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Abstract: In this paper, we introduce a generalized class of starlike functions
and obtain the subordination results for various subclasses of starlike functions.
Further, we obtain the integral means inequalities for various subclasses of
starlike functions. Some interesting consequences of our results are also pointed
out.
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1. Introduction and Preliminaries

Let A denote the class of functions of the form
[o¢]
f) =24 an2", (1.1)
n=2

which are analytic and univalent in the open disc U = {z : |z| < 1}. For

[e.°]
functions ® € A given by ®(z) = 2+ ) ¢,2" and ¥ € A given by ¥(z) =

n=2
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o
z+ > p2", we define the Hadamard product (or convolution) of ® and ¥ by
n=2

(e}
(PxU)(2) =2+ Z Oz, ze€U. (1.2)
n=2
For complex parameters ai,...,q; and B1,...,0, (6; # 0,—1,...;j =
1,2,...,m) the generalized hypergeometric function ;F,,(z) is defined by

= (a1 ... (oq)p 2"

1 (2) = 1F(ar, ..o By ooy By 2) o= Z GG —

n=0
(<m+1;IimeNy = NU{0};z€U),
where N denotes the set of all positive integers and («),, is the Pochhammer
symbol defined by

(1.3)

1, n=20,
(a)”:{a(a+1)(a+2)...(a+n—1), n e N. (1.4)

The notation ; F;, is quite useful for representing many well-known functions
such as the exponential, the Binomial, the Bessel, the Laguerre polynomial and
others; for example see [8]. For positive real values of ay,...,q; and f1, ..., Bn
By #0,-1,...55 = 1,2,...,m), let H(ou,...0q;81,...,0m) : A — A bea
linear operator defined by

[(H(alu"'al;Bh”' 7&77’1))(]0)](2) =z lFm(al,QQ,...al;BhﬂQ... 7ﬂm§z)
«f(z) =2+ Tpanz", (15)
n=2

where

(al)n,1 e (al)n,1 1
(Bl)nfl .. (ﬂm)nfl (n - 1)‘ .
For notational simplicity, we can use a shorter notation H! [y, 31] for H(ay
vooya;B1, ..., Bm) in the sequel. The linear operator H! [ay, 1] is called
Dziok-Srivastava operator [3], includes various other linear operators introduced
and studied by Bernardi, see [1], Carlson and Shaffer [2], Libera [5], Livingston
[7], Ruscheweyh [9] and Srivastava-Owa [14].

For 0 <A< 1,0<vy<1andk >0, welet H., (\,7,k) be the subclass of
A consisting of functions of the form (1.1) and satisfying the analytic criterion

(HL [o1, B1)f (2)) -
fte { (1 = NHL [a1, B1)f(2) + Az(HL [, Bi [ (2)) ”}

Iy, =

(1.6)
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2(Hyy o, 4] f(2))
(1 = NH] [a1, B1]f (2) + Az(HE [, B1] ()
where H! [a1, £1]f(2) is given by (1.5). We further let TH., (A, 7, k) = HL, (A, 7,
k)NT, where

>k -1, =zeU, (17

T = {feA:f(z):z—i|an|z", zEU}, (1.8)
n=2

a subclass of A introduced and studied by Silverman [10].

By suitably specializing the values of I, m, a1, a0,..., a7, 81,02, -+ Bms A,
v and k the class HL, (), 7, k), leads to various new subclasses. We present some
examples below:

Example 1. If /=2 and m =1 with a1 =1, as =1, §; = 1 then

HE(N, 7, k) =S\, v, k) = {f € A:Re {(1 _ A);(]:)(? A2f!(z) 7}
zf'(2) 1l .
>k‘(1—)\)f(z)+/\2f’(2) 1" EU}'

Further TS(\,~, k) = S(\,v,k) NT, where T is given by (1.8).

Example 2. If/=2andm=1witha; =6+1(0 > —1), a0 =1, B =1,
then

2(D° f(2))
HI(N k) = Rs(A, 7, k) = {f €4:Re {(1 - )\)Déj(f(z)ﬁ A)I)Z(Déf(z))’ - 7}
2(D°f(2))
> ewmieeorEy ) 7<)

where D? is called Ruscheweyh derivative of order ¢ (§ > —1) defined by

) o < — g2 .
Also TRs(\,7v, k) = Rs(\, v, k) NT, where T is given by (1.8).

