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Abstract: This paper considers methods for finding approximate solutions to
the linear differential delay equation. It is shown that high quality approxima-
tions can be obtained by taking a small number of terms from a series solution.
A least squares method gives similar results. Along the way we provide some
mathematical archeology. The practical importance of some long neglected
theorems are highlighted.
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1. Introduction

There are many practical situations in which a time delay plays an important
role. It arises in control theory, population dynamics and supply chain control
amongst other applications. Our interest derives from supply chain modeling
where it is desirable to be able to both explain and control the behavior of the
inventory over time.
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The model of a delay dynamical system that we will be using is the linear
differential delay equation

I ′(t) = −aI(t) + bI(t − τ) (1)

with initial condition

I(θ) = φ(θ), −τ ≤ θ ≤ 0 . (2)

We begin with a brief review of the history of solutions for this equation. We
exhibit an exact solution which is an infinite sum of exponential functions. Fol-
lowing this we compare two methods of finding approximate solutions, a method
that truncates the infinite sum and a least squares method. In the truncation
case we are able to determine the long term behaviour of the approximations.
We also get insight into the numerical accuracy of the least squares method.

2. Survey of Known Results

Solutions to equation (1) can be found in the work of Wright (see [12], [11]).
Wright himself indicates that the solution to the first order linear equation
dates back to Hilb in 1918 [7]. This solution is given as a series whose terms
involve exponential functions with exponents determined by the solutions to a
transcendental equation. In the classic text of Bellman and Cooke [3] one finds
an integral form of the solution as well.

The transcendental equation used by Wright is in fact the equation that
gives the Lambert W-function which has been the subject of much interest
recently (see for example [4]). Wright’s work makes use of complex function
theory and can be applied to the case of higher order equations as well. Wright
also gives information on the convergence of the infinite sum which we will use
later.

Most recently, Amann, Schöll, and Just [1] give an elegant exposition of
the determination of an explicit solution. Given the wide applicability of the
equation it is somewhat surprising that such a rediscovery was needed. The
derivation of the solution given by Amann et al uses an approach based on
finding an orthogonal set of functions the sums of which define the solution,
and does not rely on complex function theory. The solution that they find is
the same as Wright’s solution with minor notational differences.

Since we shall be using the solution in the form given by Amman et al
[1], we reproduce it here. In common with Wright and earlier researchers, one
looks for a solution that is an exponential I(t) = A exp(λt). This leads to the
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transcendental equation:

λ = −a + b exp(−λτ) . (3)

The solutions to this equation can be written explicitly in terms of the
Lambert-W function.

λk = −a +
Wk(bτ(exp(aτ))

τ
, k ∈ Z . (4)

Based on this one looks for a solution that is an infinite sum of these exponential
terms. More precisely the general solution should have the form:

I(t) =
∞
∑

k=−∞

ck exp(λkt) . (5)

It is convenient to refer to the term exp(λkt) as a Lambert mode for the
equation. It should be noted that we will be assuming that b 6= 0 and that the
solutions to (3) are not multiple solutions. For details on this case the reader
is referred to Wright’s theorem 6, where the case is considered [12].

Amman et al. [1] show that subject to these non-degeneracy conditions, a
solution can be written as:

I(t) =
∞
∑

k=−∞

[

φ(0) +
∫ 0
−τ

b exp(−λk(θ + τ))φ(θ)dθ

1 + aτ + λkτ

]

exp(λkt) . (6)

This solution is in fact the same as the solution given by Wright. However
Wright also shows that this series is uniformly convergent for t ≥ τ + δ for any
δ > 0. This observation is critical for consideration of the behaviour of our
approximations for large time values.

Of course this is still an infinite sum. So it is very much of interest to
find ways of obtaining approximations to the solution and incidentally describe
the behaviour of the solution as t → ∞. In the next section we consider two
approaches.

3. Approximate Solutions

We consider two methods of approximation. The first is to truncate the infinite
sum, which is similar to the method used by Asl and Ulsoy [2] although they
do not provide a formal justification for its effectiveness. The second is to use
a least squares method.

From this point on we assume that the coefficient a in equation (1) is zero,
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so that our equation takes the form

I ′(t) = bI(t − τ) (7)

and the initial condition is the same as before.

I(θ) = φ(θ), −τ ≤ θ ≤ 0 . (8)

We call this function defined for −τ ≤ θ ≤ 0 the preshape function.

3.1. Truncation

Since we have closed form expressions for the coefficients in the explicit solution
(6), it makes sense to consider approximations obtained by truncating the sum.
In this case one can make use of explicit information about the Lambert modes
to make an informed decision as to how may terms to take.

Since our primary interest is the supply chain model we once again consider
only the case in equation (7), in which the coefficient a in (1) is zero. Further we
replace b in that equation by 1/T , where T > 0 is a tuning parameter. Recall
that τ is the delay. We divide our consideration into three cases based on the
value of τ/T .

1. The case τ

T
< π

2 . In this case all the λ’s have negative real part.

2. The case π

2 ≤ τ

T
< 5π

2 . In this case λ0 and λ−1 have positive real part
and all the others have negative real part.

3. The case τ

T
≥ 5π

2 . In this case the λk’s have positive real part for
−n − 1 ≤ k ≤ n for some positive n.

We have separated out the second and third cases in order to better relate
the results to the approximation that we will be considering in the next section.

We can describe the qualitative behaviour of the solution in all three of
these cases. In the first case (1) the terms in the infinite sum all go to zero. In
fact one has:

Theorem 1. In case 1 the exact solution given by equation (6) goes to

zero as t → ∞.

