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1. Introduction

Continuous fields of C*-algebras have been studied of great interest (see Dixmier
[4]). Especially, continuous fields of C*-algebras with continuous trace as fibers
are classified by the third cohomology of the base spaces, called the Dixmier-
Douady invariant (or classification) (see Raeburn and Williams [8]).

A well known fact is that the group C*-algebra of the discrete Heisenberg
group can be viewed as a continuous field of rotation C*-algebras (or noncom-
mutative 2-tori) on the torus T (for instance, see Anderson and Paschke [1]).
On the other hand, Exel [6] has shown that there exists a continuous field of the
C*-algebras defined by almost commuting unitaries, called the soft tori, on the
interval [0, 2], whose fiber at 0 is C(T?) the C*-algebra of all continuous func-
tions on the 2-torus T? and the fiber at 2 is C*(Fy) the full group C*-algebra
of the free group Fy of two generators, and the K-theory (or K-groups) of the
soft tori is computed in [5] by Exel. See also the author [10] for K-theory of
continuous fields of quantum (or noncommutative) tori.
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Since the study on continuous fields of C*-algebras has been focused on
those of C*-algebras generated by unitaries as mentioned above (among others),
our first quesion was wheater or not there exists a non-trivial continuous field
of C*-algebras generated by isometries. In this paper we obtain a positive
result to this quesion. In contrast with this, constructed by the author [11]
is a discontinuous deformation from a C'*-algebra generated by isometries to a
C*-algebra generated by unitaries.

This paper is organized as follows. In Section 2 we consider the univer-
sal C*-algebras generated by almost commuting isometries, which we call soft
Toeplitz tensor products, and if we further impose some norm estimates from
a technical requirement, we call them super-soft, and study their structure and
K-theory. In Section 3 we show that there exists a continuous field with fibers
given by the super-soft Toeplitz tensor products, so that there exists a continu-
ous field between the C*-tensor product of Toeplitz algebras and the full unital
free product C*-algebra of them. This interpolating result should be new and
interesting. Some methods used in Sections 2 and 3 are taken analogously from
both the methods of Exel [5] for the universal C*-algebras generated by almost
commuting unitaries and their structure and K-theory and those of Exel [6]
for a continuous field between C(T?) (that is isomorphic the C*-tensor product
C(T) ® C(T)) and C*(F») (that is isomorphic to the full unital free product
C*-algebra C(T) x¢c C(T)). For the convenience to readers, the detailed proofs
in our case are given. However, the main difference between our case and Exel’s
case is that we need to treat with the semigroup C*-algebra of N of natural num-
bers and semigroup crossed products of C*-algebras by endomorphisms of N in
stead of the group C*-algebra of Z of integers and ordinary crossed products of
C*-algebras by automorphisms of Z as in Exel’s case. Fortunately, we can use
techniques for semigroup crossed products by N such as their generators and
conditional expectations and K-theory (see Rgrdam [9]). More fortunately, it is
found that we can use a reduction from our case to Exel’s case by considering
canonical quotients, which makes it possible to avoid considering technical dif-
ficulties using functional calculus (for isometries or unitaries) that is not useful
for (proper) isometies. Also, the K-theory formulas such as those for unital free
product C*-algebras and tensor product C*-algebras as well are available (see
Blackadar [2, 10.11.11] and Wegge-Olsen [12]).
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2. K-Theory

Let § be the Toeplitz algebra, which is defined to the universal C*-algebra
generated by a proper (or non-unitary) isometry s, i.e., denoted by § = C*(s),
where s*s = 1 is the identity element (see Murphy [7] or [12]). The Toeplitz
algebra is also regarded as the semi-group C*-algebra of N the additive semi-
group of natural numbers by endomorphisms by a non-unitary isometry u (in
the sense that oy (1) = ulgu* = wu* and o, (1) = u™(u*)" for n € N, where
1y = w*u is the identity map on a Hilbert space H), i.e., denoted by § = C*(N).
Note also that the Toeplitz § has the decomposition into the following short
exact sequence (see [7]):

0—-K—3§—C(T)—0,
where K is the C*-algebra of compact operators on a separable infinite di-

mensional Hilbert space and C(T) is the universal C*-algebra generated by a
unitary, and it is also the C*-algebra of continuous functions on the torus T.