Example 3. If Il = 2 and m = 1 with a1 = p+ 1(p > —1), ag = 1,
01 = p+ 2, then

HI(N, v, k) = Bu(\, 7, k) == {f € A:Re (

AJuf (2)) )
(= N7/ () + A=, T )Y
A f (2) e,

T NI )+ M @Y

g
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where J, is a Bernardi operator (see [1]), defined by
p+1 %
T @)= [ e = B L3+ 210)
0

Note that the operator J; was studied earlier by Libera [5] and Livingston [7].
Further, TB,(\,v,k) = Bu(A,v,k) N T, where T is given by (1.8).

Example 4. If [=2and m =1 withay =a(a >0),aa =1, 1 =c(c>
0), then

HI(A, 7, k) = L4, v, k)

_ | AL(0, )] () )
= {reame (e ey )
- (L, 0)f(2) )
where L(a,c) is a well-known Carlson-Shaffer linear operator (see [2]), defined

- VL@ S () + AL(@maf )
by

—~

L(a,c)f(z) := (Z

= (
Further, TLE(\, v, k) = LE(\, v, k

a)kszrl) x f(2) = Hi(a,1;¢) f(2).

C)k

—

NT, where T is given by (1.8).
Now we recall the following results which are very much needed for our
study.

Definition 1.1. (Subordination Principle) For analytic functions g and h
with g(0) = h(0), g is said to be subordinate to h, denoted by g < h, if there
exists an analytic function w such that w(0) = 0, |w(z)| < 1 and g(z) = h(w(z)),
for all z € U.

Definition 1.2. (Subordinating Factor Sequence) A sequence {b,,}>° ; of
complex numbers is said to be a subordinating sequence if, whenever f(z) =

o
> anz", ap =1 is regular, univalent and convex in U, we have
n=1

ananz” < f(z), zeU. (1.9)
n=1

Lemma 1.1. (see [15]) The sequence {b,}>>, is a subordinating factor
sequence if and only if

[ee])
Re {1 —i-Qanz”} >0, zeU. (1.10)
n=1
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Lemma 1.2. (see [6]) If the functions f and g are analytic in U with
g =< f, then for n >0, and 0 < r < 1,

2 2
(re'?) "0 < [ [f(re") " a0, (1.11)
lnpo [l

n [10], Silverman found that the function fa(z) =z — % is often extremal

over the family 7. He applied this function to resolve his integral means in-
equality, conjectured in [11] and settled in [12], that

27 27
feed®|"do < [ | fare®)|” an,
0/‘ re ‘ <O/‘ 2(re ‘

forall fe€T,n>0and 0 <r < 1. In [12], he also proved his conjecture for
the subclasses T () and C(y) of T.

Motivated by earlier works of [11], [15] in this paper, we investigate certain
characteristic properties and obtain the subordination results for the class of
functions f € H!,(\,7,k) and integral means results for the class of functions
f € TH. (A, 7v,k). We state some interesting results for functions in those
classes defined in Examples 1 to 4.

2. Basic Properties

In this section we obtain the characterization properties for the classes Hﬁn()\, v,
k) and TH., (N, v, k).

Theorem 2.1. A function f(z) of the form (1.1) is in H',(\, v, k) if

oo

> I +k) = (y+E) A +nX = N0y Ja,| <1 -7, (2.1)
n=2
where 0 < A< 1,0<+y<1andk >0,T, is given by (1.6).

Proof. It suffices to show that
2(Hyplon, B1]f(2)
(1 =N H o, B1]f(2) + Az (HL,[en, 1] (2))
e 2(HY [on, S (2)) ) )
f {<1 N HLor, B1lf () + N(HL [an B ) 7} SR

‘ !
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We have
‘| A(Hllor, 111 ()

(L= N H [, B1]f (2) + Az(HL [ea, Bl f(2))

e S(HL o, 5111 (2)) .

f {(1—/\)Hl [ar, B1] f(2) + Az(HE, [on, 51] £ (2)) 7}

(
2(Hy,[on, B1]f(2))'

!

<(1+k -1
L e AW R wA e
o0
(14+k) > (n—1—nXA+ AN)ylan|z[" 1
< n:2
1 - Z (1 +nX = Nyfan|[z[*1
n=2
The last expression is bounded above by (1 —7) if
(e}
D (L + k) = (v +F)(1+nA = Nplan| <1 -1
n=2
and the proof is complete. O

In the view of Examples 1 to 4, we state the following corollaries.

Corollary 2.1. A function f(z) of the form (1.1) is in S(\,~, k) if

o0

Y A4k = (v+E) A +nr= )] |an] <1-7, (2.2)
n=2
where 0 < A< 1,0<y<1andk > 0.

