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Abstract: A group G is said to be (2, 3, t)-generated if it can be generated
by two elements x and y such that o(x) = 2, o(y) = 3 and o(xy) = t. In this
paper, we determine (2, 3, t)-generations for the Higman-Sims sporadic simple
group HS. Most of the computations were carried out with the aid of computer
algebra system GAP.
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1. Introduction

A group G is said to be (2, 3, t)-generated if G =< x, y >, with o(x) = 2,
o(y) = 3, and o(xy) = t. The (2, 3)-generation problem has attracted a vide
attention of group theorists. One important reason is that (2, 3)-generated
groups are homomorphic images of the modular group PSL(2,Z), which is the
free product of two cyclic groups of order two and three. The motivation of
(2, 3)-generations of simple groups also came from the calculation of the genus
of finite simple groups [25].

The Higman-Sims group HS is a sporadic simple group of order 44352000 =
29·32·53·7·11. The group HS can be constructed from the Higman-Sims graph G.
Let G = (Ω, E) be a graph of valency 22 on the set Ω of 100 points such that any
given vertex has 22 neighbours (adjacent points) and each of the remaining 77
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vertices are joined to 6 of these points and may be labelled by the corresponding
hexad. Two of the 77 vertices are joined only if the corresponding hexads are
disjoint. The 22 points and 77 hexads (blocks) form a Steiner system S(3, 6, 22).
The Higman-Sims simple group HS is the subgroup of the even permutations
of Aut(G) ∼= HS:2, the automorphism group of HS. The point stabilizer of
Aut(G) on Ω is Aut(S(3, 6, 22)) ∼= M22:2 and the order of the Higman-Sims
group HS is 44352000. The action of HS on Ω yields a unique primitive rank-3
representation of degree 100, in which the point stabilizer is the Mathieu group
M22, and the orbits have length 1, 22 and 77. The group HS acts primitively
on both of its conjugacy classes of involutions 2A and 2B. The centralizer
CHS(2A) is the split extension of a group K ∼= 4·24 of known structure by S5

and CHS(2B) ∼= 2 × A6·2
2.

We quote from Magliveras [18] the fact that the proper non-Abelian simple
subgroups of HS are, up to isomorphisms, A5, A6, A7, A8, L2(7), L2(11), L3(4),
U3(5), M11 and M22. There are only one class of each of M22, A8, L3(4), and
L2(11), while there are two classes of U3(5) and M11, interchanged by the outer
automorphism. Any A5, A6, A7 or L2(7) with trivial centralizer is contained in
M22 or U3(5).

Recently, there has been some interest in the (2, 3, t)-generations of sporadic
simple groups. Ali and Ibrahim in a series of papers [1, 2, 3, 4, 5, 6, 14, 15, 16]
investigated the (2, 3, t)-generations and conjugate generations of the sporadic
simple groups He, HS, McL, Co1, Co2, Co3, Ly, ON, Th, Suz, Ru and the
Tits group T. Ganief and Moori in a series of papers [10, 11, 12, 13, 19, 20] es-
tablished the (2, 3, t)-generations, (p, q, r)-generations and nX-complementary
generations for the sporadic simple groups HS, McL, Fi22, J1, J2, J3, J4, Co1,
Co2 and Co3. For more information regarding the study of (2, 3, t)-generations
of sporadic simple groups as well as computational techniques, the reader is
referred to [1, 2, 3, 4, 5, 10, 19] and [25].

The present paper is devoted to the study (2, 3, t)-generations for the Hig-
man-Sims sporadic simple group HS, where t is any divisor of |HS|. For basic
properties of the group HS and information on its subgroups the reader is
referred to [18]. The ATLAS of finite groups [9] is an important reference and
we adopt its notation for subgroups, conjugacy classes, etc. Computations were
carried out with the aid of GAP, see [22].

Throughout this paper we adopt the same notation as in [1], [2], [11] and
[20]. In particular, ∆(G) = ∆G(C1, C2, C3) denotes the structure constant of
G for the conjugacy classes C1, C2 and C3, whose value is the cardinality of
the set Γ = {(x, y) | xy = z}, where x ∈ C1, y ∈ C2 and z is a fixed element
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of the conjugacy class C3. It is well known that ∆G(C1, C2, C3) can easily be
computed from the character table of G by the following formula

∆G(C1, C2, C3) =
|C1|.|C2|

|G|
×

m∑

i=1

χi(x)χi(y)χi(z)

χi(1G)
,

where χ1, χ2, . . . , χm are the irreducible complex characters of G (see [17],
p.45). Also, ∆∗(G) = ∆∗

G(C1, C2, C3) denote the number of distinct ordered
pairs (x, y) with x ∈ C1, y ∈ C2, xy = z and G =< x, y >. Obviously G is
(l,m, n)-generated group if and only if there exists conjugacy classes C1, C2,
C3 with representatives x, y, z, respectively such that o(x) = l, o(y) = m
and o(z) = n, for which ∆∗

G(C1, C2, C3) > 0. In this case we say that G
is (C1, C2, C3)-generated. If H is a subgroup of G containing z and B is a
conjugacy class of H such that z ∈ B, then ΣH(C1, C2, B) denotes the number
of distinct pairs (x, y) such that x ∈ C1, y ∈ C2, xy = z and < x, y >.