For any ¢ > 0, the soft torus A, of Exel is defined to be the universal C*-
algebra generated by two unitaries u. 1, ue 2 such that ||uz ous 1 — ue 1ue 2| < €.
By definition, Ay is isomorphic to the C*-tensor product C(T)®C(T), that is the
universal C*-algebra generated by commuting two unitaries. If € > 2, then A,
is isomorphic to the unital full free product C*-algebra C'(T)*c C(T), which can
be viewed as the full group C*-algebra C*(Z*Z) of the free product Z*Z. This
follows from universality of A; and that the inequality ||uz 2ue 1 — ue 1uc 2| < 2
always holds.

Definition 2.1. For any € > 0, we define the C*-algebra denoted by .
to be the universal C*-algebra generated by two isometries s 1, sc 2 such that
l|se,25:1 — Se.18¢,2|] < €. We call it soft Toeplitz tensor product. In addition, if
we assume the norm estimates:

1 1
I (szd sea(s22)™ ) — m(stasen(siy)")ll < e
for n € N and n = 0, then we call ®. super-soft Toeplitz tensor product, where
7 is the canonical quotient map from D, to A.. If necessary to mention, we call

®. soft or super-soft in those cases respectively, in what follows. Otherwise we
always assume that ©. is super-soft.

Remark. There exists a canonical quotient map m from ®. to A. by
sending s. ; to u. j for j = 1,2. Note that unitaries are isometries. The second
norm estimate is required by a technical reason in what follows. Indeed, the first
norm estimate in the soft torus case implies the second estimate. Therefore, it
might be possible to remove the super-softness from the definition.
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By definition, ®¢ is isomorphic to the C*-tensor product § ® §, that is
the universal C*-algebra generated by commuting two isometries. If ¢ > 2,
then ®. is isomorphic to the full unital free product C*-algebra § *¢ §, which
can be viewed as the semi-group C*-algebra of the free product semi-group
N % N, denoted by C*(N x N). This follows from the universality of § *c § (or
C*(N%N)) and that the inequality: [[s;25.1 — Sc,15: 2| < 2 always holds. It is
well known that the K-groups of the Toeplitz algebra § are given by Ky(§) = 7Z
and K7(F) = 0 (see [12, 9.L]). The Kiinneth formula implies

Ko(Do) = Ko(T © ) = [Ko(F) @ Ko(§)] © [K1(F) @ Ki(8)] = Z,
K1(9D0) = K1(§ © §) = [Ko(F) @ Ki(8)] © [K1(F) @ Ko(§)] =0

(see [12, 9.3.3]). On the other hand, the K-groups of the full unital free product
C*-algebra § *c § are computed as

Ko(F *c §) = (Ko(S) © Ko(3))/Z = Z,
Ki(§#c$) = Ki(S) © K1(F) =0
(see [2, 10.11.11]).

For any ¢ > 0, Exel considered the C*-subalgebra B, of A. generated by
unitaries ul yue1(uZ 5)" (n € Z) satisfying

ey (uf )"

We define B! to be the C*-algebra generated by the unitaries ul yue 1(uf 5)" for
n € Nand n = 0.

