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1. Introduction

In this paper we consider the following unconstrained optimization problem

min
x∈ℜn

f(x), (1)

where f : ℜn → ℜ is in general nondifferentiable. Throughout this paper, we
assume that f(x) is strongly convex, say, there exists a constant b > 0 such
that

f(ax + (1 − a)x′) ≤ af(x) + (1 − a)f(x′) − 1

2
ba(1 − a)‖x − x′‖2

for all x, x′ ∈ ℜn and a ∈ (0, 1). The constant b is called the modulus of
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strong convexity. Associated with problem (1), the continuously differentiable
function

min
x∈ℜn

F (x), (2)

where F : ℜn → ℜ, is so-called the Moreau-Yosida regularization of f . More
precisely, F (x) is given as

F (x) = min
z∈ℜn

{f(z) +
1

2λ
‖z − x‖2}, (3)

where λ is a positive parameter and ‖ · ‖ denotes the Euclidean norm. In this
study, we fix the value of parameter λ. For convenience of notation, we use
both g and ∇F to denote the derivative of F alternatively. We first cite two
propositions from [11] to illuminate some basic properties of the gradient of F .

Proposition 1. Function F is finite-valued, convex and everywhere dif-
ferentiable with the gradient

g(x) ≡ ∇F (x) =
1

λ
(x − p(x)),

where p(x) is the unique minimizer in (3), i.e.,

p(x) = arg min
z∈ℜn

{f(z) +
1

2λ
‖z − x‖2}.

Moreover,

‖g(x) − g(x′)‖2 ≤ 1

λ
(g(x) − g(x′))T (x − x′)

and

‖g(x) − g(x′)‖ ≤ 1

λ
‖x − x′‖

for all x, x′ ∈ ℜn.

This proposition shows, in particular, that the mapping g : ℜn → ℜn is
globally Lipschitz continuous. Then by Rademacher’s Theorem, g is differen-
tiable almost everywhere. Thus here we can define

∂g(x) = co{V ∈ ℜn×n | V = lim
xi→x

∇g(xi), xi ∈ Ωg},

where Ωg = {x ∈ ℜn | g is differentiable at x}. According to the definition of
[3], ∂g(x) is called the generalized Jacobian matrix of g at x.

The next proposition formally states the equivalence between problems (1)
and (2).

Proposition 2. The following statements are equivalent:

1. x minimizes f on ℜn;
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2. x = p(x);

3. g(x) = 0;

4. x minimizes F on ℜn.

It has been shown in [11] that if f is strongly convex with modulus b > 0,
then F is also strongly convex with modulus b

bλ+1 . The strong convexity of F
implies that the optimal solution is unique.

Because the Moreau-Yosida regularization is defined to minimize a problem
involving f , therefore, it is practically impossible in general that evaluate the
exact values of objective function F and its gradient g at an arbitrary point x.
To overcome this difficulty, Fukushima and Qi [7] illustrate the possibility of
utilizing approximations of these values instead of their exact values. Motivated
by their approach, throughout the remainder of the paper, we will use the
approximate values of objective function F and its gradient g. We assume
that, for each x ∈ ℜn and ǫ > 0, an approximation of p(x) in (3), say, pα(x, ǫ),
is found such that

f(pα(x, ǫ)) +
1

2λ
‖pα(x, ǫ) − x‖2 ≤ F (x) + ǫ.

Several implementable procedures have been introduced for finding such an
approximate minimizer ( see, e.g., [6, 1, 4]). Associated with approximate
minimizer pα(x, ǫ), we now introduce two notations, Fα(x, ǫ) and gα(x, ǫ) to
denote the approximations of objective function F (x) and its g(x), respectively,
where

Fα(x, ǫ) = f(pα(x, ǫ)) +
1

2λ
‖pα(x, ǫ) − x‖2 (4)

and

gα(x, ǫ) =
1

λ
(x − pα(x, ǫ)).