For the description of the conjugacy classes, the character tables, permu-
tation characters and for information on the maximal subgroups readers are
referred to ATLAS [9]. A general conjugacy class of elements of order n in G
is denoted by nX, e.g., 2A represents the first conjugacy class of involutions in
a group G.

The following results in certain situations are very effective at establishing
non-generations.

Theorem 1.1. (see Ree [21]) Suppose G is a group of permutations of a set
Ω of size n, and G is generated by x1, x2, . . ., xs, with product x1x2· · ·xs = 1G.
If the generator xi has exactly ci disjoint cycles on Ω (for 1 ≤ i ≤ s) and G is
transitive on Ω, then

c1 + c2 + · · · + cs ≤ n(s − 2) + 2 .

Lemma 1. (see [8]) Let G be a finite centerless group and suppose lX, mY ,
nZ are G-conjugacy classes for which ∆∗(G) = ∆∗

G(lX,mY, nZ) < |CG(z)|, z ∈
nZ. Then ∆∗(G) = 0 and therefore G is not (lX,mY, nZ)-generated.

The following result will be crucial in determining generating triples.

Theorem 1.2. (see Moori [13]) Let G be a finite group and H a maximal
subgroup of G containing a fixed element x. Then the number h of conjugates
of H containing x is χH(x), where χH is the permutation character of G with
action on the conjugates of H. In particular,

h =

m∑

i=1

|CG(x)|

|CH(xi)|
,
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Group Order Group Order

M22 27.32.5.7.11 U3(5):2 (2 classes) 25.32.53.7
L3(4):21 27.32.5.7 S8 27.32.5.7
24.S6 28.32.5 43:L3(2) 29.3.7
M11 (2 classes) 24.32.5.11 4·24:S5 29.3.5
2 × A6·2

2 26.32.5 5:4 × A5 24.3.52

Table 1: The maximal subgroups of HS

where x1, . . . , xm are representatives of the H-conjugacy classes that fuse to the
G-conjugacy class of G.

2. (2, 3, t)-Generations of HS

The H igman-S ims group HS is a sporadic simple group of order 29.32.53.7.11
with 12 classes of maximal subgroups given in Table 1. HS has 24 conjugacy
classes of its elements. It has two conjugacy classes of involutions namely 2A
and 2B. The group HS acts primitively on a set Ω of 100 points. The point
stabilizer of this action is isomorphic to the Mathieu group M22 and the orbits
have length 1, 22 and 77. The permutation character of HS on the conjugates
of M22 is given by χM22

= 1a + 22a + 77a. For basic properties of HS and
computational techniques, the reader is encouraged to consult [10], [19] and
[20].

In this section we investigate the (2, 3, t)-generations of the Higman-Sims
group HS. It is a well known fact that if G is (2, 3, t)-generated simple group,
then 1/2 + 1/3 + 1/t < 1 (see [7]). It follows that in (2, 3, t)-generations of the
Higman-Sims group HS, we only need to consider t ∈ {7, 8, 10, 11, 12, 15, 20}.

Lemma 2. The Higman-Sims group HS is not among the followings:

(i) (2A, 3A, tZ)-generated, for any integer t,

(ii) (2B, 3A, tZ)- generated, where tZ ∈ {7A, 8A, 8B, 8C}.

Proof. If HS is (lX,mY, nZ)-generated and the elements of H are expressed
as permutations on 100 points, then by Ree’s Theorem c1 +c2+c3 ≤ 102, where
c1, c2, c3 are the number of disjoint cycles of a representative in lX, mY and
nZ, respectively.