Definition 2.2. We define E. to be the universal C*-algebra generated
by an isometry ¢; and the elements ¢, 11 = u"t;(u*)"™ (n € N) for an isometry
u such that ||ut; — t1ul| < e (or E. may be defined as the C*-subalgebra of ©.
generated by the corresponding elements s 1 and sl 58¢1(s% 5)" for n € N). Let
ae be the endomorphism of E. defined by a.(t,) = tp+1 = utyu® for n € N.
Let E. x4. N be the semigroup crossed product C'*-algebra corresponding to
the C*-dynamical system (E., a.,N). In addition, if necessary in what follows,
we further assume the norm estimates

7 (tns1) = 7(tn)ll < €
for n € N, where 7 is the canonical quotient map from E. to BL. If necessary
to mention, we call E. soft or super-soft in those cases respectively, in what
follows. Otherwise we assume that E. is super-soft.

— g gue (U 0)" || < e

Remark. There exists a canonical quotient map 7 from E. to B’ by sending
t1 and u to u.1 and u. o respectively.

Recall from [9] that an endomorphism p on a unital C*-algebra B by an
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isometry s is a corner endomorphism if p(B) = sBs* is equal to the corner
p(1)Bp(1) = ss*Bss*. Then it follows s*Bs = B that we use later. In this
case we can also use the Pimsner-Voiculesce exact sequence and conditional
expectations as given below. The above endomorphism «. of E. is a corner
endomorphism. Indeed,

as(1) = a(t7t1) = (utju®)(ut;u”) = vu™.
Note that £y xq, N=F® §.

Proposition 2.3. For ¢ € [0,2], we have ©. = E. x,_N for ©. soft or
super-soft.

Proof. Let u be the canonical implementing isometry of E. x,_N such that
utpu* = tp4q and |Jut; — tjul| < e. By universality, it follows that there exists
a unique *-homomorphism ¢ from ®. to E. X, N such that ¢(s.;) = t; and
©(sc,2) = u.

On the other hand, note that

SLo8e,1(522)" = (2,287 2) (8T 252,1(57 2)" ) (52,252 2),
from which an endmorphism (. on ©. defined by
Be (529821 (s50)") = slg e (s2)™
is a corner endomorphism. Thus, by universality there exists a *-homomorphism
Y from E. to ©. such that (t,11) = 527255,1(5;2)” for n € N and n = 0. Since
se2(tn)sto = Y(tns1), we can extend ¢ to E. Xo, N by 9(u) = s.2. By
construction, v is the inverse of ¢, and vise versa. O
Let u1 = s® 1, us = 1 ® s be the generating isometries of § ® §, where
§ = C*(s). Since u; and ug commute, for any € > 0, there exists a unique
s-homomorphism ¢, : ®, — §F ® F such that . (s.1) = w1 and p-(s:2) = ua.
Also, there exists a unique *-homomorphism 1. : E. — § such that 1.(t,) = s
for n € N. This map extends to a *-homomorphism from E, x,_ N to § ® §.

Theorem 2.4. For any 0 < € < 2 and super-soft E., we have
Ko(E.) =17, K(E.)=0.
Consequently, K;(E.) = K;(§) for j =0, 1.
Proof. Define o : § — E. by o(s) = t;. Then the composition 1. o o is the
identity map of §. Indeed, 1. o o(s) = ¥(t1) = s.

Let 7 : E. — w(E.) = B. be the canonical quotient map. Then = (¢,) for
n € N are unitaries, and w(F;) is the C*-algebra generated by unitaries 7(¢,)
such that ||7(t,41) —7(tn)|| < € for n € N. Note that 7(Ey) = 7(F) = C(T). By
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using the method for [5, Theorem 2.2] there exists a homotopy between 7(E;)
and C(T) such that for the map [o] : C(T) — 7(E:) defined by [o](7(s)) = m(t1)
and [¢]e : m(E:) — C(T) defined as in [5, Theorem 2.2], the composition [¢].o[c]
is the identity map of C(T), and the composition [o] o [¢] is homotopic to the
identity map id,g,) of 7(Ee).
Consider the following exact sequence:
0—3.— E.—n(E:)— 0,
where J. is the kernel of w. By definition, J. consists of elements of E. in
K+ uKu* 4+ -+ - + u"K(u*)™ 4+ - - -, where this K is the closed ideal of compact
operators in the C*-algebra C* (1) generated by ¢; such that C*(¢;)/K = C(T).
Since u"K(u*)" = K, it is not hard to see that J. has the same K-theory as
K. Indeed, this follows from homotopy invariance and continuity of K-theory.
Thus, we have the six term exact sequence:
Ko(K) —— Ko(E:) —— Ko(m(E:))