The next proposition concerns some properties of Fα(x, ǫ) and gα(x, ǫ), these
properties also can be seen in [7] and [18].

Proposition 3. Let ǫ, ǫx, ǫy be arbitrary positive numbers and ǫz =
max{ǫx, ǫy}. Suppose that f is strongly convex with modulus b. Then the
following inequalities hold:

1. F (x) ≤ Fα(x, ǫ) ≤ F (x) + ǫ;

2. ‖pα(x, ǫ) − p(x)‖ ≤
√

2λǫ;

3. ‖gα(x, ǫ) − g(x)‖ ≤
√

2ǫ
λ

;

4. ‖gα(x, ǫx) − gα(y, ǫy)‖ ≤ 1
λ
‖x − y‖ +

√

8ǫz

λ
;
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5. (gα(x, ǫx) − gα(y, ǫy))
T (x − y) ≥ b

bλ+1‖x − y‖2 −
√

8ǫz

λ
‖x − y‖;

6. ‖gα(x, ǫx)−gα(y, ǫy)‖2 ≤ 1
λ
(gα(x, ǫx)−gα(y, ǫy))

T (x−y)+
√

32ǫz

λ3 ‖x−
y‖ + 6ǫz

λ
.

Most algorithms proposed for optimization problems, especially for nons-
mooth optimization problems are monotonic. However, Grippo, Lampariello
and Lucidi [9] shown that monotonic schemes can considerably slow the rate of
convergence in the intermediate stages of the minimization process, especially
in the presence of narrow curved valley. To avoid this inherent shortcoming
of monotonic technique, they introduced a nonmonotone line search technique,
which is given as

f(xk + αdk) ≤ max
0≤j≤m(k)

f(xk−j) + δα∇f(xk)
T dk, (5)

where δ ∈ (0, 1) is a constant, N is an integer and

m(k) =

{

k, k ≤ N ;
min{m(k − 1) + 1, N}, k > N.

(6)

This technique leads to a breakthrough in nonmonotonic algorithms for general
nonlinear optimization problems ( see, e.g., [5, 12, 20, 8]).

Recently, Zhang and Hager [22] stated that there exist some limitations
with nonmonotone technique (5). First, a good function value generated in any
iteration might be excluded due to the max in (5). Second, in many cases,
the numerical performance is dependent on the choice of N . Moreover, for
any given bound N on the memory, even an iterative method is generating
R-linearly convergence for a strongly convex function, the iterates may not
satisfy the condition (5) for k sufficiently large. To improve these limitations,
they proposed a nonmonotone gradient method for unconstrained optimization.
Their method requires an average of the successive function values decreasing,
that is to say, the steplength α is computed to satisfy the following line search
condition

f(xk + αdk) ≤ Ck + δα∇f(xk)
T dk, (7)

where

Ck =

{

f(xk), k = 1;
(ηk−1Qk−1Ck−1 + f(xk))/Qk, k ≥ 2,

(8)

Qk =

{

1, k = 1;
ηk−1Qk−1 + 1, k ≥ 2,

(9)

and ηk−1 ∈ [ηmin, ηmax]. ηmin ∈ (0, ηmax) and ηmax ∈ (0, 1) are two chosen



SOLVING NONSMOOTH CONVEX OPTIMIZATION WITH... 315

parameters. The numerical results show that nonmonotone technique (7) is
particularly efficient for unconstrained problems. To take the good aspects of
this nonmonotone technique, Mo et al [13] incorporated it into trust region
method and developed a nonmonotone algorithm. The numerical results indi-
cate that the algorithm is robust and encouraging.

However, as we see, that nonmonotone technique (7) includes complicated
parameter ηk and Qk. Inspired by this observation, Gu and Mo [10] introduce
another nonmonotone line search

f(xk + αdk) ≤ Dk + δα∇f(xk)T dk, (10)

where Dk is a simple convex combination of the previous Dk−1 and fk, say

Dk =

{

f(xk), k = 1;
ηDk−1 + (1 − η)f(xk) k ≥ 2

(11)

for some fixed η ∈ (0, 1), or a variable ηk = 1/k. The numerical results in
[10] indicated that nonmonotone technique (10) is as efficient as nonmonotone
technique (7). Motivated by nonmonotone technique (10), we propose a non-
monotone trust region method for nonsmooth convex optimization in this study.
Our algorithm can viewed as a generalization of the Sagara and Fukushima al-
gorithm [19] from monotone to nonmonotone.