This follows since by Wright’s result the sum is uniformly convergent for
values of t in the range t ≥ τ +δ. Further, by a result originally due to Lemeray
[8] and re-proved by Wright, the real part of the roots of the corresponding
transcendental equation (3) for large n is

− log

(

(2n + 1/2)π

τ/T

)

+ O

(

log n

n

)2

.
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In the other cases a finite number of the terms have exponents with positive
real part. Let us call the sum of these terms the dominant part of the sum.
Then

Theorem 2. For large values of t the solution (5) is asymptotic to the

dominant part of the sum as t → ∞.

The argument is similar to that given in the proof of Theorem 1.

In practical terms this means that for large values of t only the terms in the
series corresponding to small n contribute significantly to the sum of the series.
Note that the argument justifies Asl and Ulsoy’s [2] assumption that one can
approximate the solution with the Lambert modes for | k | ≤ n for some n.

It should be noted that it is theoretically possible for the coefficients of the
terms with positive real part to vanish. This would happen when the preshape
function coincides with one of the Wn(z) for n > 2. For simplicity we consider
only the case where π

2 ≤ τ

T
< 5π

2 here.

Theorem 3. Suppose π

2 ≤ τ

T
< 5π

2 and that the the initial conditions are

such that the coefficients c0 and c−1 as given by equation (6) are zero.

More specifically the conditions are

I(0) +

∫ 0

−τ

b exp(−λ0(θ + τ))I(θ)dθ = 0 (9)

and

I(0) +

∫ 0

−τ

b exp(−λ−1(θ + τ))I(θ)dθ = 0 . (10)

Then the solution decays to zero as t → ∞.

This follows because the left hand side of equation (9) is the formula for c0

and the left hand side of equation (10) is the formula for c−1.

Note that the case of Theorem 2 corresponding to π

2 ≤ τ

T
< 5π

2 (in this case
λ0 and λ−1 have positive real part and all the others have negative real part)
provides a theoretical explanation of the effectiveness of approximations based
on using just these two modes, such as the FAPP solution (12) that we describe
below.

3.2. Least Squares

In discussing ways of solving problems involving the Lambert W-function, Hef-
fernan and Corless [6] suggest using a least squares approximation. Thus one
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looks for a solution of the form

I(t) =
n

∑

k=−(n−1)

ck exp(λkt) , (11)

where the limits in the sum are chosen to exploit known symmetries in the
Lambert modes (see for example [4] for details on these symmetries).

By comparing the numerical results obtained for varying numbers of terms
in the approximations we found that in practice one is able to get excellent
agreement with the results of an explicit numerical computation when one takes
just two terms for the approximation. That is

I(t) = c0 exp(λ0t) + c−1 exp(λ−1t) . (12)

We note that even when we used more terms we were not able to find any
pattern for the coefficients. On the other hand the closeness (see Figure 1 for an
illustration of this) of this two term solution (equation (12)) leads us to consider
it as good enough for all practical purposes and call it the FAPP solution.

We should note that in the case where τ

T
≥ π

2 the least squares approxi-
mation, more particularly the FAPP case will diverge from the actual solution
as t → ∞ because the coefficients in this least squares approximation are not
equal to those from the truncated solution and the W0 and W1 terms diverge
as t → ∞.

In particular in the case where π

2 ≤ τ

T
< 5π

2 where the two term truncation
approximation and the FAPP approximation are both reasonable approaches
then for any given pre-shape function one can compare the coefficients in the
two approximations and determine the way in which they will diverge as t → ∞.

4. Conclusions and Practical Considerations

The practical implications of the above result are of some significance. For
example, in supply chain dynamics the behaviour of the inventory and orders
is in terms of an infinite series of Lambert modes. However, the above theorem
shows that we only need to include the c0 and c−1 terms in the series when
τ

T
< 5π

2 , because the higher order terms are transient. With an exact formula
available in (6), this is a valuable, practical result.

We demonstrate how surprisingly good the approximation is by considering
a supply chain where the demand experiences a sudden change [10], so that
the preshape function is constant, I(t) = 1 for [−τ, 0]. The response of the
inventory is shown in Figure 1.
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Exact Series
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Figure 1:

Despite only using two modes (c0 and c−1) in the solution, the approxima-
tion is excellent, and considering that in the real world there is always noise in
the data, certainly good enough for all practical purposes.

The inset in Figure 1 shows how quickly the terms converge. The inset shows
a magnification of the box in Figure 1. The thicker line shows the solution
for N = 20, which we refer to as the “exact solution,” and is identical to a
numerical solution of the equations. There are small differences between the
exact solution and the two mode solution. For N = −2, . . . 2 (5 terms), the
approximate solution is already practically indistinguishable from the exact
solution.

It is worth noting, particularly in the context of [2] and [10] that the numer-
ical comparison of the approximations that one gets by using a least squares
estimates shows them to be close to the ones we obtain here.

On the other hand we should note that in the case where τ

T
≥ π

2 the
least square approximation, more particularly the FAPP case will diverge, from
the actual solution as t → ∞ because the coefficients in this least squares
approximation are not equal to those from the truncated solution and the W0

and W1 terms diverge as t → ∞.
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In the case where π

2 ≤ τ

T
< 5π

2 and thus the two term truncation approxi-
mation and the FAPP approximation both apply then for any given pre-shape
function one can compare the coefficients in the two approximations and deter-
mine the way in which they will diverge from one another as t → ∞.
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