Kl(ﬂ(EE)) — Kl(Ee) — Kl(K)
Note that Ky(K) = Z and K;(K) = 0. It follows from the homotopy equivalence
between 7(E.) and C(T) shown above that K;(w(E;)) = K;(C(T)) for j =0, 1.
Note that K;(C(T)) = Z for j = 0,1. Furthermore, we have Ky(K) = Z =
Ki(m(E:)) by the index map. Therefore, we obtain Ky(FE.) = Z and K;(E.) =
0. U

Theorem 2.5. For any 0 < € < 2, the induced map (¢z)« (or (¢¢)s) from

K;(®.) (or K;j(E: %o, N)) to K;(§®§) (or K;(§ xiaN)) is an isomorphism for
j=0,1.

Proof. The Pimsner-Voiculescu six-term exact sequence for semigroup cros-
sed products of C*-algebras by N (see Rgrdam [9, Corollary 2.2]) implies

id—ae )« T
Ko(E.) 400 gi(B) —" o Ko(E. xa N)

o] |0
KI(E€ Naa N) (Z— KI(EE) ﬁ KI(EE))

where ¢ is the canonical inclusion from E. to E. x,. N. In fact, this six term
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diagram is induced from the following commutative diagram:

E. -2, E —» FE.xgN

b b [
E.®K %5 B.oK —— (E.®K) x4, Z
and its usual Pimsner-Voiculescu six-term exact sequence for crossed products
of C*-algebras by Z:

Ko(E. ® K) Ko(B:®K) —“— Ko((E:®K) %4 Z)

o] |0
Ki((B: ®K) xp, Z) —— Ki(E: ©K) . Ki(E: ® K),
Lk 1d—De )

where K is the C*-algebra of compact operators, and A is an embedding from
E. onto a corner of E. ® K and ;. is an automorphism on F. so that \ extends
to an embedding from E. x,_ N onto a corner of (E. ® K) xg_Z. Moreover, the
induced maps A, on Ky, Kj-groups are isomorphisms, and the maps (id — ;).
are zero maps, which implies that the maps (id—a. )+ are also trivial. Therefore,
we obtain the following short exact sequences:

0—>Kj(E5)—>Kj(E5 X, N)—> j+1(E5>_>0
for j = 0,1, where j + 1 (mod 2).

On the other hand, the Pimsner-Voiculescu six-term exact sequence implies
the following:

(id—Pe )«
—

Ko(3) &Ko(g) — s Ko(§ % N)

o] E
K1 (§ »ia N) ‘Z— K1(3) m K (%),

which splits into the following two short exact sequences:
0 — K;(§) — K;(§ xaN) — K;11(8) — 0
for j = 0,1, where j + 1 (mod 2).
Since ©. = E. X4, N by Proposition 2.3 and § xjg N =2 §F ® §, we obtain
the following commutative diagram:
0 — K;j(BE:) — K;(®:) —— Kji(B:) —— 0

l l(wa* l«aa)* l(wa* l

0 — K;§) — K;F®3%) — Kjp1(§) —— 0,
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where the maps (1. ). are isomorphisms by Theorem 2.4. The Lemma 5 implies
that (p.). is an isomorphism as desired. O

Corollary 2.6. For any ¢ € [0, 2],
KO(QE) = Za KI(QE) =0.

