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Abstract: In this paper, we derive a continuous linear multistep method
(LMM) with step number k, which is used to generate multiple finite difference
methods (MFDMs). The MFDMs are assembled into a single block matrix
equation which is used to solve third order BVPs. It is shown that the result-
ing block method has order greater than one, zero-stable, and hence convergent.
A specific method for k = 3 is used to illustrate the process. Numerical exper-
iments are performed to show the reliability of the method.
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1. Introduction

LMMs are very popular for solving first order initial value problems (IVPs)
and are conventionally used to solve higher order IVPs by first reducing it to
an equivalent system of first-order ordinary differential equations (ODEs). This
approach is extensively discussed in the literature and in this paper we cite just
a few notable ones such as Lambert [16], [17], Brugnano and Trigiante [3], On-
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umanyi et al [20], [19], Fatunla [6], Jennings [15] and Jator [14]. LMMs of the
Adams-Moulton type for solving BVPs are due to Onumanyi et al [19], and
Brugnano and Trigiante [3]. However, these methods are applicable by first
reducing the higher order ODE to an equivalent system of first-order ODEs,
which involves more human effort and computer time as discussed in Awoyemi
[2]. We note that LMMs based on the Numerov’s type method have been con-
sidered by Yusuph and Onumanyi [25], Lambert [17], and Henrici [9] for solving
directly the special case y′′ = f(x, y) with Dirichlet boundary conditions.

Recently, Jator and Li [11], Jator [10], [12] proposed LMMs for the direct
solution of the general second and third order IVPs, which were shown to be
zero stable and implemented without the need for either predictors or starting
values from other methods. Jator and Li [13] used the LMMs developed for
IVPs and additional methods obtained from the continuous k-step LMM to
solve second order BVPs directly. Therefore, we are motivated by the results
in [13] to develop LMMs for two-point third order BVPs. In this paper, we
consider the third-order BVP

Dy ≡ y′′′ = f(x, y, y′, y′′), (1)

y(a) = y0, y′(a) = δ0, y(b) = yN ,

or

y(a) = y0, y′(a) = δ0, y′(b) = yM ,

where a, b, δ0, y0, yN , yM ∈ R, D is a differential operator, and f is a continuous
function and satisfies a Lipschitz condition as given in Henrici [9]. Several
problems in engineering and mathematical physics can be formulated as third
order BVPs. For instance, the draining and coating flow problems and the
well known equation of the laminar boundary layer theory (Blasius equations)
involve third order BVPs as discussed in Siraj-Ul-Islam and Tirmizi [23]. Third
order BVPs are conventionally solved by standard finite difference methods
(SFDMs) which have been considered by authors such as Collatz [4], Fox [7],
and Henrici [9]. Other approaches considered in the literature for solving third
order BVPs are due to Usmani and Sakai [24], Al-Said and Noor [22], and
Siraj-ul-Islam and Tirmizi [23]. In particular, a quartic spline solution (QSS)
for two point BVPs involving third-order ODEs was suggested in [24], while a
cubic splines method (CSM) for a system of third-order BVPs was considered
in [22]. Siraj-ul-Islam and Tirmizi [23] considered a smooth approximation
for the solution of special third-order BVPs based on non-polynomial splines
(NPS) which has the advantage of approximating a continuous solution and its
derivatives at every point in the range of integration.
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In this paper, we derive a continuous k-step LMM which is used to generate
multiple finite difference methods (MFDMs). The MFMDs are then assembled
and applied as a single block matrix difference equation to solve BVPs over
sub-intervals which do not overlap as discussed in [25]. It is worth noting that
the simultaneous application of these MFDMs are more accurate than SFDMs
which are generally applied as single formulas over overlapping intervals as in
Lambert [16] and Jennings [15]. In addition, higher order SFDMs are more
tedious to derive and implement since in some cases higher order derivatives
are not always easy to obtain. Thus, the method presented in this paper is
more robust than the SFDMs and also shares the advantage given in [23]. We
also show that the block method is zero-stable, consistent, and hence conver-
gent. We emphasize that the main method is derived through interpolation
and collocation, see Lie and Norsett [18], Atkinson [1], Onumanyi et al [19].
The approach facilitates the link between the finite difference methods and the
k-step multistep collocation procedure, which are two important global meth-
ods which have been used with piecewise continuous approximate solution for
ODEs as discussed in Gladwell and Sayers [8].