Consider the triple (2A, 3A, tZ), where tZ is any conjugacy class of HS.
Since the number of cycles of representatives of classes 2A and 3A are 20 +
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HS-class 2A 2B 3A 7A 8A
χM22

(tZ) 20 0 10 2 2
Cycle type 120240 10.250 110330 12714 122343810

HS-class 8B 8C 10A 10B 11A
χM22

(tZ) 0 0 0 0 1
Cycle type 10.22.44.810 102244810 1054108 101010 11119

HS-class 11B 12A 15A 20A 20B
χM22

(tZ) 1 0 0 0 0
Cycle type 11119 10214263126 1052156 10102204 10102204

Table 2: Cycle type of a representative in tZ

40 = 60 and 10 + 30 = 40 respectively, we have c1 = 60 and c2 = 40. Thus
c1 + c2 + c3 = 60 + 40 + c3 ≤ 102, where c3 is the number of disjoint cycles
of a class representative of tZ. Using Table 2, we see that this violates Ree’s
transitivity condition for all the representatives of the conjugacy classes tZ
in the table and we conclude that HS is not (2A, 3A, tZ)-generated, for any
conjugacy class tZ of HS.

Similarly, an application of Ree’s transitivity condition to the triples (2B,
3A, 7A), (2B, 3A, 8A), (2B, 3A, 8B) and (2B, 3A, 8C) shows that these triples
are not generating triples for HS.

Lemma 3. The group HS is not (2B, 3A, 10X)-generated for all X ∈
{A,B}.

Proof. The non-generation of HS by the triple (2B, 3A, 10B) has been
proved in [27]. For the triple (2B, 3A, 10A), we compute that

∆HS(2B, 3A, 10A) = 10 < |CHS(10A)| = 20 .

Thus (2B, 3A, 10A) is not a generating triple of HS by Lemma 1.3.

Lemma 4. The Higman-Sims group HS is (2,3,11)-generated.

Proof. This has been proved in Wolder [25].

Lemma 5. The Higman-Sims group HS is (2X, 3A, 15A)-generated for all
X ∈ {A,B} if and only if X = B.

Proof. First consider the case X = A. Since

∆HS(2A, 3A, 15A) = 5 < |CHS(15A)| = 15,

by Lemma 1.3, the Higman-Sims group HS is not (2A, 3A, 15A)-generated.
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Next, we consider the case X = B. Using the character table of the Higman-
Sims group HS, we compute that ∆HS(2B, 3A, 15A) = 30. The maximal sub-
groups of HS that have non-empty intersection with the classes 2B, 3A and
15B are, up to isomorphism, H1

∼= S8 and H2
∼= 5:4 × A5. However,

ΣH1
(2B, 3A, 15B) = 0 = ΣH2

(2B, 3A, 15B) .

Hence

∆∗

HS(2B, 3A, 15B) = ∆HS(2B, 3A, 15B) = 30,

proving that (2B, 3A, 15B) is a generating triple of HS. This completes the
proof.

Lemma 6. The group HS is not (2B, 3A, 12A)-, and (2B, 3A, 20Z)-
generated for all Z ∈ {A,B}.

Proof. Since (20A)−1 = 20B, the results obtained by replacing one of the
these classes with the other are the same. Let 20Z denote the class 20A or 20B.

We compute that ∆HS(2B, 3A, 20Z) = 50 and |CZ(z)| = 20, z ∈ 20Z. In
order to show that HS is not (2B, 3A, 20Z)-generated we construct the group
HS by using its “standard generators” given in [23] and also in [24]. The
group HS has a 20-dimensional irreducible representation over GF (2). Using
this representation we generate HS =< a, b >, where a and b are 20 × 20
matrices over GF (2) with orders 2 and 5 respectively such that ab has order
11. Using GAP, we see that a ∈ 2A, b ∈ 5A and o(ab) = 11. Let x = (ab2)5,
y = (xa2b3)4, h = ab2, f = aba2bab3ababab2. Let m1 = (ha)5, m2 = yf .
Then m1 ∈ 2B, m2 ∈ 3A and z = m1m2 ∈ 20Z. Let M =< m1,m2 >
then M < HS with M ∼= U3(5).2 and there are two non-conjugate copies
of U3(2).2 in HS. Further we have ΣM (2B, 3A, 20Z) = 25 and consequently
∆∗

HS(2B, 3A, 20Z) = 0. Hence the group HS is not (2B, 3A, 20Z)-generated.

Similarly, for the triple (2B, 3A, 12A), we generate H2
∼=< x, (h13ya)2 >

with x ∈ 2B, (h13ya)2 ∈ 3A, x(h13ya)2 ∈ 12A and H2 < HS. Using similar
arguments as we used in the above case, we obtained that (2B, 3A, 12A) is not
a generating triple of the group HS and the proof is completes.

Theorem 2.1. The Higman-Sims group HS is (2B, 3A, tX) generated if
and only if t ∈ {11, 15}. Furthermore, HS is not (2A, 3A, tX)-generated for any
t.

Proof. This follows from Lemmas 2.1-2.5 proved above.
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