3. Continuity

For any 0 < g1 < g9 < 2, by universality there exists a unique *-homo-
morphism from D., to D., sending s., ; to s, j for j = 1,2. In particular, for
€9 = 2 and €1 = ¢, let g. be the unique *-homomorphism from ®s to .. As
the main result of this section, it is obtained that

Theorem 3.1. There exists a continuous field of C*-algebras on the in-

terval [0, 2] such that ®. is the fiber at ¢ € [0,2] and the maps f, defined by
[0,2] 5 & — ge(a) = fu(e) € D, for a € Dy are continuous.

The proof for this is given later. Let I. be the kernel of g.. Then the norm
llge(a)]| for a € D4 is equal to the distance d(a, I) between a and I.. Note that
if e < &, then I, D I and ||g-(a)|| < ||ger(a)]| since |ge(a)|| = infper. [|a — b||
by definition. Let I* be the norm closure of the union U..r<ol.s, and IZ the
intersection Np<ger<eler.

Proposition 3.2. For e € [0,2), if I. = I, then f, is right continuous
at € for a € D9. For e € (0,2], if I. = I, then f, is left continuous at ¢ for
a € Ds.

Proof. For any a € D2 we have

d(a,IF) = 5<i?'f<2 d(a,I), d(a, 1) = oiu'g d(a,I.).

Indeed, by definition d(a, I) = inf,;+ [la — b]|. Since I O I/ for e < &/,
d(a,I7) < inf d(a,L,).
(0, I7) < _inf d(a,Ir)
There exsits a sequence of b, € I, such that ¢ < & < ¢, and d(a,I}) =
lim,, oo |la — by||. Since |la — by || > d(a, I, ), it follows that
d(a,IT) > inf d(a,l.).
((1, 5)—€<1?/§2 ((1, 5)

Now consider the map ¢ from ®3 to the direct product Ilp<./ . D, defined by
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q(a) = (¢ (a))o<e'<e- Then the kernel of ¢ is I7. Therefore,
d(a,17) = llg(a)]| = sup |lg=(a)|l = sup d(a,Ie).
0<e'<e 4

0<e’<e
If I. = I, then for € € [0, 2),
lg=(a)|| = d(a, L) = d(a, 1) = inf d(a,I.) = lim [l (a)l,

e<e’<2 e<e’<2
and if I, = I, then for € € (0, 2],
lae(a)|| = d(a, I) = d(a,I7) = sup d(a,l) = lim (g (a)l|. O

0<e’<e 0<e’<e

Proposition 3.3. For any ¢ € [0,2), we have I = I..

Proof. First assume that D, is soft. For the generating isometries so 1, 522 €
©9, denote by 8:71, 8:72 their images in Do/I respectively. Then for any ¢ <
/
e <2,

[s2gsy —siysoll = inf [[sa0s21 — s21502 + b
beld

< ieﬂf l|s2,252,1 — 82,1522 + b|| = [|ger (52,252,1 — 52,152,2) |

El

= [lger (52,2)q=r (52,1) — qer(52,1)4er (52,2) || = [|5er 28611 — 8er150r2]| < €
Hence, it follows HS;QS;]L — 5:15:2H < e. By the universality of ®., there exists
a *-homomorphism from D, = Dy /1. to Dy/IF sending s, j to s;j for j =1,2.
Thus, I. must be contained in I

On the other hand, for any a € I, there exists a sequence of b, € I., such
that e < e, and (b,) converges to a. Then ¢.(a) = lim;,,_,o g=(b,) = 0 because
the following diagram:

Do Do

den | o

9., —5 Do,
commutes, where ¢, . is a unique *-homomorphism by universality, and ¢.(b,,) =
Qe (e, (bn)) = 0. Therefore, IF is contained in I..