This paper is organized as follows. We present the nonmonotone trust region
algorithm in Section 2. We discuss the global and superlinear convergence
results of the algorithm in Section 3.

2. Algorithm

In this section, we outline the method in the form of algorithm. Associated
with problem (4), the subproblem is given by

min 1
2pT Bα

k p + gα(xk, ǫk)
T p = φk(p)

s.t. ‖p‖ ≤ ∆k,
(12)

where p is a trial step, Bα
k ∈ ℜn×n denotes Bα

k (xk, ǫk), is an approximate
Hessian matrix of Fα at xk, and ∆k is a trust region radius computed by

∆k = ci‖gα(xk, ǫk)‖‖(B̂α
k )−1‖ (13)

for some fixed c ∈ (0, 1), where i is a nonnegative integer, B̂α
k = Bα

k + τkI, I

is the identify matrix. The safeguarding factor τk is to guarantee that B̂α
k is a

positive definite matrix. If Bk is safely positive definite, let τk = 0. Otherwise,
let τk be a positive value such that B̂α

k positive definite.
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Similar to [14], we solve subproblem (12) inaccurately such that ‖pk‖ ≤ ∆k

and

φk(0) − φk(pk) ≥ β‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

} (14)

are satisfied, where β ∈ (0, 1
2 ]. To insure that the algorithm is nonmonotone,

we compute the actual reduction of Fα(x, ǫ) by

Arepk = Dα(xk, ǫk) − F a(xk + pk, ǫk+1), (15)

where Dα(xk, ǫk) is a simple convex combination of the previous Dα(xk−1, ǫk−1)
and Fα(xk, ǫk)

Dα(xk, ǫk) =

{

Fα(xk, ǫk), k = 1;
µDα(xk−1, ǫk−1) + (1 − µ)Fα(xk, ǫk) k ≥ 2

(16)

for some fixed µ ∈ (0, 1). The predictive reduction of Fα(x, ǫ) is computed by

Prepk = φk(0) − φk(pk). (17)

This mechanism implies that the algorithm does not require objective function
values monotonically decreasing.

We now describe the algorithm.

Algorithm 1. (Nonmonotone Trust Region Algorithm)

Step 1. Give x1 ∈ ℜn, c, η, µ, β, r ∈ (0, 1), ̺ > 0, ǫ1 > 0, a symmetric matrix

Bα
1 ∈ ℜn×n. Set k = 1.

Step 2. Compute gα(xk, ǫk). If ‖gα(xk, ǫk)‖ ≤ δ, stop.

Step 3. Compute ∆k, solve subproblem (12) inaccurately, such that ‖pk‖ ≤ ∆k

and (14) are satisfied.

Step 4. Compute γk, the ratio between actual reduction and predicted reduc-
tion by

γk =
Arepk

Prepk

. (18)

Step 5. If γk < η, set i = i + 1, ǫk = min{ǫ1∆
2
k, rǫk}, go to Step 3. Otherwise,

go to Step 6.

Step 6. Set xk+1 = xk + pk, ǫk+1 = rǫk. Update symmetric matrix Bα
k .

Step 7. Set k = k + 1, i = 0, go to Step 2.
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Remark 1. Bα
k can be updated by quasi-Newton formula, such as the

original BFGS formula or a new BFGS-type formula introduced in [21].

3. Global and Superlinear Convergence

We now turn to analyze the convergence behaviors of Algorithm 1. Before we
address some theoretical issues, we would like to make the following assump-
tions. Under these assumptions we first show that limk→∞ ‖gα(xk, ǫk)‖ = 0.
Then based on this conclusion, we obtain the main results.