The paper is organized as follows. In Section 2, we derive a continuous
approximation Y (x) for the exact solution y(x). Section 3 is devoted to the
specification of the methods and how the MFDMs are obtained. The analysis
and implementation of the MFDMs are discussed in Section 4. Numerical
examples are given in Section 5 to show the efficiency of the MFDMs. Finally,
the conclusion of the paper is discussed in Section 6.

2. The Derivation of the Method

In this section, we approximate the exact solution y(x) by seeking a continuous
method Y (x) of the form

Y (x) =

r+s−1
∑

j=0

λjΥj(x) , (2)

where x ∈ [a, b], λj’s are unknown coefficients and Υj(x)’s are polynomial basis
functions of degree r + s − 1. The number of interpolation points r and the
number of distinct collocation points s are chosen to satisfy 3 ≤ r ≤ k, and
0 < s ≤ k + 1 respectively. The positive integer k ≥ 3 denotes the step number
of the method. We then construct a k-step multistep collocation method by
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imposing the following conditions.

Y (xn+j) = yn+j, j = 0, 1, 2, . . . , r − 1 , (3)

DY (xn+j) = fn+j, j = 0, 1, 2, . . . , s − 1 . (4)

Equations (3) and (4) lead to a system of (r+s)-equations, which is solved
to obtain the λj’s. We proceed by considering the following notations.

We define the interpolation/collocation matrix
∨

of dimension (r+s)×(r+
s) as

∨

=





























P0(xn) · · · Pr+s−1(xn)
P0(xn+1) · · · Pr+s−1(xn+1)
...

...
P0(xn+r−1) · · · Pr+s−1(xn+r−1)
DP0(xn) · · · DPr+s−1(xn)
DP0(xn+1) · · · DPr+s−1(xn+1)
...

...
DP0(xn+s−1) · · · DPr+s−1(xn+s−1)





























and consider further notations by defining the following vectors:
∧

= (yn, yn+1, . . . , yn+r−1, fn, fn+1, . . . , fn+s−1)
T ,

Υ(x) = (P0(x), P1(x), . . . , Pr+s−1(x))T ,
⊔

= (λ0, λ1, . . . , λn+r−1)
T ,

where T denotes the transpose of the vectors. It is worth noting that Υ(x) rep-
resents a vector of arbitrary basis functions. We emphasize that the collocation
points are selected from the extended set Ω, where

Ω = {xn, . . . , xn+k}
⋃

{xn+k−1, xn+k}.
Theorem 2.1. Let Y (x) satisfy conditions (3) and (4), then, the contin-

uous k-step LMM is constructed from the following equation:

Y (x) =
T
∧

(

−1
∨

)T

Υ(x) .

Proof. We begin the proof by first writing (2) in vector form as follows:

Y (x) =
⊔

T Υ(x) . (5)

We also write the system obtained from (3) and (4) in matrix form as follows:
∨⊔

=
∧

. (6)
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We assume that
∨

is non-singular and hence invertible, it follows from (6) that
⊔

=
∧∨

−1 . (7)

Thus, using (5) and (7) we obtain

Y (x) =
T
∧

(

−1
∨

)T

Υ(x) ,

which completes the proof.

The k-step LMM is then, obtained from Theorem 2.1 after some manipu-
lation and expressed in the form

Y (x) =

r−1
∑

j=0

αj(x)yn+j + h3
s−1
∑

j=0

βj(x)fn+j , (8)

where the αj(x)’s and βj(x)’s are the continuous coefficients. The continuous
k-step LMM (8) is used to generate MFDMs, which are applied as simultaneous
numerical integrators to provide the discrete solution to (1). In this light, we
seek a solution on the mesh

πN : a = x0 < x1 < x2 < . . . < xN = b ,

where πN is a partition of [a, b] and h = (b − a)/N is the constant step-size of
the partition of πN .

3. Specification of the Method

In this section, we use (8) and the formulas for the derivatives which are ex-
pressed as

Y ′(x) =
1

h





r−1
∑

j=0

α′
j(x)yn+j + h3

s−1
∑

j=0

β′
j(x)fn+j



 , (9)

Y ′′(x) =
1

h2





r−1
∑

j=0

α′′
j (x)yn+j + h3

s−1
∑

j=0

β′′
j (x)fn+j



 , (10)

to obtain additional equations and derivatives by imposing that

Y ′(x) = δ(x) , Y ′′(x) = γ(x) , (11)

Y ′(a) = δ0 , Y ′′(a) = γ0 . (12)

In particular, we use (8) to obtain a continuous k-step LMM by specifying r, s,
k, and Υj(x). We emphasize that the main method is obtained by evaluating (8)
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at x = xn+k. We also express αj(x) and βj(x) as functions of t for convenience,
where t = (x − xn+k−1)/h. The coefficients α′

j(x), α′′
j (x), β′

j(x), and β′′
j (x) are

easily obtained from the first and second derivatives of αj(x) and βj(x). We
discuss details of a specific method next.