Corollary 2.2. A function f(z) of the form (1.1) is in Rs(\,, k) if

S (L4 k) — (74 k) (14 1A — A O+ 1)('7;_(51; D<oy (23)
n=2

where 0 < A< 1,0<~vy<1,k>0and o> —1.
Corollary 2.3. A function f(z) of the form (1.1) is in B,(X,v, k) if

o0

+1
Z[n(l—l—k)—(v—i—k:)(l—l—n)\—)\)] <H )\an| <1-—7, (2.4)
n=2 M_+
where 0 < A< 1,0<~vy< 1, k>0and p > —1.

Corollary 2.4. A function f(z) of the form (1.1) is in L%(\,~, k) if

Z[n(1+k)—(fy+k)(1+n/\—>\)]8—”ll\an\ <1-—9, (2.5)
n=2 n—

where 0 < A< 1,0<~y<1,k>0anda >0, c>0.



SUBORDINATION RESULTS AND INTEGRAL MEANS... 71

Theorem 2.2. Let 0 < A< 1,0<~ <1, k>0, then a function f of the
form (1.8) is in the class TH!, (), v, k) if and only if

SIn(L+ k) = (y + B)(L+nA = ATy fan] < 17, (2.6)
n=2

where Iy, is given by (1.6).

Proof. In view of Theorem 2.1, we need only to prove the necessity. If
feTH., (N v, k) and z is real then
o0 o0
1— Y nly a2t S(n—1—nA+ ATy, a2zt
n=2 n=2
00 7>k 00
1— > [1+nA= AT, apznt 1— > [14+n\= AT, apznt

n=2 n=2
Letting z — 1 along the real axis, we obtain the desired inequality
e}

Z[n(l + k)= (v+ k)L +nX =Ny Jan| <1 -7,

n=2
where 0 <A< 1,0<y<1,k>0andT, is given by (1.6). O
Corollary 2.5. If f € TH! (\,7,k), then
L—n
n(l+k)—(v+k)(1+n\=N|T,’

0<A<L, 0<y<1L,k>0,
(2.7)

|an| < [

where I'), is given by (1.6). Equality holds for the function

_ 11—~ n
S Sl PGy gy ooy s Yo ey s
Remark 2.1. For specific choices of the parameters [, m, ai, o, ..., q
081,52, Bm, A, v and k, one can state the coefficient inequalities for the
subclasses of functions T'S(A, v, k), TRs(A, v, k), TB,(A, v, k) and TLE (A, v, k).
Theorem 2.3. (Extreme Points) Let

fi(z) =z and

_ 1_7 n
LG R o oy popry ey w v AR N G

for0 <~y <1,0<A<1,k>0andTl, begiven by (1.6). Then f(z) is in the
class TH!, (), , k) if and only if it can be expressed in the form

F(2) =D pnfa(2), (2.9)
n=1
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(oo}
where p, >0 and Y p, = 1.
n=1

Proof. Suppose f(z) can be written as in (2.9). Then

0 11— n
f(z) = Z_;“”[n(1+k)—('y+l<:)(1+n)\—)\)]rn '

Now,
2 [+ k) = (y+ k)1 +nX = V)T, 1—~
g% L=y IMMG+k%%7+MG+nA—MFn

o0
ZZunzl—mSl.
n=2

Thus f € TH., (A, v, k). Conversely, let us have f € THL (), v,k). Then by

using (2.7), we set
1+ k) — E)(1+nA—\)T,
MCILEL R IR CS
-

[e.e] o0

and gy = 1— Y pp. Then we have f(2) = > pnfn(z) and hence this completes
n=2 n=1

the proof of Theorem 2.3. U

Remark 2.2. For specific choices of the parameters [, m, aq, o, ..., q
081,02, -, Bm, A, v and k, one can state extreme points results for the subclasses
of functions T'S(A, v, k), TRs(A\, v, k), TBu(X\, v, k) and TLE(N, v, k).

3. Subordination Results

Let H!L()\,v, k) denote the subclass of functions f in A whose coefficients a,
satisfy the condition (2.1). We note that H:L(X, v, k) € HL, (A, v, k).