Assumption 1. The level set

£(x1, ǫ1) = {x ∈ ℜn | Fα(x, ǫ) ≤ Fα(x1, ǫ1)}
is bounded for any given x1 ∈ ℜn and ǫ1 > 0.

Assumption 2. ‖Bα
k ‖ does not grow too rapidly.

We first give an important lemma.

Lemma 4. Let {xk} be the sequence generated by Algorithm 1. Then

Fα(xk+1, ǫk+1) ≤ Dα(xk+1, ǫk+1) ≤ Dα(xk, ǫk). (19)

Proof. By the definition of Dα(x, ǫ), we have

Dα(xk+1, ǫk+1) − Fα(xk+1, ǫk+1) = µ(Dα(xk, ǫk) − Fα(xk+1, ǫk+1)) (20)

and

Dα(xk+1, ǫk+1) − Dα(xk, ǫk) = (1 − µ)(−Dα(xk, ǫk) + Fα(xk+1, ǫk+1)). (21)

Because the algorithm does not generate a new iterate until an acceptable trial
step is found, therefore we deduce from (18) and (14) that

Dα(xk, ǫk) − Fα(xk+1, ǫk+1) ≥ ηβ‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

}. (22)

Combining (20) and (22), we obtain that

Dα(xk+1, ǫk+1) − Fα(xk+1, ǫk+1)

≥ µηβ‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

} ≥ 0. (23)

On the other hand, combining (21) and (22), we have that

Dα(xk+1, ǫk+1) − Dα(xk, ǫk)

≤ −(1 − µ)ηβ‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

} ≤ 0. (24)



318 Y. Zhao, N. Gu

(23) and (24) indicate that (19) holds.

The following lemma cited from [8] concerns the relation between pk and
gα(xk, ǫk).

Lemma 5. Let {xk} be the sequence generated by Algorithm 1. Then
there exists a positive constant c̄ such that

‖pk‖ ≤ c̄‖gα(xk, ǫk)‖, k = 1, 2, · · · .

Proof. The proof is similar to that of Lemma 4.2 in [8].

Next, we illustrate that Algorithm 1 is well defined. It is enough to prove
that algorithm terminates in finite steps between Step 3 and Step 5.

Lemma 6. Suppose that Assumptions 1 and 2 hold. Then Algorithm 1
does not cycle infinitely.

Proof. Suppose first, for the purpose of deriving a contradiction, that algo-
rithm cycles infinitely between Step 3 and Step 5. Consequently, limk→∞ ∆k =
0, limk→∞ ǫk =O(∆2

k) = 0, γk < η for k sufficiently large. Using the defini-
tion of γk and noting that η ∈ (0, 1), we have Dα(xk, ǫk) − Fα(xk+1, ǫk+1) <
η(−φk(pk)) < −φk(pk). This relation leads to Dα(xk, ǫk) − Fα(xk+1, ǫk+1) +
φk(pk) < 0. Now, we have from Lemma 4 that

Fα(xk, ǫk)−Fα(xk+1, ǫk+1)+φk(pk) ≤ Dα(xk, ǫk)−Fα(xk+1, ǫk+1)+φk(pk) < 0.
(25)

Using Proposition 3, Talyor’s expansion and Proposition 1, we have

0 < Fα(xk + pk, ǫk+1) − Fα(xk, ǫk) − φk(pk)

≤ F (xk + pk) + ǫk+1 − F (xk) − 1

2
pT

k Bkpk − gα(xk, ǫk)
T pk

= −1

2
pT

k Bkpk + (g(xk + tkpk) − gα(xk, ǫk))
T pk + rǫk

= −1

2
pT

k Bkpk + (g(xk + tkpk) − g(xk) + g(xk) − gα(xk, ǫk))
T pk + rǫk

≤ 1

2
‖Bk‖‖pk‖2 +

tk
λ
‖pk‖2 +

√

2ǫk

λ
‖pk‖ + ǫk, (26)

where tk ∈ (0, 1).