Case k = 3. We use (8) to obtained a continuous 3-step method with the
following specifications: r = 3, s = 4, k = 3, Υi(x) = xi, i = 0, 1, · · · , 6. We
also express αj(x) and βj(x) as functions of t, where t = (x − xn+2)/h in what
follows:

α0(t) = 1
2(t + t2) ; α1(t) = −2t − t2,

α2(t) = 1
2(2 + 3t + t2),

β0(t) = 1
720 (−4t2 + 5t4 − t6),

β1(t) = 1
240 (58t + 69t2 − 10t4 + 2t5 + t6),

β2(t) = 1
240 (24t + 56t2 + 40t3 + 5t4 − 4t5 − t6),

β3(t) = 1
720 (−6t − 11t2 + 10t4 + 6t5 + t6).

The following main method is obtained by evaluating (8) at x = xn+3

yn+3 − 3yn+2 + 3yn+1 − yn =
h3

2
(fn+1 + fn+2) . (13)

We note that the method (13) corresponds to the method discussed in Awoyemi
[2] for IVPs in the corrector-predictor mode, while in [10] the method (13) was
used together with additional methods from the same k-step continuous scheme
to solve third order IVPs without the need for either predictors or starting values
from other methods. In what follows, we seek additional methods which can
be used together with (13) to solve third order BVPs.

Remark 3.1. The functions δ(x) and γ(x) are piecewise continuous on the
sub-intervals [x0, xk], . . . , [xN−k, xN ] of [a, b] with matching points at xn+k, n =
0, k, . . . ,N − 2k.

From Remark 3.1, we impose that δ(x) and γ(x) are continuous at x = xn+3.
Hence, we obtain the following two additional methods

yn+5 − 4yn+4 + 3yn+3 + 5yn+2 − 8yn+1 + 3yn

=
h3

60
(−fn − 86fn+1 − 125fn+2 + 35fn+4 − 4fn+5 + fn+6) , (14)

yn+5 − 2yn+4 + yn+3 − yn+2 + 2yn+1 − yn

=
h3

360
(11fn + 132fn+1 + 453fn+2 + 248fn+3 + 273fn+4



ON THE NUMERICAL INTEGRATION OF THIRD ORDER... 381

− 48fn+5 + 11fn+6) , (15)

from (11) with continuity equations imposed at x = xn+3 as follows:

lim
x→x

−

n+3

δ(x) = lim
x→x

+

n+3

δ(x) , lim
x→x

−

n+3

γ(x) = lim
x→x

+

n+3

γ(x) ,

where

δ(x) =


























1

h
(
3

2
yn − 4yn+1 +

5

2
yn+2 +

h3

120
(fn + 86fn+1 + 125fn+2

+ 8fn+3)), xn ≤ x ≤ xn+3 ,
1

h
(−3

2
yn+3 + 2yn+4 −

5

2
yn+5 +

h3

120
(8fn+3 + 35fn+4 − 4fn+5

+ fn+6)), xn+3 ≤ x ≤ xn+6 ,

(16)

γ(x) =


























1

h2
(yn − 2yn+1 + yn+2 +

h3

360
(11fn + 132fn+1 + 453fn+2

+ 124fn+3)), xn ≤ x ≤ xn+3 ,
1

h2
(yn+3 − 2yn+4 + yn+5 +

h3

360
(−124fn+3 − 273fn+4

+ 48fn+5 − 11fn+6)), xn+3 ≤ x ≤ xn+6

(17)

