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Abstract: This article presents a new method to solve linear weakly singular
Volterra integral equations using radial basis function (RBF) networks. The
approximate solution is written as a linear combination of radial basis functions.
This method employs a growing RBF network, as the basic approximation
element, whose parameters are obtained by optimization of the appropriate
error functional composed of the integral equation residue. The simulation
results are investigated for the viability of efficiently determining the solution
of the integral equation.
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1. Introduction

The objective of this paper is to solve linear integral equation of the form:

f(x) − λ

∫ x

a

k(x, t, f(t))√
x − t

dt = g(x) , (1)

where the parameter λ and the functions g and k are given and f is the unknown
function to be determined [2].
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In the recent years, there has been a growing interest in applying artifi-
cial neural networks to many areas of science and engineering, such as control
systems, pattern recognition, etc. Many different structural architectures of
neural network model have been proposed; however, RBF networks are espe-
cially interesting since they are commonly used, because of their simple but
adaptive structure and effective learning ability. These networks were brought
to widespread attention by Broomhead and Lowe [1] in 1988. The architec-
ture and training algorithms for RBF networks are simple and they train more
quickly than do multiple layered perceptron networks.

It has been proved that RBF networks have the property of universal ap-
proximation [9]. Li, Jianyu et al [5] have employed the gradient type algorithm
for training and configuring of the growing RBF network and then they have
extended the method to solve partial differential equations [6]. For the purpose
of integral equations, the RBF networks have been recently applied for solving
the linear integral equations [3]. Here, we restrict our attention to the solution
of the univariate weakly singular integral equations of Volterra type by using
the RBF network. The present method uses a growing-network paradigm in
which the number of hidden units is not given a priori and a new hidden node
is inserted only after a certain criterion has been met.

The paper is organized in the following way. In the next section, approxima-
tion of function using a RBF network is reviewed, then RBF network method
based on BFGS backpropagation (BFGS-BP) for solving the integral equation
is illustrated. To show the effects of the method, two numerical examples are
given in Section 5. Section 6 contains conclusions and directions for future
research.

2. Approximation Representations of the RBF Networks

The basic architecture for a RBF is a 3-layer network. The input layer is simply
a fan-out layer and does no processing. The second or hidden layer performs
a non-linear mapping from the input space into a (usually) higher dimensional
space in which the patterns become linearly separable. The final layer therefore
performs a simple weighted sum with a linear output [4]. A RBF neural network
with one output unit can be formulated as

fp(x) =
m∑

i=

wiφi(x) , (2)
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where x ∈ R
d is the input vector (in this paper d = 1), m is the number of

RBFs (or hidden nodes), {wi}m
i=1 are the output weights of the network and the

function φ is the RBF that depends upon the radial distance between x and ci:

φi : R
d → R, φi(x) = φ(‖x − ci‖) ,

where ‖.‖ denotes the Euclidean norm, and ci ∈ R
d are the centers of RBFs.

In practical applications the number of the hidden nodes is usually much less
than the number of training samples, i.e. m ≪ n.

There have been a number choices for the function φ which can be ei-
ther globally supported or compactly supported. In our experiment results, we
will concentrate on the use of globally supported functions. The most promi-
nent choices are Gaussian, multiquadric (MQ) and Inverse MQ functions of the
forms, respectively,

φi(x) = e
− r

2

2a
2

i , (3)

φi(x) = (r2 + a2
i )

1

2 , (4)

φi(x) = (r2 + a2
i )

−1

2 , (5)

where r = ‖x − ci‖ and ai is a real constant and is called the shape parameter
or width of the RBF that must be specified by the user. These function due to
having the parameter ai have exponentially convergence.

Choosing the number of hidden neurons is an important issue when applying
the RBF networks. Redundant hidden neurons often lead to over-fitting of the
noisy training data and make the network computationally demanding. On
the other hand, too small a hidden layer size may make the network unable
to model the training data. In order to cope with this problem, we use an
incremental architecture of the network [7].

3. Problem Formulation

First, let us begin to replace equation (1) with the following one:

f̂ − λKf̂ = g, (6)

where

(Kf̂)(x) =

∫ x−δ

a

k(x, t, f̂(t)√
x − t

dt ,

where δ is a small number, say δ = 10−15. In the above equation, the second
term of integration was dropped.
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In order to obtain the solution of the integral equations (1), we use the least
squares design of the equation (4). In other words, determine the parameters
of the network such that the following objective function

F (p) =

n1∑

j=1

[(
fp − λKfp − g

)
(xj)

]2
(7)

is minimized, where n is the number of training data points, and the subscript
p refers to the network parameters, p = (w, c, σ).

A two stage training procedure for the RBF network is adopted. In the first
stage, we fix ci and ai and the purpose is to find wi that minimizes the F (p).
We then keep wi fixed and find ci and ai during the second stage of training
that minimize the F (p).

