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Abstract: This note concerns the problem of determining an H 2 -function g
when |g(x)| is known for almost all x. It is shown that the conditions (∗) |g(x)| =
|f (x)| and (∗∗) |g(qx) − g(x)| = |f (qx) − f (x)|, 0 < q < 1 together imply that
either g = V f or g = V f¯, where V satisfies V (qx) = V (x). Under certain
restrictions on f and g the function V reduces to a constant.
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1. Introduction
The phase retrieval problem is to determine as much as possible about the
function g when f is known and
|f (x)| = |g(x)|.

(1)

(to see why this problem is interesting see, e.g., [5], [6], [8], [9]). By itself
(1) is usually insufficient to yield much information about g. Hence additional
conditions are required. In [7] we showed that for functions f and g in H 2 the
conditions (1) and
|f (x + b) − f (x)| = |g(x + b) − g(x)|
(2)
suffice to yield g = W f or g = W f¯, where W has period b and reduces to a
constant in certain cases.
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In this note we show that the methods of [7] yield somewhat stronger results
when the condition (2) is replaced by
|f (qx) − f (x)| = |g(qx) − g(x)|,

(3)

where q ∈ (0, 1).

2. Main Results
Let the operator γ be defined by γh(x) = h(qx) − h(x), where q is a constant
in (0, 1).
Theorem 1. Suppose f, g ∈ H 2 and |f (x)| = |g(x)| and |γf (x)| = |γg(x)|
for almost all real x. Then, either
g(qx)f (x) = g(x)f (qx)

(4)

g(qx)f (x) = g(x)f (qx).

(5)

for almost all x, or
for almost all x.
Proof. The proof is the same as the proof of Theorem 1 of [7] where the
operator δ is replaced by γ and the operation x → x + b is replaced by x →
qx.
Corollary 1. Suppose that f, g ∈ H 2 satisfy (1) and (3), that f and g
are continuous at 0, and that f (0) 6= 0. Then there is a constant c such that
g = cf .
Proof. Suppose that (4) holds, then for |x| sufficiently small
g(x)
g(qx)
g(q n x)
=
= ··· =
f (x)
f (qx)
f (q n x)
letting n → ∞ yields g(x) =
Hence, g(x) =

g(0)
f (0) f (x)

g(0)
f (0) f (x)

for x in an open interval containing 0.

for almost all x (see [4]).

If (5) holds, a similar argument shows g(x) =
Hence, f ∈

H 2.

g(0)
f (x)
f (0)

for almost all x.

It follows that f vanishes identically.

With methods analogous to those in [7] the following can also be proved.
Theorem 2. Suppose f, g ∈ H 2 have singular factors satisfying condition
(10) of [7]. Suppose that conditions (1), (3) and (4) are satisfied. Then there
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are Blaschke products B1 and B2 and a real constant β such that
g(x) = eıβ B1 (x)B 2 (x)f (x),
and Bi (qx) = Bi (x) for almost all x and for i = 1, 2.
Theorem 3. Suppose f, g ∈ H 2 have singular factors satisfying condition
(10) of [7]. Suppose that conditions (1), (3) and (5) are satisfied. Suppose that
there is a Blaschke product B such that B(qx) = B(x) for almost all x and
Bf ∈ H 2 . Then there are Blaschke products B1 and B2 and a real constant β
such that
g(x) = eıβ B1 (x)B 2 (x)f (x),
and Bi (qx) = Bi (x) for almost all x and for i = 1, 2.
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