Using ‖pk‖ ≤ ∆k, (25), (26) and (14) we have

|γk − 1| = |D
α(xk, ǫk) − Fα(xk + pk, ǫk+1) + φk(pk)

−φk(pk)
|

≤ |F
α(xk, ǫk) − Fα(xk + pk, ǫk+1) + φk(pk)

−φk(pk)
|
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=
Fα(xk + pk, ǫk+1) − Fα(xk, ǫk) − φk(pk)

−φk(pk)

≤
(‖Bk‖ + 2tk

λ
)∆2

k + 2
√

2ǫk

λ
∆k + 2ǫk

2β‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bk‖
}
. (27)

Since xk is not an optimal solution of problem (1), we have from Step 2 of the
algorithm that there exists a constant δ > 0 such that ‖gα(xk, ǫk)‖ ≥ δ for any
ǫk sufficiently small. Therefore, from (27) and Step 5 of algorithm, we get

|γk − 1| ≤
(‖Bk‖ + 2tk

λ
)∆2

k + 2
√

2ǫk

λ
∆k + 2ǫk

2βδ min{∆k,
δ

‖Bk‖
}

≤
(‖Bk‖ + 2tk

λ
)∆2

k + 2
√

2ǫ1
λ

∆2
k + 2ǫ1∆

2
k

2βδ min{∆k,
δ

‖Bk‖
}

. (28)

Using Assumption 2, we see that the right-hand side of (28) tends to zero as
limk→∞ ∆k = 0. This implies γk → 1 for k sufficiently large, which contradicts
γk < η.

Based on Assumption 1 and Lemma 4, we show that {xk} generated by
algorithm is contained in the level set.

Lemma 7. Assume that Assumption 1 holds, then sequence {(xk, ǫk)} ⊂
£(x1, ǫ1) and {Dα(xk, ǫk)} is bounded below.

Proof. By (16), we have Dα(x1, ǫ1) = Fα(x1, ǫ1). Lemma 4 implies that
Fα(xk+1, ǫk+1) ≤ Dα(xk, ǫk) ≤ Fα(x1, ǫ1). Since Assumption 1 implies that
{Fα(xk, ǫk)} is bounded below, we know that {Dα(xk, ǫk)} is also bounded
below.

In order to establish the global convergence of the algorithm, we need to
use Assumption 2, this assumption has been used in other researches (see, e.g.
[14]). Here we define a sequence

Mk = max
1≤j≤k

(τj + ‖Bα
j ‖) (29)

for all k. ‖Bα
k ‖ does not grow too rapidly, which implies sequence {Mk} satisfies

∞
∑

k=1

1/Mk = ∞. (30)

Lemma 8. Suppose that Assumptions 1 and 2 hold, sequence {xk} is
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generated by Algorithm 1. Then

lim
k→∞

‖pk‖ = 0. (31)

Proof. Lemma 6 implies that γk ≥ η for k sufficiently large, therefore we
have from the definition of γk that

Dα(xk, ǫk) − Fα(xk + pk, ǫk+1) ≥ −ηφk(pk).

This inequality leads to

Fα(xk + pk, ǫk+1) ≤ Dα(xk, ǫk) + ηφk(pk). (32)

Now using the definition of Dα(xk, ǫk) and (32), we have

Dα(xk+1, ǫk+1) = µDα(xk, ǫk) + (1 − µ)Fα(xk+1, ǫk+1)

≤ µDα(xk, ǫk) + (1 − µ)Dα(xk, ǫk) + (1 − µ)ηφk(pk)

= Dα(xk, ǫk) + (1 − µ)ηφk(pk), (33)

(33) gives us
∞

∑

k=1

−(1 − µ)ηφk(pk) ≤
∞
∑

k=1

(Dα(xk, ǫk) − Dα(xk+1, ǫk+1)).