Theorem 3.1. Let f € H:l(\,v,k) and g(z) be any function in the usual
class of convex functions C, then

(2+k—v—Xk+ 7))

=< , 3.1
2U-7+Q+k—7—Mk+ﬂWﬂU*ww) 9(2) (3.1)
where 0 <y < 1; k>0 and 0 <\ <1, with
ap...0
o= ——7— 3.2
? Blﬂm ( )

and
[L—v+2+k—v—=Ak+7)]

Re {f(2)} > — 2+ k—~—Ak—+7)Ts

2eU. (3.3
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(24+Ek—y—=A(k+7))T2

The constant factor S[= 'y+(2+k A F+))T3

larger number.

in (3.1) cannot be replaced by a

Proof. Let f € H:(\,7,k) and suppose that g(z) = z + > b,2" € C.
n=2
Then
2+k—7—-Ak+)I
*
Mt @tk Akt s F9E)
(24 k—~ = Ak +7))Ty
= bnGn . (34
Tl -+ 2+ k-7 — Ak +7)] +§: an?" )
Thus, by Definition 1.2, the subordination result holds true 1f
{ (24+k—v— Ak +7))y }“
20—y + 2+k—v=AE+))T2] ),y
is a subordinating factor sequence, with a; = 1. In view of Lemma 1.1, this is
equivalent to the following inequality

2+k—~v—=Xk+7))2
%+§:1_ DT }>Q26U (3.5)

v+ 24+k—y—-Mk+~

By noting the fact that (n(+k)-(y zrl )Ey"}‘*)‘))r" is increasing function for n > 2
and in particular

2+k—v=Ak+)T> _ (n(1+k) = (y+K)(L+nA = )y
(1-=7) - (1-=7) ’

therefore, for |z| = < 1, we have

(2+l€ Y — /\(k'i")/ PQ
Re {1 n
e{_+u—7+@+k o Ak+7I§§:az
(24+k—~— Ak + 7)),
=Re <1+ z
{ L=+ 2+k—7—Ak+7))T]
[ee]
> (2+k—v—AEk+7)an2"
n=2
[L=v+C+k—7=Ak+7)I]

n > 2,

24k —7— A& +7)T

R [Ty oy ey V7

1
[EE R Ry e WP

n(l4+k) — (v+k)(1 +nX = X)|Tha,|r"
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s @Hk—y =Mk 1y )
T =yt @tk y= AR+l L=+ 2+ k== Ak +7)l]

>0, |z|=r<1,

where we have also made use of the assertion (2.1) of Theorem 2.1. This

evidently proves the inequality (3.5) and hence also the subordination result

(3.1) asserted by Theorem 3.1. The inequality (3.3) follows from (3.1) by taking
z

g(z) = —z+Zz"€C.
n=2

11—z
Next we consider the function
1—7 9
F(z):=2z— ,
R N CFN i \(Fy) o
where 0 < v < 1, £ > 0,0 < XA < 1 and I'y is given by (3.2). Clearly F' €
H:L (X, v, k). For this function (3.1) becomes
(2+k—7—AE+7)I2 N < 2
2l — v+ 2+k—7v—Xk+7))T:] 1—2z
It is easily verified that
. (24 k—~ = Ak +7))Ty B
mm{Re (2[1—v+<2+k—v—x<k+v>>rg1 B)j=-g9 2

This shows that the constant 2[17(3:?211_7?(5171233))1“2] cannot be replaced by any

larger one. O

By taking different choices of [, m, oy, 9, ..., aq, 81,82, ..., 0m, A, v and k
in the above theorem and in view of the Examples 1 to 4 in Section 1, we state
the following corollaries for the subclasses defined in those examples.

Let S*(\, 7, k) denote the subclass of functions f in A whose coefficients a,,
satisfy the condition (2.2). We note that S*(\,v,k) C S(\, v, k).

Corollary 3.1. If f € S*(\,~,k), then

2+k—v— Ay +k)
Brh—2 Aty IR <), (3.6)

where 0 <~y <1, 0<A<1, k>0, g€ C and
3+k—2y—-XNk+~v
Re{f(2)} > - Sha)

2+k—v—=AEk+)]’
The constant factor

zeU.

2+k—7— Ay +k)
23 +k — 2y — Ak +7)]
in (3.6) cannot be replaced by a larger one.
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Let R3(A, 7, k) denote the subclass of functions f in A whose coefficients a,
satisfy the condition (2.3). We note that R5(\,7v,k) C Rs(A, v, k).
Corollary 3.2. If f € R5(),v,k), then
G+D2+k—v—Ak+7)]
f*xg)(z) <g(2), 3.7
AT )+ O+ DTk Ak O g G
where 0 <~y <1, 0<A<1, k>0, §d>—-1, ge C and
(=N +E+1)2+k—v—Ak+7))]
R > —
AFG) G+ D2+k—7— Ak +7)]
The constant factor

, z€U.