The performance of RBF network can critically depend on the choices of
RBF centers and their widths, specially the small or large values of the widths
make the response of neuron too peaked or too flat, respectively, and therefore
should be avoided. In this work, the centers are selected from the data. One way
to choose a new node from the preselected nodes is to use its error component
as follows [6]:

e(j) =
[(

f̂p − λKf̂p − g
)
(cj)

]2
, (8)

where cj is a new unselected center with maximum weight error (8). Also, the
widths are determined according to the following relation:

ai = β min
i6=j

{ci − cj |ci, cj ∈ C}, i = 1, 2, . . . , nc , (9)

where β is a positive scalar and nc is the number of preselected nodes. Since
the centers and the widths are fixed, we can view the RBF network as a linear
least square problem.

In order to minimize equation (7), any backpropagation algorithm can be
used. In the present work, the BFGS-BP training algorithm was applied. The
BFGS-BP algorithm is a standard numerical optimization technique, designed
to approximate the Hessian matrix. The k-th iteration of BFGS-BP algorithm
is as follows [8]:

wk+1 = wk + αkdk , (10)

where αk is the step size and dk is the search direction which has the following
form:

dk = −B−1
k gk , (11)

where Bk, a symmetric positive definite matrix, is an approximation to the Hes-
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sian matrix that is updated at every iteration by means of a low-rank formula.

Bk+1 = Bk − Bksks
T
k Bk

sT
k Bksk

+
yky

T
k

yT
k sk

, (12)

where

sk = wk+1 − wk, yk = gk+1 − gk.

The updating matrix Bk is required to satisfy the usual quasi-Newton equation

Bk+1sk = yk (13)

so that Bk+1 is a reasonable approximation to Hk+1.

To calculate the step size αk, instead of the exact line search, we can obtain
it as analytically given by:

αk = − dT
k gk

dT
k Hkdk

, (14)

where Hk is the Hessian matrix of the error function F(w) at wk.

4. Training Process

During the neural network training, we will use two subsets of data points.
The first subset is the training set which is used for computing the gradient
and updating the network weights. The second subset is the validation set.
The error on the validation set is monitored during the training process, but
not used to adjust the weights.

E(p∗) =

n2∑

j=1

[(
fp∗ − λKfp∗ − g

)
(xj)

]2
, (15)

where n2 is the number of the validation data and p∗ refers to the parameters
of the network which are initiated at current iteration. The validation error
will normally decrease during the phase of training, as does the training set
error. However, when the network begins to over-fit the data, the error on the
validation set will typically begin to rise. If the validation error increases for a
specified number of iterations, the training is stopped and the weights at the
minimum of the validation error are returned.

The above-mentioned procedure, briefly, suggests the following algorithm
with the number of hidden neurons as small as possible [6], which its imple-
mentation is very simple. First choose nc centers, as a preselected set for hid-
den nodes, and then calculate the values of the shape parameters. Let training
points X = {x1, x2, . . . , xn1

} and a tolerance ε be given. Set m = m0 from
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preselected nodes at the beginning and choose one pattern randomly from X1

and do Steps 1-3.

Step 1. Apply BFGS-BP optimization technique to determine the weights
of the network in such a way that E(p∗) is minimized.

Step 2. If n < np and E(p∗) > ε, choose another pattern from X, similar
to the relation (8), and set n = n + 1 and return to Step 1; otherwise stop the
algorithm.

Step 3. If the algorithm cannot cause any decreasing in E(p∗), then try
to insert a new unselected node according to (8) and initiate the weight of the
new node with 0. return to Step 1 for training the whole weights of the output
layer.

The main attraction of this algorithm is that it starts with a single training
data and with a single hidden layer node. Then we continue the training process
by incorporating more training patterns and more hidden nodes one by one and
allow the network to grow.

5. Numerical Results

We now report on the numerical results of some test problems solved by the
proposed method of this article [2]. For testing, 1000 patterns are used to
evaluate the root mean square error defined as

Ne =

√∑nt

j=1(f(xj) − fp(xj))2

nt
,

where f(xj) and fp(xj) are the exact and calculated function values at the point
xj , respectively, and nt is the number of test data.

Example 1. Consider the following integral equation

f(x) −
∫ x

0

f(t)√
x − t

dt = x − 4

3
x

3

2 , x ∈ [0, 1],

with the exact solution, f(x) = x. The error is Ne = 7.90371 × 10−6 by using
m = 5 Gaussian functions.

Example 2. Consider the following integro-differential equation

df

dx
−

∫ x

0

f(t)√
x − t

dt = − 1

w2
− 1√

w
ln

√
w +

√
x√

w −√
x

, x ∈ [0, 1],

with the exact solution, f(x) = 1
w

, where w = x + 1. The error is Ne =
2.83643 × 10−5 by using m = 7 Gaussian functions.
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6. Conclusion

Our results show that the weakly singular integral equations can be approxi-
mately solved by RBF network with parameters (weights) optimized by a learn-
ing method. In the above experiments, the type and the number of radial basis
functions, position of the centers and particularly the value of widths have ma-
jor effect on results. Moreover, our method is quite general and can be used in
a wide class of integral and differential equations.
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