Now assume that . is super-soft. For this case, we consider the following
diagram:

0 I. Dy, —L D, 0
R B
0 J. Ay P AL 0,
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where p. is the canonical onto *-homomorphism and J. is the kernel of p..
Indeed, note that if x € I. so that ¢.(z) = 0, then p.(7(x)) = 7(g-(x)) = 0.
Hence m(x) € J.. This diagram induces the following:

Dy —— Dy/IF

| |

A2 — AQ/J;—

and

@a E— @2/[2r

A, —— ATt
where JI = J.. By the same argument as for ©. soft, the conclusion
follows. O

Recall the following fact:

Lemma 3.4. (see [9]) The semigroup crossed product B x, N of a unital
C*-algebra B by a corner endomorphism « defined by «(b) = sbs* for a proper
isometry s has a dense x-subalgebra generated by 8 and s, whose elements are
of the form:

(8" )"y + -+ 8b_1 4+ bo + b5+ - + bps"

for some n € N and b; € B for j = —n,--- ,n.

f

Moreover, an action [3 of the torus T on B x, N is given by [3,(b) = b and
B.(s) = zs for b € B, z € T. A conditional expectation E : B xo N — B is
defined by

B = [ B-(F)dnto)
where dj = 2z~ 'dz is the normalized Lebesque measure on T, and E satisfies

the equations F(ba) = bE(a), E(ab) = E(a)b, and E(b) = b for a € B x4 N
and b € B. For the element f of the form above, we have E(f) = by.

Furthermore, the above element f = 0 if and only if E(f) =0, E(fs™) =0
and E(f(s*)™) = 0 for every m € N, from which f can be replaced with any
element of B.

Proof. Since « is a corner endomorphism, we have s*8Bs = B. Note that
sb = sbs*ss = a(b)s, and bs* = s*sbs* = s*a(b)

from which the first part of the statement follows.
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For the second part of the statement, we compute

bk.s /BZ bks )du(z )—bks /Tzkd,u(z),

bb_y) = /T Bo((s")*b_g)dp(=) = ()b /T 2 du(z)

for 0 < k <n. Since we have

k 1 2”'1@ 1)0: i6 L k=0,
/z du(z) = (2mi)~ / =101 gp —
T 0 0 0#£keZ,

where z = ¢ € T, it follows that

ZEka +ZE —boe%

Therefore, we obtain F (b) = b for any b € %B. Since
bf =b(s*)"b_p, + -+ 4+ bs"b_1 + bby + bbys + - - - + bb,s"
= (s")"an(b)b_y, + -+ + s"a1(b)b_1 + bby + bb1s + - - - + bb,s",
= (8*)nb_nb +-+ S*b_lb + bob + blsb + -+ bnsnb
= (s")"b_pb+ -+ s"b_1b+ bob + brag (b)s + - - - + b, (b)s”,
where o, = ao--- o« (the n-times composed map), we have E(bf) = bE(f)
and E(fb) = E(f)b. Therefore, E(ba) = bE(a) and E(ab) = E(a)b for any
a € B X, Nand b e B.
For the third part of the statement, note that
(bs®)s = bstL € BshHL,
(s)Eb_ps = (s*)" " H(s*b_ps) € (s*)" 1B, and
(bs®)s* = bs*(ss*) = byst (%) (sF) P L
— bs®(s7)FsP L € Bk,
(s*)kb_ks* = (S*)kS*Sb_kS* = (5*)k+1(5b_k8*) € (s *)kJrl‘B
Hence, it follows that E(fs™) = (s*)™b_,,s™ and E(f(s*)™) = by, s™(s*)™ fo
m < n, and if m > n, then E(fs™) =0 = E(f(s*)™). Thus, E(fs™) =
and only if b_,, = 0, and E(f(s*)™) = 0 if and only if b,,s"™ = 0. D

Proposition 3.5. There exists a sequence (Y, )men of endomorphisms of
m(E:) converging pointwise to the identify map on m(E.) such that

ilelg [V (7 (tn)) = Ym (7 (tns1))]| <&,

where 7 : E. — w(E.) = B is the canonical quotient map.
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Proof. Use [6, Proposition 2.2]. O

Now define L. to be the kernel of the map p. : Fs — FE. by universality.
Also define [L]. to be the kernel of the map [p]. : 7(E2) — 7 (E:).