Lemma 7 together with this inequality give
∞

∑

k=1

−φk(pk) < ∞. (34)

Since ∆k = ci‖gα(xk, ǫk)‖‖(B̂α
k )−1‖ and B̂α

k = Bα
k +τkI, Lemma 6 implies that

there exists a constant cmin such that ci ≥ cmin, therefore we have from (29)
that

∆k = ci‖gα(xk, ǫk)‖‖(B̂α
k )−1‖ ≥ ci‖gα(xk, ǫk)‖

‖B̂α
k ‖

=
ci‖gα(xk, ǫk)‖
‖Bα

k + τkI‖
≥ cmin‖gα(xk, ǫk)‖

‖Mk‖
. (35)

Due to (14), (35), (29) and Lemma 5, we obtain that
∞

∑

k=1

−φk(pk) ≥
∞

∑

k=1

β‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

}

≥
∞

∑

k=1

β‖gα(xk, ǫk)‖min{cmin‖gα(xk, ǫk)‖
‖Mk‖

,
‖gα(xk, ǫk)‖

‖Mk‖
}

=
∞

∑

k=1

β‖gα(xk, ǫk)‖
cmin‖gα(xk, ǫk)‖

‖Mk‖
≥

∞
∑

k=1

βcmin‖pk‖2

c̄2Mk

.(36)
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Now, for the purpose of deriving a contradiction, we suppose that (31) does not
hold, that is, there exists a constant ν such that

‖pk‖ ≥ ν, ∀ k. (37)

Using (34), (37) and the monotonicity of {Mk}, we have from (36) that
∞
∑

k=1

βcminν

c̄2Mk

≤ ∞.

The above inequality implies
∞

∑

k=1

1/Mk < ∞,

this contradicts (30). Therefore limk→∞ ‖pk‖ = 0.

Theorem 9. Suppose that Assumptions 1 and 2 hold, sequence {xk} is
generated by Algorithm 1. Then either some {xk} satisfies the termination
criteria and the algorithm terminates or

lim
k→∞

‖gα(xk, ǫk)‖ = 0. (38)

Proof. Suppose that (38) does not hold, i.e., there exist a positive constant
δ such that ‖gα(xk, ǫk)‖ ≥ δ infinitely often. Using (14), (34) and (35), we
obtain that

∞ ≥
∞

∑

k=1

β‖gα(xk, ǫk)‖min{∆k,
‖gα(xk, ǫk)‖

‖Bα
k ‖

}

≥
∞

∑

k=1

β‖gα(xk, ǫk)‖min{cmin‖gα(xk, ǫk)‖
‖Mk‖

,
‖gα(xk, ǫk)‖

‖Mk‖
}

=

∞
∑

k=1

β‖gα(xk, ǫk)‖
cmin‖gα(xk, ǫk)‖

‖Mk‖

≥
∞

∑

k=1

βδ2cmin

Mk

. (39)

Inequality (39) leads to
∞

∑

k=1

1/Mk < ∞.

This result contradicts (30). Therefore limk→∞ ‖gα(xk, ǫk)‖ = 0.

Based on the above theorem, we obtain the main convergence result.

Theorem 10. Suppose that Assumptions 1 and 2 hold, sequence {xk} is
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generated by Algorithm 1. Then

lim
k→∞

‖g(xk)‖ = 0. (40)

Proof. The algorithm implies that ǫk ≤ ǫ1∆
2
k for all k, this inequality

together with Proposition 3 (3) yield that

‖g(xk)‖ = ‖g(xk) − gα(xk, ǫk) + gα(xk, ǫk)‖
≤ ‖g(xk) − gα(xk, ǫk)‖ + ‖gα(xk, ǫk)‖

≤
√

2ǫk

λ
+ ‖gα(xk, ǫk)‖ ≤

√

2ǫ1

λ
∆k + ‖gα(xk, ǫk)‖.

Note that the updating rule of ∆k implies that ∆k → 0 as ‖gα(xk, ǫk)‖ → 0,
therefore (40) holds.