It is worth noting that the derivatives are provided by δ(xn+τ ) = δn+τ ,
γ(xn+τ ) = γn+τ , τ = 0, . . . , 3 as follows:

hδn = −1
2yn+2 + 2yn+1 − 3

2yn + h3

120 (8fn + 35fn+1 − 4fn+2 + fn+3),

hδn+1 = 1
2yn+2 − 1

2yn − h3

120 (fn + 18fn+1 + fn+2),

hδn+2 = 3
2yn+2 − 2yn+1 + 1

2yn + h3

120 (29fn+1 + 12fn+2 − fn+3),

hδn+3 = 5
2yn+2 − 4yn+1 + 3

2yn + h3

120 (fn + 86fn+1 + 125fn+2 + 8fn+3),

h2γn = yn+2 − 2yn+1 + yn − h3

360 (124fn + 273fn+1 − 48fn+2 + 11fn+3),

h2γn+1 = yn+2 − 2yn+1 + yn + h3

360 (11fn + 12fn+1 − 27fn+2 + 4fn+3),

h2γn+2 = yn+2 − 2yn+1 + yn − h3

360 (4fn − 207fn+1 − 168fn+2 + 11fn+3),

h2γn+3 = yn+2 − 2yn+1 + yn + h3

360 (11fn + 132fn+1 + 454fn+2 + 124fn+3).
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4. Analysis and Implementation of the Method

The main method (13) is a specified member of the conventional LMM which
can be represented as

k
∑

j=0

αjyn+j = h3
k
∑

j=0

βjfn+j , (18)

or compactly written in the form

ρ(E)yn = h3σ(E)fn , (19)

where ρ(ζ) =
∑k

j=0 αjζ
j and σ(ζ) =

∑k
j=0 βjζ

j are the characteristic poly-

nomials, ζ ǫ C, and Ejyn = yn+j is a shift operator.

Following Fatunla [5] and Lambert [16] we define the local truncation error
associated with (18) to be the linear difference operator

L[y(x);h] =

k
∑

j=0

{αjy(x + jh) − h3βjy
′′′(x + jh)} . (20)

Assuming that y(x) is sufficiently differentiable, we can expand the terms
in (20) as a Taylor series about the point x to obtain the expression

L[y(x);h] = C0y(x) + C1hy′ + . . . ,+Cqh
qyq(x) + . . . , (21)

where the constant coefficients Cq, q = 0, 1, . . . are given as follows:

C0 =
∑k

j=0 αj ,

C1 =
∑k

j=1 jαj ,

C2 = 1
2!

∑k
j=1 j2αj ,

...

Cq = 1
q!

(

∑k
j=1 jqαj − q(q − 1)(q − 2)

∑k
j=1 jq−3βj

)

.

In the sense of Henrici [9], we say that the method (18) has order p and
error constant Cp+3 if

C0 = C1 = . . . = Cp = Cp+2 = 0 , Cp+3 6= 0 .

This concept was used to calculate the orders and error constants of the
MFDMs (13)-(15). The MFDMs have order p = 4 and error constants given by
the vector C7 = ( 1

240 ,− 1
80 , 3

80)T .

In order to analyze the methods for zero-stability, we normalize the MFDMs
and write them as a block method from which we obtain the first characteristic
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polynomial ρ(R) given by

ρ(R) = det(RA0 − A1) = (R − 1)3 , (22)

where A0 is an identity matrix of dimension k, A1 is a matrix of dimension k
and is given by

A1 =





1 −3 3
3 −8 6
6 −15 10



 .

Following Fatunla [5], the MFDMs are zero-stable, since from (22), ρ(R) = 0
satisfy |Rj | ≤ 1, j = 1, . . . , k, and for those roots with |Rj | = 1, the multiplicity
does not exceed 3. The MFDMs are consistent as they have order p > 1.
According to Henrici [9], we can safely assert the convergence of the MFDMs.

Our method is implemented efficiently by combining the MFDMs as si-
multaneous integrators for third order BVPs. In particular, for linear prob-
lems, we can solve (1) directly from the start with Gaussian elimination us-
ing partial pivoting, and for nonlinear problems, we can use a modified New-
ton iteration. In each case, the MFDMs are combined to give a single ma-
trix of finite difference equations which simultaneously provides the values of
the solution and the first and second derivatives generated by the sequences
{yn}, {y′n}, {y′′n}, n = 0, . . . , N , where the single block matrix equation is solved
while adjusting for boundary conditions.

5. Numerical Examples

In this section, we have tested the performance of our method on three prob-
lems. For each example we find the maximum absolute error of the approximate
solution in πN for different values of N, where N is chosen to be divisible by
k. All computations were carried out using our written Mathematica code in
Mathematica 5.2.