O+ D)2+k—v—Ak+7)
200 =MN+0+1)2+k—7=Ak+7))]
in (3.7) cannot be replaced by a larger one.

Let Bj;(A,7,k) denote the subclass of functions f in A whose coefficients
an, satisfy the condition (2.4). We note that B} (), v, k) C Bu(\, 7, k).

Corollary 3.3. If f € B},()\,7,k), then
+2) A=+ p+D2+E—7—Ak+9)]
<9(2),2+k—v=XEk+7) (3.8
where 0 <~y <1, 0<A<1, k>0, u>—-1, g€ C and
[(k+2) A=)+ E+1)2+kEk—7—Ak+7))]
) Py T V) B
The constant factor

zeU.

(h+DR2+E—v—=Ak+1)]
2 +2)A =)+ (D2 +k =7 = Ak +7)]
in (3.8) cannot be replaced by a larger one.

Let L:*(\,~,k) denote the subclass of functions f in A whose coefficients
ay, satisfy the condition (2.5). We note that L*(\,v,k) C LE(\, v, k).
Corollary 3.4. If f € L:*(\,~,k), then
al2+k—~v =Xk +7))
* < s 3.9
2M1—w+ap+k—7—Mk+wHU 9)(z) < (2) (39)
where 0 <~v <1, 0<A<1, k>0, a>0,¢>0, g C and
[cd =) +a2+k—v—AE+9)]]
R > —
A=)} a2+ k —~v =Mk +7)]

, z€U.
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The constant factor
a2+ k—~v = Ak + 7))
2[c(1 =) +al24+k—~v—= Ak +7)]]
in (3.9) cannot be replaced by a larger one.

Remark 3.1. We observe that Corollary 3.1, yields the results obtained
by Frasin [4] and Singh [13] for the special values of A, and k.

4. Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the
family TH! (X, v,k). By taking appropriate choices of the parameters I, m,
1y By By A, 7y, k, we obtain the integral means inequalities for
several known as well as new subclasses.

Applying Lemma 1.2, Theorem 2.2 and Theorem 2.3, we prove the following
result.

Theorem 4.1. Suppose f € THL, (A, 7, k), n>0,0<A<1,0<vy<1,
k >0 and fs(z) is defined by

1—
fa(z) =2 — 777:2,
v
where

DA, k,2) = 24k =y = Ak + )T (4.1)
and Ty is given by (3.2). Then for z =re??, 0 < r < 1, we have

21 21
/ () d6 < / Fal2)]" do. (4.2)
0 0

[e.e]
Proof. For f(z) =z — ) |an|z", (4.2) is equivalent to proving that
n=2

2m 00
n—1 !
/1—2\%\2 d0</‘ ’%k2)z de.
0 n=2
By Lemma 1.2, it suffices to show that

[ee]
L

1 S RUR I St -
2 loal: S 2
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Setting

0 B 1_7
1-— nlz" b —— 4.
Se o @

and using (2.6), we obtain

[e%S) [e%S)
(D(A? ?k? n) — @(A7 Py? k? n)
lw(z)| = ZT\anlz” < Iz\ZT\anIS 2],
n=2

1 1
n=2
where ®(\,v,k,n) = [n(14+k)— (y+k)(1+nA— NI, and I, is given by (1.6).
This completes the proof by Theorem 2.2. O

In view of the Examples 1 to 4 in Section 1 and Theorem 4.1, we have
following corollaries for the classes defined in those examples.

Corollary 4.1. If f €e TS(A\,7,k),0 <A< 1,0<~y<1,k>0andn >0,
then the assertion (4.2) holds true, where
_ 11—~ 2
L&) = e
Corollary 4.2. If f €e TRs(\,7,k),0<A<1,6>—-1,0<~y<1, k>0
and n > 0, then the assertion (4.2) holds true, where
_ (1-7) 2
P =2 R kA
Corollary 4.3. If f € TB,(\,v,k), p>-1,0<A<1,0<y<1,k>0
and n > 0, then the assertion (4.2) holds true, where
_ (I =) +2) 2
o V1 [ Y
Corollary 4.4. If f € TLA(\,v,k),a>0,¢>0,0<A<1,0<vy<1,
k>0 and n > 0, then the assertion (4.2) holds true, where
_ c(1-17) 2
faz) =z a[2+k—’y—)\(k‘+7)]z
Remark 4.1. Fixing A = 0 and k = 0, Corollary 4.1 gives the integral
means inequality for the class 77" (y) obtained in [12].
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