewords c ∈ C.
2.2. Orthogonal Arrays
In this paper we will always assume that the strength t of an orthogonal array
is 2 and the set denoted by s will be {0, 1, . . . , s − 1}.
Remark 3. By definition any column of an orthogonal array (n, q, s, 2)
contains ns elements equal to i = 0, 1, . . . , (s − 1), and so, n is divisible by s.
Remark 4. By definition for any selection of two columns of an orthogonal
array (n, q, s, 2), the following pairs will appear exactly sn2 times, {0, 0}, {0, 1},
. . . , {0, s − 1}, {1, 0}, {1, 1}, . . . , {1, s − 1}, . . . , {s − 1, 0}, {s − 1, 1}, . . . ,
{s − 1, s − 1}.
Two orthogonal arrays based on s symbols are said to be isomorphic if one
can be obtained from the other by a sequence of row permutations, column
permutations and permutations of symbols in each column, see [9]. As a consequence, the orthogonal arrays that will be used throughout this paper will have
its first row elements equal to 0.

3. Construction Methods for Linear Codes
3.1. First Method
Let A be the matrix produced by an orthogonal array with parameters (n, q, s, t)
after removing the first row of the OA, we emphasize that the elements of
first row of the OA are always 0. Then define the generator matrix G as the
transpose of the matrix A, that is G = AT . It is obvious that the linear codes
constructed with this method will have length, n − 1.
Proposition 5. The [n − 1, k, d] linear codes constructed with the method
described previously are self-orthogonal.
Proof. Let c be a codeword. Then c can be written as a linear combination
of the rows of its generator matrix G,
k
X
λi gi ,
c=
i=1
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where with gi we denote the i-th row of G. For i, j, i 6= j from Remark 4 it
holds that
n
n
gi · gj = ( 2 − 1)(0 · 0) + 2 · {(0 · 1) + · · · + (0 · (s − 1)) + . . .
s
s
+((s − 1) · 0) + ((s − 1) · 1) + · · · + ((s − 1) · (s − 1))}
n (s − 1)2 s2
(s − 1)2
⇒ gi · gj = 2
=n
≡ 0 (mod s) .
s
4
4
Similarly from Remark 3 it holds that
n
n
gi · gi = ( − 1)(0 · 0) + {(1 · 1) + · · · + ((s − 1) · (s − 1))}
s
s
n (s − 1)s(2s − 1)
(s − 1)(2s − 1)
=
=n
≡ 0 (mod s) .
s
6
6
So
k
k
X
X
λi gi ) = 0
λi gi )(
c·c=(
i=1