Example 5.1. We consider the special third order BVP

y′′′ = xy + (x3 − 2x2 − 5x − 3)ex, y(0) = y(1) = 0, y′(0) = 1, 0 ≤ x ≤ 1

Exact : y(x) = x(1 − x)ex

which was also solved in [22], [23], and [24]. It is obvious that our method per-
forms better than those given in [22], [23], and [24] despite the fact that we used
lager step-sizes. Hence, for this example, our method is clearly superior. Our
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method also has the advantage of approximating the continuous solution and
its derivatives at every point in the range of integration as suggested in [23].
Furthermore, our method can simultaneously provide the values of the solu-
tion and derivatives generated by the sequences {yn}, {y′n}, {y′′n}, n = 0, . . . , N ,
where the single block matrix is solved while adjusting for boundary conditions.
The details of the numerical results are given in Table 1.

h Our Method NPS [23] QSS [24] CSM [22]

1/6 1.52 × 10−5

1/8 8.12 × 10−5 9.83 × 10−4 1.85 × 10−3

1/9 2.93 × 10−6

1/12 9.26 × 10−7

1/15 3.85 × 10−7

1/16 1.22 × 10−5 2.40 × 10−4 4.79 × 10−4

Table 1: Maximum absolute error, EMAX = Max |y(xi) − yi|, i =
1, . . . , N , for Example 5.1

Example 5.2. We consider the general third order BVP which is adjusted
for boundary conditions from [21].

y′′′ + 2y′′ − 4y′ + y =
1

4
(8x − x2) +

9e−2x + 2x − 9

4(1 − e−2)
,

y(0) = y(1) = 1, y′(0) = 1, 0 ≤ x ≤ 1 .

Exact : y(x) = c1e
x + c2e

−x

2
(3−

√
13) + c3e

−x

2
(3+

√
13) +

1

4
(4−x2)+

e−2x + 2x − 1

4(1 − e−2)
.

Although the numerical results of this problem were not compared with
another method, the results were compared with the theoretical solution as
shown in Table 2.

Example 5.3. In what follows, we consider the singularly perturbed (SP)
third order BVP.

−εy′′′ + 4y′ = 1, y(0) = y′(0) = 1, y′(1) = 1, 0 ≤ x ≤ 1

Exact : y(x) =
x

4
− c1

√
ε

2
e
− 2x

√

ε +
c2
√

ε

2
e

2x
√

ε + c3 ,

where c1 = 3
4 − 3

4(1+e
2
√

ε )

; c2 = 3

4(1+e
2
√

ε )

; c3 = 8+8e
2
√

ε −3
√

ε+3
√

εe
2
√

ε

8(1+e
2
√

ε )

.
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h EMAX

1/6 7.16 × 10−5

1/9 1.49 × 10−5

1/12 4.93 × 10−6

1/15 2.02 × 10−6

Table 2: Maximum absolute error, EMAX = Max |y(xi) − yi|, i =
1, . . . , N , for Example 5.2

We have solved the SP third order BVP with respect to different values ε
and it is noticed that the results are still reasonable as ε → 0. Although the
numerical results of this problem were not compared with another method, the
results were compared with the theoretical solution as shown in Table 3.

h ε = 1 × 100 ε = 1 × 10−1 ε = 1 × 10−2

1/6 1.71 × 10−5 1.53 × 10−3 3.37 × 10−2

1/9 3.67 × 10−6 3.26 × 10−4 8.12 × 10−3

1/12 1.19 × 10−6 1.06 × 10−4 2.85 × 10−3

1/15 4.95 × 10−7 4.42 × 10−5 1.24 × 10−3

Table 3: Maximum Absolute Error, EMAX = Max |y(xi) − yi|, i =
1, . . . , N , for Example 5.3

6. Conclusions

We have proposed a k-step LMM with continuous coefficients from which
MFDMs are obtained and applied as simultaneous numerical integrators to
solve third order BVPs without first adapting the ODE to an equivalent first
order system. The continuous LMM has several advantages such as providing
additional methods and their first and second derivatives and can be used to
obtain global error estimates. It interesting to note that the MFDMs generated
from the continuous scheme have orders greater than one with relatively small
error constants. Further evidence of the accuracy of our method is given in
Table 1. In particular, the superiority of our method over those given in [22],
[23], and [24] is established numerically. Our method also solves the general
third order BVPs with Neumann boundary conditions as given in Example 5.2.
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Details of the numerical results are given in Table 2. We have also solved a
singularly perturbed third order BVP with respect to different values of ε and
it is noticed that the results are still reasonable as ε → 0 as shown in Table 3.
Our future research will be focused on developing an automatic code with an
error estimation strategy for solving third order IVPs and BVPs.
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