Let x∗ be an arbitrary accumulation point of sequence {xk}. By Theorem
10, we know that x∗ minimizes F . Notice that objective function F is strong
convex, optimal solution is unique. Therefore, {xk} converges to x∗ uniquely.

In the rest of this section is to establish the superlinear convergence of
the algorithm. To this end, we assume further that g(x) is semismooth. Since
g : ℜn → ℜn is globally Lipschiz continuous and semismooth, by the conclusions
of [15], we can define the directional derivative of g(x) at x, as

g′(x, d) = lim
t→0

g(x + td) − g(x)

t
.

If d → 0,

g(x + d) = g(x) + g′(x, d) + o(‖d‖). (41)

Using Lemma 5 of [17], there exists a Vk ∈ ∂g(xk) for each k such that

g′(xk, d) = Vkd, ∀d ∈ ℜn. (42)

Similarly, for x̄, there is a V̄ ∈ ∂g(x̄) such that g′(x̄, d) = V̄ d, ∀d ∈ ℜn. In
other words, there exists a corresponding matrix Vk for any given xk.

We now prove the following superlinear convergence theorem.

Theorem 11. Suppose that Assumptions 1 and 2 hold, g(x) is semis-
mooth. Suppose also that ǫk = o(‖pk‖2),

lim
k→∞

‖(Bα
k − Vk)pk‖
‖pk‖

= 0 (43)

and
‖Bα

k pk + gk‖
‖gk‖

≤ ξk (44)
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are satisfied, where limk→∞ ξk = 0. Then {xk} converges to x∗ superlinearly.

Proof. By (41) and (42), we have

‖gk+1‖
‖pk‖

=
‖gk + Bα

k pk + (Vk − Bα
k )pk + o(‖pk‖)‖

‖pk‖

≤ ‖gk + Bα
k pk‖

‖gk‖
‖gk‖
‖pk‖

+
‖(Vk − Bα

k )pk‖
‖pk‖

+
o(‖pk‖)
‖pk‖

≤ ξk
‖gk‖
‖pk‖

+
‖(Vk − Bα

k )pk‖
‖pk‖

+
o(‖pk‖)
‖pk‖

. (45)

From Proposition 1, we have

‖gk‖ ≤ 1

λ
‖pk‖ + ‖gk+1‖.

Dividing both sides by ‖pk‖, we get

‖gk‖
‖pk‖

≤ 1

λ
+

‖gk+1‖
‖pk‖

.

The above inequality together with (45) yield that

‖gk+1‖
‖pk‖

≤ ξk(
1

λ
+

‖gk+1‖
‖pk‖

) +
‖(Vk − Bα

k )pk‖
‖pk‖

+
o(‖pk‖)
‖pk‖

,

which implies

‖gk+1‖
‖pk‖

≤
( 1

λ
ξk +

‖(Vk−Bα

k
)pk‖

‖pk‖
+ o(‖pk‖)

‖pk‖
)

(1 − ξk)
. (46)

Note that ξk → 0 and ‖pk‖ → 0 as k → ∞, thus (43) and (46) gives us

lim
k→∞

‖gk+1‖
‖pk‖

= 0. (47)

Due to Proposition 3 and assumption condition ǫk = o(‖pk‖2), we obtain

‖gα(xk+1, ǫk+1)‖
‖pk‖

≤

√

2ǫk

λ
+ ‖gk+1‖
‖pk‖

≤ o(‖pk‖)
‖pk‖

+
‖gk+1‖
‖pk‖

, (48)

(47) and (48) yield

lim
k→∞

‖gα(xk+1, ǫk+1)‖
‖pk‖

= 0. (49)

By Lemma 5 and (49),

lim
k→∞

‖gα(xk+1, ǫk+1)‖
c̄‖gα(xk, ǫk)‖

≤ lim
k→∞

‖gα(xk+1, ǫk+1)‖
‖pk‖

= 0,
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where c̄ is a constant. Thus we prove the superlinear convergence result.
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