i=1

and by Proposition 2 the linear code is self-orthogonal.
3.1.1. Codes Derived by the First Method Using Three Level
Orthogonal Arrays with 27 Runs
We applied the previous method to a large number of three level orthogonal
arrays with 27 runs and q = 3, . . . , 13 factors. The derived codes are ternary
self-orthogonal codes. All the different linear codes parameters are listed in
http://www.math.ntua.gr/people/ckoukouv/. We notice that the dimension k
of all codes is between 2 and 7, see Remark 1. From all these codes we focus on
the code [26, 3, 18] that has the maximum minimum distance d = 18, for length
n = 26 and dimension k = 3. This code is equivalent to the code proposed by
Grassl [7].
3.2. Second Method
Let A be the matrix produced by an orthogonal array with parameters (n, q, s, t)
after removing the first row of the OA. Then define the generator matrix G as
the matrix A, that is G = A. It is obvious that the linear codes constructed
with this method will have length q. Although this method seems to have no
theoretical background, at the moment, when applied to orthogonal arrays, the
results were quite interesting.
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3.2.1. Codes Derived by the Second Method Using Three Level
Orthogonal Arrays with 27 Runs
We applied the previous method to a large number of three level orthogonal
arrays with 27 runs and q = 3, . . . , 13 factors. The derived codes are ternary and
all the different linear codes parameters are listed in http://www.math.ntua.gr/
people/ckoukouv/. We notice that the dimension k of all codes is between 2
and 7, see Remark 1. Below we present some interesting properties of codes
that had maximum minimum distance.
1. We found one ternary code with parameters: [13, 3, 9], [12, 3, 8], [11, 3, 7],
[9, 3, 6], [8, 3, 5] and [4, 3, 2], as it has been proved in [6] by M. van Eupen and
M. Lisonek.
2. We found one ternary code with parameters [7, 6, 2], [6, 5, 2], [5, 4, 2],
[4, 2, 3]. These codes are equivalent to the one proposed by M. Grassl [5, 7].
3. We found one ternary code with parameters: [13, 6, 6] and [10, 7, 3].
These codes are not equivalent to the one proposed by M. Grassl [5, 7].
4. We found one ternary code with parameters [9, 6, 3]. This code is not
equivalent to the one proposed by M. Grassl [5, 7], while M. van Eupen and M.
Lisonek in [6] proved that there are three such codes.
5. We found two ternary codes with parameters [7, 3, 4]. One of the codes
is equivalent to the one proposed by M. Grassl [5, 7], while M. van Eupen and
M. Lisonek in [6] proved that there are two such codes.
6. We found two ternary codes with parameters [10, 3, 6]. These codes are
not equivalent to the one proposed by M. Grassl [5, 7], while M. van Eupen and
M. Lisonek in [6] proved that there are six such codes.
7. We found three ternary codes with parameters [6, 3, 3]. One of the codes
is equivalent to the one proposed by M. Grassl [5, 7], while M. van Eupen and
M. Lisonek in [6] proved that there are four such codes.
8. We found two ternary codes with parameters [5, 3, 2]. These codes are
not equivalent to the one proposed by M. Grassl [5, 7].
9. We found three ternary codes with parameters [9, 7, 2]. These codes are
not equivalent to the one proposed by M. Grassl [5, 7].
10. We found five ternary codes with parameters: [7, 5, 2] and [6, 4, 2]. These
codes are not equivalent to the one proposed by M. Grassl [5, 7].
11. We found six ternary codes with parameters [8, 6, 2]. These codes are
not equivalent to the one proposed by M. Grassl [5, 7].
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3.3. Third Method

Let A be the matrix produced by an orthogonal array with parameters (n, q, s, t)
after removing the first row of the OA. Then define the generator matrix
G = [I, A], where I is the identity matrix of order n − 1. It is obvious that
the linear codes constructed with this method will have length n − 1 + q and
dimension k = n − 1, since we attached the identity matrix I and make the
rows of G linear independent.
3.3.1. Codes Derived by the Third Method Using Three Level
Orthogonal Arrays with 27 Runs
We applied the previous method to a large number of three level orthogonal
arrays with 27 runs and q = 3, . . . , 13 factors. The derived codes are ternary and
all the different linear codes parameters are listed in http://www.math.ntua.gr/
people/ckoukouv/. Below we present some interesting properties of codes, that
had maximum minimum distance.
— We found four ternary codes with parameters [33, 26, 4], [29, 26, 2]. These
codes are not equivalent to the one proposed by M. Grassl [5, 7].
3.4. Fourth Method
Let A be the matrix produced by an orthogonal array with parameters (n, q, s, t)
after removing the first row of the OA. Then define the generator matrix
G = [I, AT ], where I is the identity matrix of order q. It is obvious that the
linear codes constructed with this method will have length n + q and dimension
k = q, since we attached the identity matrix I and make the rows of G linear
independent.
3.4.1. Codes Derived by the Fourth Method Using Three Level
Orthogonal Arrays with 27 Runs
We applied the previous method to a large number of three level orthogonal
arrays with 27 runs and q = 3, . . . , 13 factors. The derived codes will be ternary
and all the different linear codes parameters are listed in http://www.math.
ntua.gr/people/ckoukouv/. Below we present some interesting properties of
codes, that had maximum minimum distance.
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— We found two ternary codes with parameters [29, 3, 19]. One of these
codes is equivalent to the one proposed by M. Grassl [5, 7].
Remark 6. The generator matrices of all referenced codes is uploaded in
http://www.math.ntua.gr/people/ckoukouv/. All equivalency checks on codes
have been performed with MAGMA software.
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