Proposition 3.6. We have [L|. = No<cr<c[L]er.

Proof. This is [6, Theorem 2.4] using the above proposition. O
Proposition 3.7. We have L. = Np<orce L.

Proof. Note that L. NJy = {0} since p. maps Ja to J., Therefore,
[L]c = Le +32/32 =2 L. /(L: N J9) = L.

Hence the conclusion follows from the above proposition. O

Lemma 3.8. Let h: 2 — B be a x-homomorphism of C*-algebras 2, B.
Suppose that h is equivariant with respect to corner endomorphisms «, (3 of 2,
B respectively, i.e., h(a(a)) = B(h(a)) for a € A. Let b~ : A o N — B xg N
be the x-homomorphism induced by h. Then

ker(h™) = {f € A xo N| Ey(fs"), Eq(f(s*)") € ker(h) for n € N, n =0},

where Eg : 2 x4, N — 2 is the conditional expectation, ker(-) means the kernel,
and s is the isometry implementing c.

Proof. The following diagram commutes:

A x, N M, B X3 N

Ba | | £

oA I, m

Indeed, for f = (s*)"a_p + -+ s*a_1 + ag + ar1s + - - - + aps”, aj,a_; € A,
h~(f) = (") "h(a—p) + - +t*h(a—1) + h(ag) + h(a1)t + - - - + h(an)t",
where t = h™(s) is the isometry implementing 3. Therefore,

(ho Eq)(f) = h(ag) = (Ep o h™)(f).

For any g € Ax,N with g € ker(h™), we have h™(g) = 0, which is equivalent
to that Eg(h™~(g)t") = 0 and Eg(h~(g)(t*)") = 0 for n € N and n = 0. This
says that h(Ey(g)s™) = 0 and h(Fy(g)(s*)") =0 for n € N and n = 0. O

Theorem 3.9. For any ¢ € (0,2), one has I = I.

Proof. Let E : ®3 — FE5 be the conditional expectation induced by the
isomorphism Dy & Fyx,,N. For a € I, we have E(as™) € L. and E(a(s*)") €
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L. for allm € Nand n =0 and & < . Thus,
B(as™), B(a(s")") € NogereeLor = L.
for all n € N and n = 0. This shows that a € I..
On the other hand, since I.» D I, for ¢’ < &, we have
I = No<erceler D 1. O
Theorem 3.10. We have I, = I5.

Proof. Let 0 # a € I, . Note that 7(D2) is isomorphic to the full group C*-
algebra C*(F3) of the free group F» of two generators. It is shown by Choi [3]
that C*(F3) has a separating family of finite dimensional representations. Since
the map ¢. maps Js to Je, we have I. = ker(q.) = [I]., where [I]. = I.+73/J2 (in
particular ¢ = 2). Thus, we may assume that w(a) # 0. Therefore, there exists
a finite dimensional representation x of 7(D2) to M,,(C) such that x(7(a)) # 0.
Let w1 = x(m(s2,1)) and us = x(m(s2,2)). Then using [6, Proposition 3.2] we
have u; = lim;_. v} for the unitaries u; € M, (C) such that [Jujus —uguj|| < 2.
For each j, there exists a representation x; of 7(Dsz) such that x;(7(s21)) = uj
and x;(m(s22)) = ug. If ||ujus — uguff| = &; < 2, then x; vanishes on J.,
where Je; is the kernel of the map: 7(D2) — 7(D.;). Thus, x; vanishes
on the intersection of J., for 1 < j < co. Note that m(l.) = J.. Hence,
Xj(m(a)) = 0. Furthermore, x; converge pointwise to x so that x(m(a)) = 0,
which is a contradiction. (]

Proof of Theorem 3.1. Summing up the above arguments we obtain the
desired result. (]
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